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PREFACE 


In the aiithoi s booL ^'Theory of Klastifity Ihe deformaiion 
of bodies all lhm‘ dimensions of are of IIk' same order of 

magnitude' was consideiv'd. I'no preset* i book diseiisse's only 
those problems in whieh o'le dineMision f'f a bod> (th(‘ thieki»ess 
of a plate or she'll j can be* consielere <1 ah inall in compt rison with 
the other dimensions. 

There are many engineering slnie'buess in wliich plate*s and 
she'lls are us(‘(I extensively Nolabh* exam])!os bicluele* the steel 
})late's of shi]) hulls subnotte'd te) the' actie>u of yyate'i* pre'ssure, 
concrete' and re'inforce'd cone'rele' slabs undi r the action e)f lateral 
le)aelitig, elomeys and Ihin-walle'd tanks and ceaitaineTS of various 
shapes submitted ie> the* actiem of inte'rnal or e'xternci pre'ssure. 
A varie'ty of ])i*oble'ms cencerning the ' ending of circular plates 
or e)f e'onical and splu'rie'al she'll^ is e‘nce)unte‘r('d in the ele'sign e)f 
boilers, letcomotive (‘iigiru's anel st^arn turbine's. Partieailarly 
at the' pre'sent time' tliiii-y\ailed structure's are* fineling a wide 
application in the moch'rn de've'lopme'ut of airplane structure's. 

In all cases in whie*li one' elime'iisiem of a bexly is small in emn- 
parison with the othe'rs, the problem of fineling stress's and 
deflectiems can be simplifie*(l anel varieais apf)re)\imate methods 
of analysis have benn de've'le)])e'd. This beK)k is occuiheei prin¬ 
cipally with the discussion e»f sue*h me'the)els. 

The be)()k is yvritte'n jn’incipally fe)r engine'ers engage^d in the 
de'sign of thin walle'el strueTures. With specifie* a])i)licatie)ns in 
view, discussion e)f the gviieral tlu'eny e)f plate's is limite'el te) a 
minimum, me)st of the space be'ing de've)te‘el te) the' inve'stigation 
e)f particular proble'ins. The tre'atine'iit of these pre)ble'ms is not 
limiteid to the deve*le)pment of a general se)lu1ie)n, but in many 
cases complete numerical cale-ulatiems are carric'd e)ut and pre'¬ 
sent ed in the form of table's containing the' value's e)f the' dt'fle'e*- 
tions and stresse^s for various proportiems of plate's anel for varie)us 
load conditions. 

The preliminary knowledge of mathematics and strength 
of materials that is taken for granted is that usually covered by 
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PREFACE 


our schools of engineering. Where additional mathematical 
equipment is necessary, it is given in the book with appropriate 
explanations. To simplify the reading of the book, the portions 
which, although of practical importance, are such that they can 
be omitted during a first reading arc put in small type. The 
reader may return to the study of such topics after finishing the 
more essential portions. 

Numerous references to papers treating problems on bending 
of plates and shells are given in the book. These refi'rences 
may be of interest to engineers who wish to study some special 
problems in more detail. They give also a picture of the modern 
development of the theory of plates and shc'lls and may be of 
use to graduate students who are planning to take their work in 
this field. 

In writing this volume the author made free use of his earlier 
Russian text dealing with plates and shells.^ The numerical 
tables for laterally loaded plates were taken, in many cases, 
from the books by J. G. Boobnov^ and by B. G. Galerkin.** 
In the preparation of the chapters on thin shells, the author 
consulted often the recent work on this subject by W. Fliigge.'* 

In the preparation of the manuscript, the author was helped 
by his former pupils. Dr. Stewart Way, Dr. Mikl6s Hetdnyi, 
and Dr. Elmer Bergman, and he takes this opportunity to thank 
them for the reading of portions of the manuscript and for various 
valuable suggestions which they have made. He also expresses 
thanks to Mr. Walter Vincenti, his present student at Stanford, 
for help in the final preparation of the manuscript, for the pre¬ 
paration of the figures and for the reading of proofs. The author 
wishes here also to express appreciation to the University of 
Michigan and to Stanford University for financial assistance 
ki the preparation of tables, diagrams and figures. 

S. Timoshenko. 

Stanford University, 

August j 1940. 

^ ‘^Theory of Elasticity,” vol. 2, 1916, St. Petersburg 

• “Theory of Structure of Ships,” 1914, St. Petersburg. 

* “Elastic Thin Plates,” 1933, Moscow. 

< “Statik und Dynamik der Schalen,” 1934, Berlin. 
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NOTATIONS 


Xf //, z Root.anj^iilar <*oordiiiat<‘s 
r, 0 Polar (*()ordinnt»‘‘3 

r*, Ty Radii of (‘iirvaluro of tli(‘ iiiiddlo surfa(*o of a plate in xz~ and 
jg-plan(‘s, respectively 
h Thickness of a plate (vr a shell 
q Jntensily of a continuously distriboted load 
p Press! ir(‘ 

7 Weijrht per unit volume 

Xr, Xyj (Tz Normal compomnits of stress parallel to a*-, y- and z-axes 
On Normal comjionent of stress paralU'l to r<-direction 
ar, oo Ibadial and tangential normal stresses in polar coordinates 
T Shearing stress 

Txi/) Trzi Tyz Shearing stress components in rectangular coordinates 
?/, Vj w Components of displacements 
e Unit elongation 

^^nit c'longations in x-, ?/- and z-directions 
€r, €d Radial and tangential unit elongations in jiolar coordinates 
€0 Unit elongations of a shell in nuTidional dir(‘ction and in the 
direction of parallel circle, respectively 
Txvi Tj/a^^hearing strain components in rectangular coordinates 
7 r 0 Shearing strain in polar coordinates 
E Modulus of elasticity in tension and comjin'ssion 
G Modulus of elasticity in shear 
V Poisson’s ratio 
V Strain energy 
I) Fl(*xural rigidity of a plate . 

Afxj My Bending moments per unit length of sections of a plate per* 
pendiciilar to x- and y-axes, n'spectively 
Mru Twisting moment ])er unit length of section of a plate perpen¬ 
dicular to x-avis 

Mny Mnt Bending and twisting moments per unit length of a section 
a plate jierpendicular to w-direction 
Qxt Qy Shearing forces parallel to z-axis per unit length of sections rf 
a plate perjiendicular to x- and y-axes, respectively 
Qn Shearing force parallel to z-axis per unit length of section of a 
plate perpendicular to n-direction 

Nx, Ny Normal forces pvr unit length of sections of a plate perpendic¬ 
ular to X- and 7/-dir(K;tionH, respectively 
Ntv Shearing force in direction of 2/-axis per unit length of section 
of a plate perpendicular to x-axis 
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NOTATIONS 


ri, Ti 

xe 

XH 

N4tfNejN,i,0. 

Me^ M4, 

Xxf X0 
Ntftj Nxf Nx(p 
N[ X 
N[ x^ 
Q^i Qx 


Radii of curvature of a shell in the form of a surface of revolu¬ 
tion in meridional plane and in the normal plane perpendic¬ 
ular to meridian, respectively 

Changes of curvature of a shell in meridional plane and in the 
plane perpendicular to meridian, respectively 
Twist of a shell 

Membrane forces per unit length of principal normal sections 
of a shell 

Bending moments in a shell per unit Icmgth of meridional 
section and a section perpendicular to meridian, respectively 
Changes of curvature of a cylindrical shell in axial plane and 
in a plane perpendicular to the axis, respectively 
Membrane forces per unit length of axial section and a section 
perpendicular to the axis of a cylindrical shell 
Bending moments per unit length of axial section and a sec¬ 
tion perpendicular to the axis of a cylindrical shell, respectively 
Twisting moment per unit length of an axial section ol a 
cylindrical shell 

Shearing forces parallel to ^-axis per unit length of an axial 
section and a section perpendicular to the axis of a cylindrical 
shell, respectively 
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CHAr'l'ER I 

BENDING OF LONG RECTANGULAR PLATES 
TO A CYLINDRICAL SURFACE 

' 1. Differential Equation for Cylindrical Bending of Plates.— 

We shall begin the th(‘ory of bending of plates with th(‘ simple 
problem of the bending of a long rectangular plati' that is sub¬ 
jected to a transverse load that does not vary along th(‘ length of 
the plate. The deflected sur¬ 
face of a portion of such a plate 
at a considerable distance 
from the ends^ can be as¬ 
sumed cylindrical, with the 
axis of the cylinder parallel to 
the length of the plate. We 
can therefore restrict ourselves 
to the investigation of the bending of an elemental strip cut from 
the plate by two planes i)erpendicular to the kuigth of the plate 
and a unit distance (say 1 in.) apart. T he deflecti o n of this s^t^rip 
is given by a differyitial eqiiation which is Similar to thp deflection 
donation of a bent beam. 

To obtain the equation for the deflection, we consider a plate 
of uniform thickness, equal^ take the x^-plane as the 

middle plane of the plate before loading, Lc., as the plane midway 
between the faces of the plate. Let the ?/-axis coincide with one of 
the longitudinal edges of the plate and let the positive direction 
of the g-axis be downward, as shown in Fig. 1. Then if the width 
o Tthe plate is de not ed bv L the elemental strip may be considered 

^ The relation between the length and the width of a plate in order that 
the maximum stress may approximate that in an infinitely long plate is 
discussed later; see pp. 130 and 136. * 
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as a bar of rectangular cross section which has a length of I and 
a depth of h. In calculating the bending stresses in such a bar 
we assume, as in the ordinary Iheory of beams, that cross sections 
orTE^"bar remain plane during bending so that they undergo 

only a rotation with respect to their 
neutral axes. If no normal forces are 
applied to the end sections of the bar, 
the neutral surface of the bar coincides 
with the middle surface of the plate, 
and the unit elongation of a fiber par¬ 
allel to the x-axis is proportional to its 
distance z from the middle surface. The 
curvature of th(^ deflection curve can be 
taken equal lo —d^w/dx^ . where w, the 
deflection of the bar in the g-diref*timi, 
IS assumed to be small compared with 
the length of the bar Z. The unit elongation of a fiber at a 
distance z from the midd le surface (Fig. 2) is then d^'ipfdxl. 

Making use of Hooke\ law, the unit elongations e* and €y in 
terms of the normal stresses <Tx and <Ty acting on the element shown 
shaded in Fig. 2a are 












hrrmH 



fb) 

Fig. 2 


<Tx 

Wy 

1 

II 

~e'' 

(Ty 

V<fx 

E 

E 


) 


( 1 ) 


where E is the modulus of elasticity of the material and v is 
Poisson’s ratio. The lateral strain in the ^/-direction must be 
zero in order to maintain continuity in the plate during bending, 
from which it follows from the second of equations (1) that 
ffy = p(Tx. Substituting this value in the first of equations (1), 
we obtain 


and 


_ (1 - v^)ax 

E 

'' _ Etx _ Ez dPw 

✓" ' **^*' 1 — 1 — dx^ 


( 2 ) 


If the plate is submitted to the action of tensile or compressive 
forces acting in the x-direction and uniformly distributed along 
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the longitudinal sides of the plate, the corresponding direct stress 
must be added to the stress (2) due to bending. 

Having the expression for bending stress Vx, we obtain b.y 
integration the bending moment in the elemental strip: 


M = 



p Ez^ 4^w _ Eh* d*w 

J -M - 12(1 - p*)W 


Introducing the notation 

Eh* 

12(1 - p-') 



(3) 


we represent the equation for the deflection eurve of the elemental 
strip in the following form; 


V 


D 


d'^w 

dx'^ 


= -Mi 


(4) 


ill whioli th(' quantity 7), taking the place of the quantity El in 
the case of beams, is call(‘d t he flexuro l rigidity of a plate. It is 
seen that the calculation of deflecUons of the plate reduces to the 
integration of Eq. (4) which has the same form as the differential 
equation for deflection of beams. If there is only a lateral load 
acting on the plate, and the edg(Ns are free to approach each other 
as deflection occurs, the expression for the bending moment M 
can be readily deriv’^ed, and the deflection curve will be obtained 
by integrating Eq. (4). • In practice the problem is more com¬ 
plicated, since the plate is usually attached to the boundary, and 
its edges ‘are not free to move. Su(*h a method of f^upport sets 
up tensile reactions along the edges as soon as deflection takes 
place. These reactions depend on the magnitude of deflection 
and affect the magnitude of bending moment ilf ^entering in 
Eq. (4). The problem reduces to the investigation of bending 
of an elemental strip submitted to the action of lateral load and 
of an axial force the magnitude of which depends c?n the deflec¬ 
tion of the strip.^ In the following we consider this problem for 


^ In such a form the problem was first discussed by I. G. Boobnov; see the 
English translation of his work in Trans. Inst. Naval Arch.^ vol. 44, p. 15, 
1902, and his “Theory of Structure of Ships,” vol. 2, p. 545, St. Petersburg, 
1914. See also the paper by Stewart Way presented at the National 
Meeting of Applied Mechanics, A.S.M.E., New Haven, June, 1932; from this 
are taken the curves used in Arts. 2 and 3. 
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a particular case of uniform load acting on the plate and for 
varans conditions along the edges. 

i2. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Simply Supported Edges.—^Lct us consider a uni¬ 
formly loaded long rectang’ilar plate the loi^tudinal edges of 
which are free to rotate but cannot move^ towar d eac h oth§;r 
during benSmg."** An" elemental stnpTui out from this plate, as 
sTiown in Fig. 1, is in the condition of a uniformly loaded bar 
submitted to the action of an axial force >8 (Fig. 3), the magnitude 
of which is such as to prevent the ends of the bar from moving 



along the o'-axis. Denoting by q the intensity of the uniform 
load, the bending moment at any cross section of the strip is 



- Sw. 


Substituting in p]q. (4), we obtain 

dhu __ Sw __ ^qlx qx^ 
~D ^2D ^ 2D* 


(a) 


Introducing the notation 




SP 2 


(5) 


the general solution of Eq. (a) can be written in the following 
form: 


w = Cl sinh + C 2 cosh + 


qPx 


qlV 

8 ^ 


Idu^D 


(h) 


The constants of integration Ci and C 2 will be determined from the 
conditions at the ends. Since the deflections of the strip at the 
ends are zero, we have 

It; = 0 for a; = 0 and for x ^ 1. (c) 
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5 


Substituting for w its expression (fe), we obtain from these two 
conditions: y 

- ^ ' v/ ^ ' 

l;r L 1 - cosh 2u ^ /) 

/ sinh2w ' 'Ky" 

^ V 

and the expression (?») for deflection w becoinc's ^ > 


w 


__ ql^ /l — (‘(^h 2u . 
lQu*D\ sink 2u 


inh —+ cosl‘ 


+ 


Substituting 


qlh 


ql^ 

StcW' 


cosh 2u == cosh’ a + sinh^ w, sinh 2u — 2 sinh u cosh v, 
cosh- w = 1 + sinh^ w. 


we can represent this (‘\pr(\ssion in a ,siTn})l(‘r form: 

qP 


W =• 


or 




— sinh u sinh ^ ' 

cosh u ^ j 


(!!!/ IQuH) 


cosh 


"(' “ ■/) _, 


cosh u 


+ a - x) 

^ Su‘}r >■ 


jj S. 




( 6 ) 


Thus, deflections of the ehnnental s trip d(^])mHi upon the quantity 
u, w hich, as*wT see fr^m Eq. (5), is a function oTthe axial force 
This force, so far, is ilnknown and can be determined from the 
condition that the ends of the strip (Eig. 3) do not move along the 

is^cqual jbq the diff(*rence betw^ oen th(' lenjgtli.of the arc along the , 
deflection cury^ a-nd the chgrd „lcngth^ This difference for 
smaFdeflections can be represented by the formula^ 


■ U’©'* 


(7) 


^ See author’s ^'Strength of Materials,” vol. 1, p. 38, 1930. 
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In calculating the extension of the strip produced by the 
forces aS, we assume that lateral strain of the strip in the y-direc- 
tion is prevented and use Eq. (2). Then 


;S(1 - P-)1 
hE 



(d) 


Substituting expression (6) for w and performing the integration, 
we obtain the following equation for calculating S: 


aS(1 — v’^)l _ qH’^/ 5 tanh n , 1 (arih*-^ u 5 1 \ 

hE~~ ~ lJ^\25d 2“56 3^7’ 


or substituting S = iuWJPj from Eq. (5), and the expression 
for D, from ]<]q. (3), we finally obtain the equation 


I tanh^ u 135 9 

(1 - vyqH^ '^Tq" 

For a given material, a given ratio h/l, and a given load q the 
left side of this equation can be readily calculated, and the valiu' 
of u satisfying the equation can be found by trial-and-error 
method. To simplify this solution, the curves shown in Fig. 4 
can be used. The abs( ; i ssas of these curve's r(ii)res('nt the values 
of u] and the or dinates , the quantities logio (10^\/To), where Vo 
denotes the numerical value of the right side of Eq. (8). \/T^o is 

used because it is more easily calculated from the plate constants 
and load; and the factor 10^ is introduced to make the logarithms 
positive. In each particular case we begin with calculation of 

Eh^ 

the square root of the left side of Eq. (8), equal to 

which gives us a/T^. ^rhe quantity logio (lO^VT^) then gives 
the ordinate which must be taken in Fig. 4, and the corresponding 
value of u can be readily obtained from the curve. Having w, the 
value of the axial force S is obtained from Eq. (5). 

In calculating stresses we observe that the total stress at any 
cross section of the strip consists of a bending stress propor¬ 
tional to the bending moment and a tensile stress of magnitude 
SJh which is constant along the length oT the strip. The maxi¬ 
mum stress occurs at the middle of the strip where the Lending 
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moment is a maximum Fiom tin diffc i oiitial equation (4) the 
maximum bending moment is 
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Substituting expression (6) for w, we obtain 


where 






^0 


1 — sech u 


(9) 

ie) 


The values of are given by curves in Fig. 6. It is seen that 
these values diminish rapidly with increase of u, and for larger 
u the maximum bending moment is several times smaller than the 
moment qP/% which would be obtained if there were no tensile 
reactions at the ends of the strip. 

The direct tensile stress and the maximum bending stress 
<t 2 are now readily expressed in terms of u, q and the plate con- 
“"st^ts as follows: 


S _ 4uW _ fhV 

‘"y- h ~ hfi" ~ 3(1 - r“)V / ' 

3). 


( 10 ) 

( 11 ) 


The maximum stress in the plate is then 


O'lTUix. —- O'! + a’2. 


To show how the curves in Figs. 4 and 5 can be used in cal¬ 
culating maximum stress, let us take a numerical example and 
assume that a long rect angular steel plate^O in. wide ana«| in. 
thick carries a unifor mly distr rb"ulodn[dad^p=^ 20 Ib^ per square 
inch. Wc start with computation of ‘\/Uo:' 


/jj- _ E (hV _ 30 • 10« 1 

V ^ 0 ^ J ^ 0.32)20 10« 

Then, from tables, 

logio (lO^vTTo) = 2.217. 


0.01648. 


From the curve A in Fig. 4 we find u = 3.795, and from Fig. 5 
we obtain = 0.1329. 

Now, computing stresses by using Eqs. (10) and (11), we find 


30 • 108 • 3.7952 1 

(Ti == - = 15,830 lb! per square inch, 

<T 2 ~ i’ 10^ • 0.1329 = 19,930 lb. per square inch,f 
/VmV = O'! + o ’2 == 35,760 lb. per square inch. 
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In calculating the mgg imum deflfifition we substitute x = 1/2 
in Eq. (6} of the deflection curve. In this manner we obtain 

- ( 12 ) 

where 

soch It — 1 + ^ 

— 

24 

To simplify calculations the values of /o(a) are given by the 
curve in Fig. 5. If there were no tensile reactions at the ends of 
the strip, the maximum deflection would be 5ql^/5S4:D. The 
effect of the tensile reactions is given by the factor fo(u) which 
diminishes rapidly with increasing u. 

Using Fig. 5 in the numerical example previously discussed, 
we find that for u = 3.795 th(' value of /o(t^) is 0.145. Substi¬ 
tuting this value in Eq. (12), we obtain 

Wuu..) = 4.74 • 0.145 = 0.688 in. 

It is seen from Eq. (8) that the tc^nsile ])arameter u depends, 
for a given material of the plate, upon the intensity of the load 
q and the ratio l/h of width to thickness of the plate. From 
Eqs. (10) and (11) we see that the stresses cri and a 2 are also 
functions of u, q and l/h. Therefore, the maximum stress in 
the plate depends only on the load q and the ratio l/h. This 
means that we can plot a set of curves giving maximum stress 
in terms of each curve in the set corresponding to a particular 
value of l/h. Such curves are givem in Fig. 6. It is seen that 
because of the presence of tensile forces >S, which increase with 
the load, the maximum st ress is not proportional to the load q ; 
and for large values of q this stress does not vary much with the 
thickness of the plate. By taking the curve marked l/h = 100 
and assuming g = 20 lb. per square inch, we obtain from the 
curve the value o-max. calculated before in the numerical example. 
y 3. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Built-in Edges. —We assume that the longitudinal 
edges of the plate are fixed in such a manner that they cannot 
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rotate. Taking an eloiiK'nlal Mnp of unit width in the same 
manner as before (Fig. 1), and denoting by Mo the bending 
moment per unit length acting on the longitudinal I'dges of the 



I .-H 



z 

Fig. 7. 


plate, the forces aeting on the .strip will be as shown in Fig. 7. 
The bending moment at any cross section of the strip is 




</x‘ 


— Sw + Mo. 


Substituting this expression in Eq. (4) we obtain 


d^w _ ^_^ qx~ Mo 

dx^ ^ ~ 21)'^ 21) D‘ 


(a) 


The general solution of this equation, using notation (5), will be 
represented in the following form: 
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~ . , 2vx , „ , 2vs . 

w = Cl sinh—I—h Ct cosh —^—h 


ql^x 

SuW 


qVx^ 

WD 

ql* MoZ* 
16 m^I> 4uW 


(b) 


Observing that the deflection curve is symmetrical with respect 
to the middle of the strip, we determine the constants of inte¬ 
gration Cl, C 2 and the moment Mo from the following three 
conditions:. 


II 

0 

for 

X = 0 

and for 

I \ w = 0 

for 

a* == 0. 




(c) 


Substituting expression (b) for w, we obtain from these conditions 

. Mo''= 

where 

yPi{u) = 


V' 16u»D 
qP __ qP 
AiiP iu 


16v‘^D 

coih u — — 


12 

3(w — tanh u) 
tanh u 




(13) 


The deflection w is therefore given by the expression 

qP . I 2ux , qP , 2ux 

w ^ “TS -H Ta Tfi coth n cosh , 

16uW I IduW I 

, qPx qPx* qP 

Su^D ~ i(ji7W 


coth u. 


This can be further simplified and finally put in the following 
form: 

y, I [""0 ~ t )] qP(l - X)X 

•/ l^u^D tanh u \ cosh u ) 8uW 

(14) 

For calculating the parameter u we proceed as in the previous 
article and use Eq. (d) of that article. Substituting in it expres¬ 
sion (14) for le and performing the integration, we obtain 

zS(l - v^)l ^ qHU 3 _ 1 

hE D^\ 256w^ tanh w 256^^^ sinh^ 

384m«)' 
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Substituting S from Kq. (5) and exp'-eshion (3) for D, the equation 
for calculating u finally becomes 


EW 
(1 - 


81 _ 27 . 27 , _9_Y 

16w’’ tanh u 16it* sinh® u 4m'* Sm*/ 

(15) 


To simplify the solution of this erpiatioii wo use the curve in 
Fig. 8, in which the parameter a is taker r.s abscissa and the 
ordinates are equal to logi where Li denotes the 

right side of Eq. (15). For anv given i>.ate we begin with cal¬ 
culation of the square root of the left sioc of Eq. (15), equal to 
which gives us The quantity logio 

(lO^y/Ui) then gives the oidinate of the curve in Fig. 8, and the 
corresponding abscissa gives us the required value of u. 

Having u, we can begin with calculation of maximum stress 
in the plate. The total stress at any point of a cross section 
of the strip consists of the c^onst ant t^>il(YJ^tress a\ and I lending 
stress. The maximum bend ing stress o will act at the built-in 
edges where the bending moment is fhe largest. Using Eq. (10) 
to calculate cn and Eq. (13) to calculate the bending moment 
Afo, we obtain 




Eu^ {h\ 
- 3(1 - 


<72 = — 


6M() _ q(I 


— ( 7 \ + ( 7 ^ 2 . 




(16) 

(17) 


To simplify the calculation of bending stress the values of 
the function \pi{y) are given by a curve m Fig. 5. 

The maximum deflection is at the middle of the strip and is 
obtained by substituting x = 1/2 in Eq. (14), from which 


where 

.. _ , u __ _ Y 

u^\2 ' siiih u tanh uj 



To simplify the calculation of deflections, the function fi{u) is 
also given by a curve in Fig. 5. 
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We illustrate the use of curves in Figs 5 and 8 by a numerical 
example A long ioctangular steel plate has the dimensions 
J = 50 im, ft = f in and g = 10 lb per square inch In such a 
case 
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\/TA = 


(1 ■ 

loR 10^\/ Vx 


30 • 10 ® 

■ 0 . 3 ^) 10 - 10 ® = 

= 2.5181. 


From F^g. 8 we now find u - 1.894; and from Fig. 5, = 0 8212 

Substituting these values in Fqs. (16) and (17), wo find 


_ 30 • 106 i 894-* o . . . n 

^ 3(1 — 0”^10* d,9«0 lb. f)er M|nare inch, 

0*2 = 2 * 19 • 10*^ • 0.8212 41,060 11) ])or square inch, 

(Troax. = O'! + (r 2 = 45,000 lb ])er -iqua'c inch. 


Comparing these stress v^alues w'dh the maximum strt^ss obtained 
for tlie plate of tii<‘ sann* size, but for a doubled load, on the 



Load m Lbs per Sq In 
Flo. 9 


assumption of simply supported edges (see page 8), it can be 
concluded that, owing to clamping of the edges, the direct tensile 
stress decreases considerably, whereas the maximum bending 
stress increases several times so that finally the maximum total 
stress in the case of clamped edges becomes larger than in the 
case of simply su})ported edges. 

Proceeding as in the previous article it can be shown that the 
maximum stress in a plate depends only on the load q and the 
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Table 1 


u 

log 10 <\/ Uv 

log 10 *- y / Ui 

log 

Mu ) 

Mu ) 

^ o ( a ) 

^ i ( a ) 

u 

0 

00 

00 

00 

1.000 

1.000 

1.000 

1.000 

0 

0.5 

3.889 

406 

3.217 

331 

3.801 

425 

0.908 

0 . 97(5 

0.905 

0.984 

0.5 

1.0 

3.483 

310 

2.880 

223 

3.376 

330 1 

0.711 

0.909 

0.704 

0.939 

1.0 

1.5 

3.173 

202 

2.603 

182 

3.040 

292 

0.532 

0.817 

1 

0.511 

0.870 

1.5 

2.0 

2.911 

227 

2.481 

161 

2.748 

257 

0.380 

0.715 

0.307 

! 

0.800 

2.0 

2.5 

2.684 

198 

2.320 

146 

2.491 

228 

0.281 

: 0.(517 

0 . 2(58 1 

0.730 

2.5 

3.0 

2.486 

175 

2.174 

134 

2.203 

202 

0.213 

0.529 

0.200 

0.(572 

3.0 

3.5 

2.311 

150 

2.040 

124 

2 . 0(51 

180 

0 . 1(50 

0.453 

i 

0.153 

0.614 

3.5 

4.0 

2.155 

141 

1.910 

115 

1.881 

1(53 

0.132 

0..388 ! 

0.120 

0 . 5(53 

4 0 

4.5 

2.014 

128 

l.SOl 

107 

1.718 

148 

0.107 

0.335 

0.097 

0.519 

4 5 

5.0 

1.886 

118 

1 . (594 

100 

1.570 

13.5 

0.088 

0.291 

0.079 

0.480 

5.0 

5.5 

1.708 

108 

1.594 

93 

1.435 

124 

0.074 

0.254 

0 . 0(50 

0.446 

5 5 

0.0 

1.660 

100 

1.501 

88 j 

1.311 

115 

0 0(53 

0.223 

1 

0.055 

0.417 

( 5.0 

0.5 

1.500 

93 

1 . 41,3 

82 

1.190 

107 

0.054 

0 . 197 

0.047 

0.391 

6 5 

7.0 

1.407 

87 

1.331 

78 

1.089 

100 

0.047 

0.175 

0.041 

0 . 3(57 

7.0 

7.5 

1.380 

82 

1.253 

1 74 

0.989 

94 

0.041 

0.150 

0.036 

0.347 

7.5 

8.0 

1.298 

77 

1.179 

70 

0.895 

89 

0.036 

0.141 

0.031 

0.328 

8.0 

8.5 

1.221 

73 

1.109 

07 

0.806 

83 

0.032 

0.127 

0 . 02 S 

0.311 

8.5 

9.0 

1.148 

09 

1,042 

03 

0.723 

80 

0.029 

i 

0,115 

0.025 

0.296 

9.0 

i 

9.5 

1.079 

65 

0.979 

(U 

0.643 

75 

0.026 

0.105 

0.022 

0.283 

9 . 5 

10.0 

1.014 

03 

0.918 

58 

0.568 

72 

0.024 

0.090 

0.020 

0.270 

10 0 

10.5 

0.951 

59 

0.800 

55 

0.406 

69 

0.021 

1 

0.088 

0.018 

0.259 

10 5 

1 

1 

11.0 

0.892 

57 

0.805 

54 

0.427 

65 

0.020 

0.081 

0.017 

0.248 

11.0 

11.5 

0.835 1 

55 

0.751 

51 

0.302 

63 

0.018 

0.075 

0.015 

0.238 

I 11.5 

12.0 

0.780 

i 

0.700 

0.299 

0.016 

0.009 

0.014 

0.229 

12.0 
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ratio l/hj and we can plot a set of curves giving maximum stress 
in terms of q, each curve in the set corresponding to a particular 
value of l/h. Such curves are given in Fig. 9. It is seen that 
for small values of the intensity of the load g, when the effect 
of the axial force on the deflections of the strip is small, the maxi¬ 
mum stress increases approximately in the same ratio as q 
increases. But for larger values of q the relation between the 
load and the maximum stress become^ non-linear. 

In conclusion we give in Table 1 the numerical values of all 
functions that were given in Figs. 4, 5 and 8. This table 
can be used instead of curve's in calculating maximum stress and 
maximum deflections of long uniformly loaded rectangular plates. 
^ 4. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Elastically Built-in Edges. -Let us assume that when 
])ending occurs, the longitudinal edges of the plate rotate through 
an angle proportional to th(‘ bending moment at the edges. In 
such a case the forces acting on an elemental strip will again be 
of such kind as shown in Fig. 7, and we shall obtain expression (6) 
of the previous article for deflections w. However, the condi¬ 
tions at the edges, from which the constants of integration and 
the moment Mo are determined, are different; viz,^ the slope 
of the deflection curve at the ends of the strip is no longer zt^ro 
but is proportional to the magnitude of the moment Mjku 
we have 

(sL - <“> 

where is a factor depending on the rigidity of restraint along 
the edges. If this restraint is very flexible, the quantity is 
large, and the conditions at the edges approach those of simply 
supported edges. If the restraint is very rigid, the quantity 
becomes small, and the (*dge conditions approach those of abso¬ 
lutely built-in edges. The remaining two end (*onditions are the 
same as we had in the previous article. Thus we have 



Using these conditions, w(' shall find both the constants of integra¬ 
tion and the magnitude of Mo in the expression (6) of the previous 
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article. Owing to flexibility of the boundary, the end moments 
Mo will be smaller than those given by Eq. (13) for absolutely 
built-in edges, and the final result can be put in the following 
foTm: 

' Mo = ( 10 ) 


where 7 is a numerical factor smaller than unity and given by the 
formula 

tanh u 

y _ _ . 

-—Du + tanh u 


It is seen that the magnitude of the moments Mo at the edges 
depends upon the magnitude of the eoeffieient ^ defining the 
rigidity of the restraint. When is very small, the (* 0 ('fliei(‘nt 7 
approaches unity, and the moment Mo approa(‘hes the value (13) 
calculated for absoluU'ly built-in edges. Wh(ui p is very large, 
the coefficient 7 and the monuuit Mo become small, and the edge* 
conditions approach those of simply supported edges. 

The deflection curve in the case under consideration can be 
represented in the following form: 


w 


ql^ 


tanh u — 7 (tanh // — n) 
tanh u 





For 7 = 1 this expression reduces to expression (14) for deflec¬ 
tions of a plate with absolutely )>uilt-in ('dges. For 7 = 0 ne 
obtain expression ( 6 ) for a ])late with simply supported edges. 

In calculating the tensile parameter u w’^e proceed as in the 
previous cases and determine th(' temsile force S from the con¬ 
dition that the extension of the (iemental strip is equal to the 
difference betw^'en th(‘ huigth of the arc along the deflection 
curve and the chord length 1. Hence 


\ 


-S(l - V-)1 1 CfdwV , 


Substituting expression ( 20 ) in this equation and performing the 
integration, we obtain 



BENDING OF LONG RECTANGULAR PLATES 


19 


Q __ j,2^2g2^8 y)UQ +• 0f/i 7(1 y)U2y (21) 

where Uu and Ui denote the right-hand sides of Eqs. (8) and (15), 
respectively, and 


U2 


27 (ii 
16 u 


tanh ii)\ 

Uanh-^w (wtanh-w 


u + tanh u ). 


The values of logio (lO^VT^) are given in Table 1. B}'' using 

this table, (21) can be readily solved by trial-and-error 

melhod. For any particulai plate we first calculate the leli 
side of the equation and, })y using tht^ curves in Figs. 4 and 8 
determine the value's of the' ])arameter j£ (1) for simply supported 
edges and (2) for absolutely Imilt-in edges. Naturally u for 
elastically built-in edges must have' a value intermediate between 
these tw^e). Assuming e)ne such \ahie' for 16 , W’e calculate t^o, 
U\ and V 2 by using Table 1 and dete'rmine' the value of the right 
siele of Eep (21). Gene'rallv this value will be eliffereut from the 
value e)f the left side' calculated pre'viously, and a new trial 
calculatiein wnth a new assumed value fe)r u must be made. Two 
such trial ealenilations will usually be sufficient to determine by 
interpolation the value* e)f u satisfying Eq. (21). As soon as the 
paramete'r is dete'rmined, w'e calculate the bending moments Mo 
at the ends from Eq. (19). We can also e'alculate' the moment 
at the middle e)f the strii) and finel the* maximum stress. This 
stress will occur at the ends or at the middle depending on 
the rigidity of e'onstraint at the e'dge's. 

. 6. The Effect on Stresses and Deflections of Small Displace¬ 
ments of Longitudinal Edges in the Plane of the Plate. —It was 

assumed in the prc'vious discussion that during bending the 
longitudinal edges of the plati' hav(' no displacement in the plane 
of the plate. On tlu' basis of this assumption the tensile force S 
was calculated in each particular case. L('t us assume now that 
th(' plate edges undergo a displacement toward each other 
specified by A. O^ng to this displacement the^^x^tension of the 
^emental strip will be diminislw'd by the same amount^ and the 
equation for calculating the tensile force S becomes 


hE 



(a) 


At the same time Eqs. (6), (14), and (20) for the deflection curve 
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hold true regardless of the magnitude of the tensile force S, 
They may be differentiated and substituted under the integral 
sign in Eq. (a). After evaluating this integral and substituting 
S = we obtain for simplj supported edges 

h‘ 




/u^ + 


2(1 _ u- 


1= To 


( 22 ) 


and for built-in edges 


E‘h<^ 


\/ . 

^ 


q^il - 


U“ 


J 




(23) 


If_A is made zero, Eqs. (22 ) aiid (23) reduce to Eqs. (8) and (15) 
obtained previously for immovable edg(\s. 

The simplest case is obtained by placing compression bars 
bet^veen the longitudinal sid(\s of the boundary to prevent free 
motion of one edg(' of the plate toward th(‘ other during bcniding. 
Tensile forces S in the plate produce contraction of these bars 
which results in a displacement A pro})ortional to S.^ If k is the 
factor of proi)ortionality depending on (elasticity and cross- 
sectional area of the bars, w(' obtain 


S - 


or, substituting, S = we obtain 


and 


1 

k 3i2(l - v') 


+ 


3/A 




1 + 


Eh 

kl(l - v^) 


Thus the second factor on the left side of Eqs. (22) and (23) is a 
constant that can be readily calculated if the dimensions and the 
elastic properties of the structure are known. Having the magni¬ 
tude of this factor, the solution of Eqs. (22) and (23) can be 
accomplished in exactly the same manner as was done before for 
the cases of immovable edges. 

^ The edge support is assumed to be such that A is uniform along the edges 
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In the general case the second factor on the left side of Eqs, 
(22) and (23) may depend on the magnitude of the load acting 
on the structure, and the determination of tlie parameter u can 
be accomplished only by trial-and-error method. This pro- 
c^edure will now be illustrated by an exa mple th at we encounter 
in analyzing stresses in the hull of a ship7 Tmnbottom plates in 
the hull of a ship arc .su})jected to a uniformly distributed water 
pr(\ssure and also to forces in tlu^ plaiK' of th(‘ plates due to 
bending of the hull as a b(‘am. f^'t h be tlu^ width of the ship 
at a c rprts section mn (Fig. 10) 
and I be the foroji^idbaft distance 
between the fram(*s in the l>ot- 
tom. When a vesssel is resting on 
two waves, as showui in Fig. 11, 
bending of the hull is piocluced, 
and the n or>hal disl ance I b_e twecu 
the frain^ at the bottom will be^ 
increased by a certain amount. To calculate accurately this 
displacement w^e must consider not only the action of the bending 
moment M on the hull but also the effect on this bending of a 
(•('rtaiii change in tcuisile for(*es distnbutc'd along the (*dges mn 
and nixUi of the bottom plate ntnmi7ii (Fig. 10) which wall be 

.1 ^ • f \ 

M * M 

Flu. 11. 



considered as a long rectangular plate uniformly loaded by water 
pressure. Owdng to the fact that the plates between the con- 
secutivc' frames are equally loaded, there wall be no rotation at 
the longitudinal edges of the jilates, and they may be considered 
as absolutely built in along these edges. 

To determine the value of A, which denotes, as before, the dis¬ 
placement of the edge itin tow^ard the edge mini in Fig. 10 and 
which is ])roduced by the hull bending moment M and the tensile 
redactions S per unit length along the edges mn and mini of 
bottom plate, let us imagine that the plate mnmini is removed 
and replaced by uniformly distributed forces S so that the total 
force along mn and mini is Sh (Fig. 12). We can then say that 
tne displacement A of one frame relative to another is due to 
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the bonding momoni M and to the eoeentric* load Sh applied 
to the hull without hot tom plating. 

If A, / and c ar(' cross-seetional area, centi-al moment of 
inertia and distance from the bottom plate to the neutral axis 
()? the complete luill section and if .li, I\ and Ci are the corre¬ 
sponding ciuantiti(‘s for the hull section without bottom plates, 



l.i. Jd^l [ 



1 u. 


-— 

-^ 

Cen/ro/d A 


CeniroiJA 

—- 

c c, 

-L 1 

^ t 

' 1 ^ 

th 

j 'k J 

< - 1 

>• 


h H 


the latter set of quantiti(‘s can be dern'(‘d from the former by 
the relations 

A1 = A - hh, 

Ac 


a/ 

I\ = I — hhc- — Ai(r, — e)“) 


(«) 


The relative dis|)lae(‘ment Ai })rodiieed by ih(‘ (‘e(*(‘ntrieall\ 
appli(^d forces aS 7; is 

, , Shct\ 

The displaceniont duo (o the bending moment M is 

Aj = - 

Hence the total displacement is 

(Sbn - 


Mnl 
■ El,' 


A = Ai + Aa 


/[■^h (Sbn - M)c,' 

4^1 h 


Substituting in this expression 

4uW 


^ _ EuVi^ 

‘ " l~ ~ 31KC- o’ 


we finally obtain 

uW {h brf\ _ Mlc, 
3l{l - v^)\A,'l,} El,' 


ib) 


w 
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This quantity must be substitulc'd in Eq (23) for determining 
the tensile parameter u. 

Lot us apply this theory to a nuineri(!al (>xample. Assume 
b =_54 ft., I = 1J)68 ft.\ A = 13^ ft.-, e = 12.87 ft., h = 0.75 
in. = 0.0625 = 45 in. = 3.75 ft., q = 101b. per squa’-c inch, 

M = 123,500 ft.-tons. From Eqs. (n)' we obtain 
Aj = 13.5 - 0.0625 • 54 = 10.125 ft.'^ 

_ ^.5 12.^ _ 

10.125 

= 1,668 - 559.5 - 10.125(17.15 - 12.87)^ = 923.1 ft.'’ 
Substituting these* values in exjjression (e), w() calculate A and 
finally obtain 


V 


3A( 


= 1.549i{- - 11.49. 


Equation (23) then becomes 

u- + 1 . 549«2 


11.49 


q'‘(l - 


u- 


or 


IMdEh* [iy_- ^508 /• - 

(1 - r'-’)('V “a- ^ 


?(1 

Substituting numerical values and taking logarithms of both 
sides, we obtain 

3.605) + login ■yj'" ~ ^ 


Using the r\irv(* in Fig. S, this eqnaliou ran ])o readily solved b> 
trial-aiid-orror iiK'thod, and A\e obtain ?/ = 2.128 and, from 
Fig. 5, = 0.7SS. The maximum stress is now calenlated 

by using Eqs. (16) and (17) from which 


30-]()«• 4.258 1 

3 * 0 91 • 60“ "" Mluare inch, 

> 0^2 = 2 * U) ■ bO- • 0.788 = 14,180 lb. jier square inch, 

1 o'inai. — (TI + <72 = 28,020 lb. pci* squaiT inch. 

If the bending stress in the plate due to wat(M’ pressure were 
neglected and if the bottom })late stress were calculated from 
the formula <7 = Me/I, we should arrive at a figure of only 13,240 
lb. per square inch. 

\/(5. An Approximate Method of Calculating the Parameter u .— 

In calculating the parameter u for platcis the longitudinal edges 
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of which do not move in the plane of the plate, we used the 
equation 


Sl(l - 
hE 



(a) 


which states that the extension of an el('mental strip produced by 
forces aS is equal to the difference betwec'n the length of the arc 
along the deflection curve of the strip and the chord length /. 
In the particular cases considered in the i)revious articles, 
exact expressions for the deflections w were derived, and numer¬ 
ical tables and curves for the right side of th(‘ h]q. (a) were given 
b}^ the use of which the (‘quation can be readily solved. If su(*h 
tables are not at hand, the solution of the equation l^ecbmes 
complicated, and to simplify‘Ihe pro blem recourse* should lx* 
had to an approximate method. IProm the discussion of b(‘nding 
of beams it is known^ that, inj^e case* of simply support'd (mds 
and when all lateral load'-' acting in the same direction, the* 
deflection curve of an elemental strip produced by a com])ination 
of a lateral load and of an axial tensile force (Fig. ;i) can be 
represented with sufficient a(*curacy by th(* equation 


w = 


JA) 

1 + « 


. TTJ 

sa. j, 


ib) 


in which Wo denotes the deflection at the middk* of the* strip 
produced by the lateral load alone, and the quantity a is given 
i»y the equation 


a 


A = Ai. 

Scr Tr‘‘T) 


(0 


Thus, a represents the ratio of the axial for(‘e aS to the JOuler's 
value of the force for the elemental strip. 

Substituting expression {h) in Eq. (a) and integrating, we 
obtain 

67(1 — r“) _ 7r“W'J 
' ~'hE ~ ” 4/(1 + a)'^ 


Noav, using notation (c) and substituting for D its 
(3), Ave finally obtain 


a{l 4- a)- 


3wl 


expression 


^ See author's '‘Strength of Materials," vol. 2, p. 417. 


( 24 ) 
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From this equation the quantity 6* can be caioulated in each par¬ 
ticular case, and the parameter a is now dc'termined from the 
equation 


u 


2 


1 ) 4 : 4 


id) 


To show the application of the approximate Eq. (24) let us 
^take a numerical example. A lonj*; rectangular steel plat(‘ with 
"simply supported edg(‘s and of diiia‘iisioiis? ^ 50 in. and/i = |in. 
is loaded with a uniformly distribuled load (/ = 20 lb. per square 
inch. In such a case 


Wq ~ 


_5 (£^ 
384 I) ’ 


and, after substituting mum^rical values, Eq. (24) becomes 
«(1 + = 269.50. 


Th(' solution of the equation can Ix^ simplified by kiting 

1 + a = .r. (e) 

.r3 _ 269.56; 


Then 


?.c., the quantity x is such that llu^ diffc^nmcc* between its cube 
and its square has a knoNMi valu(\ .r can be readily determined 
fr(jm a slide rule or a suitabk^ table, and we find in our case 


j = 6.8109 and a = 5.8109. 


Then, from Etp (d) 

u = 3.7865, 

and from the iormula (c) (see page 8) 

i/'o = 0.13316. 

For calculating direct stress and maximum bending stress we use 
I'iqs. (10) and (11). lii this way we find 

(Ti == 15,759 lb. per square inch, 

<72 = 19,974 11). per sejuare inch, 
o-nmx. (Ti + (Ti = 35,733 lb. per square inch. 

The calculations made in Art. 2 (page 8) give us, for this 
example, <7t„ax. = 35,760 lb. per square inch. Thus the accuracy 
of the approximate Eq. (24) is in this case very high. In general, 
this accuracy depends on the magnitude of u. The error 
increases with increase of w. Calculations show that for w = 1.44 
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the error in the maximum stress is only 0.065 of 1 per cent and 
that for u = 12.20, which coi*responds to very flexible plates, 
it is about 0.30 of 1 per cent. 'I'hese values of u will cover the 
range ordinarily met with in practice, and we eoiieludc' that 
Eq. (24) can be used with suffieicuit accuracy in all practical 
cases of uniformly loaded plates with simply supported (‘dges‘ 

It can also be used when tile load is not luiiformly distributed 
as, for example, in the cas(‘ of a hydrostatic pr(\ssui-e non-uni- 
formly distributed along the elemental strij). If the longitudinal 
force is found by using th(' approximate Kq. (24), the d(4l(a*ti()ns 
may be obtained from Eq. (5), and the ])ending mom(‘iit at any 
cross section may b(‘ found as th(‘ alg(‘bi‘ai(* sum of the moment 
produced by the lateral load and the moment due to the longi¬ 
tudinal force. ^ 

In the case of built-in edg(\s Ihc' a))proximate exprc'ssion for 
the deflection curve of an ('hamaital strip (*an be takcai in the 
form 



in which ivo and a have the same m(‘anings as befor(\ Substi¬ 
tuting this expression in Jm|. (a) and integrating, we obtain for 
determining a the (‘quation 



which can be solved in each particular case by the method sug¬ 
gested for solving Eq. (24). 

When a is found, the parameter u is determined from Eq. (d); 
the maximum stress can b(‘ calculated by using Ec^s. (16) and 
(17); and th(‘ maximum deflection, by using Eq. (18). 

If during b('nding oik* edge moves toward the other by an 
amount A, the (‘(quation 


aS/(_1 - 
hE' 



(g) 


^ More ac*(*ura,tc v/jliies for the deflections and for tlie bending moments 
can be obtained by sidistituting the appro\imati‘ value of the longitudinal 
force in Eq. (4) and integrating this equation, which gives Eqs. (12) and (9). 



BENDING OF LONG RECTANGULAR PLATES 


27 


must be used instead of Eq. (a). Substituting expression {b) in 
this equation, we obtain for detei*inining a in the case of simply 
support(^d edges the equation 


a + 

^(l + «)“ — 


12 e,‘, 

TTvr 


a 


'Awl 

lU 


(26) 


In the case of built-in edges w(' us(‘ expression (/). Then for 
determining a wo obtain 



(27) 


If the dimensions of th(‘ plate and th(‘ load q are given, and Ihe 
displacement A is known, Ecjs. (26) and (27) can both be readily 
s()lv(»d in the same maniHa* as Ix^fore. If the displacement A is 
proportional to th(‘ ((Misil(‘ force S, th<‘ second fa(‘ior on the left 
sides of Eqs. (26) and (27) is a constant and can be determined 
as was ('xplained in th(‘ jirevious article (se(‘ page 20). Thus 
again the equations can Ix' n^adily solved. 

7- Long Uniformly Loaded Rectangular Plates Having a Small 
Initial Cylindrical Curvature. It is s(X‘n, from tlu^ discussions in 
Arts. 2 and 3, that tlu' tc^nsile force's S contribute* te) the strength 
e)f the plate's by ce)unterae*ting tlie* beneling prexlue'exl by lateral 
load. This ae'tiem ine*re'ases with the incn*ase in ele*tle*ction. A 
further re'eluction eif maximum stre'ss e*an be* ace*e)mplished by 
giving a preqx'r initial cur\ature to a plate. The effect on 
stre*sse's and ele'fiections eif sue*h an initial curvature* can be readily 
ilivestigate'ei^ by using the* appre)ximate' me'thexl ele^ e'le)ped in the 
previenis article. 

Let us ce)nsieler the case* of a lemg re'e'tangular plate with simply 
suppe)rte'el e'dges (Fig. 13), the initial curvature of which is given 
by the equation 


If tensile forces S arc applie'el to the edges of the plate, the 
initial deflections (a) will be reduced in the ratio 1/(1 + a), 

^ Soe autlior’s })ap(*r in “Festschrift zum sie})zigsten Geburtstage August 
Foppl,” p. 74, Berlin, 1923. 
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whore a has the same meaning as in the previous article^ (page 
24). The lateral load in combination with the forces S will 
produce deflections that can b(' expressed approximately by 
Eq. {b) of the previous article. Thus the total deflection of the 
plate, indicated in Fig. 13 by the dotted line, is 


6 . TTX , lOo . TTX 8 + Wo . TX ,, , 

w = - sin -7- + . r- "T "" T* 

l+o: L 1 + a L 1 + a t 


Assuming that the longitudinal edges of the plaU' do not move in 
the plane of the plate, the tensile force S will be found from the 

K.i---H 



Fuj. 


condition that the extension of the elemental strip produced by 
forces S is equal to the ditfenMice between the length of the arc 
along the deflection curve of the eUnnental strip and the initial 
length of the strip. This difference', in th(‘ cas(' of small deflec¬ 
tions, is given by the equation 



Substituting exi)ressions (a) and (b) for w and Wi and inU'grating, 
we obtain 

Putting X equal to the extension of tlie strip Sl(l — v-)/hE 
finally obtain 


a(l + a)^ = 


3(5 + 


35^(1 + a)“ 
h'^ ~ 


(28) 


If we take 5 = 0, this equation reduces to Kq. (24) for a plate 
without initial curvature. 

To show the effect of the initial curvature on tluj maximum 
stress in a plate, k't us apply Eq. (28) to a numerical example. 
* See author^s Strength of Materials,” vol. 2, p. 462, 1930. 
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Assume a steel plate having I = 45 in., A = | in. and submitted 
to the action of a uniformly distributed load 7 = 10 lb per square 
inch. If there is no initial deflection, 5 = 0 and Eq. ( 2 S) becomes 

a:(l + = 290, 

from which 

a = 5.97 and ii — = 3.83. 


From Eq. (10) we then obtain 

<71 “ 11,300 lb. per squan' inch, 
and from Eq. (11) 


<72 = 14,200 11>. per square inch. 
The maximum str(‘ss in (lie plati* is 


o'mai, = < 7 i + <72 = 25,500 lb. por square inch. 

bet us now assume that th(*r(‘ is an initial deflection in 11 ' plate 
such that 5 = /? = f in. In such a cas( l']q. (28) gives 


Lei ting 
wo obtain 
from which 


_ 351 0 _ 3(1 + 
1 + CK = X, 


x’ + 2 j- = 351.6, 


= 6.45, a = 5.45, u = |\/a = 3.67. 


Th(» tensile stress, from Eq, (10), is 


< 7 i = 10,200 lb. per square inch. 


In calculating bcuiding stress we must consider only the change in 
deflections 


w — Wi 


Wo 

1 + « 


sin 


tx 

I 


a8 

1 + a 


sin 


TX 


id) 


The maximum bending stress, corresponding to the first term 
on the right side of Kq. (d), is the same as for a flat plate with 
w = 3.67. From Table 1 we find fo = 0.142, and from Eq. ( 11 ) 

(T, = 15,300 lb. per square inch. 
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The bending moment corresponding to the second tei in in Eq. (d) 
is 


-D 


dx^ 


(- 


a8 . Trx\ 

f + I ) 


aT“ 81 ) . TTJ 


This moment has a negative sign, and the corresponding maxi¬ 
mum stress of 


_ 6 a7r“ 8D 


9,500 lb. per square inch 


must be subtracted from the bending strc'ss calculated above. 
Hence the maximum stress for the plate with tlu' initial deflec¬ 
tion is 

o-,„ax. = 10,200 + 15,300 — 9,500 = 16,000 lb. per square inch. 

Comparison of this result with that obtaiiK'd for tlu' plane ])lat{‘ 
shows that the effect of the initial curvature is to rt'du(‘e the 
maximum stress from 25,500 to 16,000 lb. ])(‘r square inch. This 
re?sult is obtained assuming the initial deflecMion equal to the 
thickness of the plate. By increasing th(' initial deflection, the 
maximum stress can be reduced still furth(‘r. 


y 8 . Bending to Cylindrical Surface of Plates on Elastic Foundation.— 

Let us consider the problem of bending of ji long uniformly loaded nTlangular 
plate .supported over the entire surface bv an (‘la'-tie foundation and rigidly 



supported along the edge.s (Fig. 14). Cutting out from the plate an elemen¬ 
tal strip, as before, we may consider it as a beam on an (dastic foundation. 
Assuming that the reaction of the foundation at any point is proportional 
to the deflection w at that point, and using Eq. (4), we obtain by double 
differentiation of that equation^ 

= ? - to, (29) 


where q is the intensity of the load acting on the plate and k is the reaction 
1 See author’s ‘^Strength of Materials,” vol. 2, p. 402, 1930. 
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of the foundation per unit area for a defl'cth/n equal to unity. Introducing 
the notation 




k 

4/>' 


(30) 


the general .solution of Ktp (29) ean he written a.s fo11ow.s: 

^ yn • 2iix 2fix 2fix 2d:r 2^t 

w — , + -\- ( 2 8111 fosh - 4- ( eos , sinh , 

k LI f I I I 

2 ^x 2 ^x 

+ C 4 eos - co&li . a) 
I L 

The four constants of iutf*gration must muv lie determined from the con¬ 
ditions at the (‘lids of tiu‘ strip In the caso under consid(‘ration the deflec¬ 
tion is symmetrical woth r(‘spect to tin middle of th(‘ strip. Thus taking 
the coordinate a\(‘s as shown m Fig. 14, we concludi'^ tiiat Ci — Cs — 0. 
The constants C\ and C 4 arc found from t lie condition that the deflection and 
the bending moment of the strip are zero at the (‘nd (x = 1/2). Hence 


= 0, j 

{£U 


ib, 


Rubstitutiug expression (a) for tv and observing that C 2 = (\ — 0, we obtain 
<1 


(’1 sin d 8inh (i + Cx co^ d cosh d = 0, ( 
(\ cos d cosh d ~ C 4 sm d sinh d = 0, j 


(0 


from which w^e find 


Cx 

C 4 


q sill d J^ioh d _ g 2 sin d sinh d 

k sin 2 d sinh^ d + eos* d eo.^h^ d k cos 2d -h cosh 2d 
q cos d eosh d 7 2 cos d eosh d 

k sm^ d sinli^ d + eos^ f-i cosh^ d k cos 2d + eosh 2d 


Substituting the.se values of the constants in expression (a) and using Eq. 
(30), w^e finally represent the defl(‘ction of the strip by the following equation: 


w 


64/)d'\ 


2 j-in d b d . 2 fix . 2 fix 

sin , sinh —- 

cos 2d -f eosh 2fi I I 


2 cos d eosh fi 
cos 2d + co.sh 2d 


2 fix 

cos —j- cosh 




id) 


^ It is seen that the terms with coefficients C 2 and Cz change sign when x 
is replaced by —x. 
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The deflection at the middle is obtained by substituting x = 0, which gives 


where 


(u)),_o = 




[1 - 


<PoW = 


2 cos jS cosh jS 
cos 2 fi + cosh 2/3 


(31) 


To get the angles of rotation of the edges of the plate, we differentiate 
expression (d) with respect to x and put x = —1/2. In this way we obtain 


where 



3 sinli 2j3 ~ sin 2/3 
cosh 2/3 -|- cos 2/3 


(32) 


The bending moment at any cross section of the strip is obtained from the 
equation 


M - -I)~ 


, d^w 


dx^ 


Substituting expression (d) for te, we find for the middle of the strip 


where 


qP 

(M)x^O = *g'^2(/l), 


<P2{0) — 


2 sinh /3 sin ^ 
i3* cosh 2/3 -j- cos 2(i 


(33) 


To simplify the calculation of deflections and stresses, the numerical values of 
functions V’l and <^2 are given in Table 2. For small valiiCvS ot (j, i.e., for 
a yielding foundation, the function (1 — <po)//3^ and do not diffcT much 


1*.1.^ 

. 

r 

:_i_ 

s 



n 1 

. .TV 

W 

—T— 


Fig. 15. 


from unity. Thus the maximum deflection and bending stresses are close 
to those for a simply supported strip without elastic foundation. With the 
increase of /3 the effect of the foundation becomes more and more important. 

Conditions similar to those represented in Fig. 14 are obtained if a long 
rectangular plate of width I is pressed into an elastic foundation by loads 
uniformly distributed along the edges and of the amount P per unit length 
(Fig. 15). The plate will be pressed into the elastic foundation and bent, 
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as shown by the dotted line. If 5 dono^cs the deflection at the edges of the 
plate, the reaction of the foundation at any point is 

k(h — w) ~ kb — kwy 

where w is given by Eq. (d) with q — kb. The magnitude b is then obtained 
from the condition that the load is balanced by the reaction of the foun¬ 
dation. Hence 

2 Jo 

Plates on elastic foundation with other coniiitions at the longitudinal edges 
can also be discussed in a pimilar manner. 


Table 2 







<Po 


iPi 

0.1 

1.000 

1 .000 

1.000 

1.0 

- 0.013 

0 200 

0.104 

0.2 

0.999 

0.999 

0.999 

1.7 

- 0.052 

0.160 

0.129 

0.3 

0.993 

0.995 

0.995 

1.8 

- 0.081 

0.138 

0.101 

0.4 

0.979 

0.983 

0.983 

1.9 

- 0.102 

0.110 

0.079 

0.5 

0.950 

0.901 

0.959 

2.0 

- 0.117 

0.099 

0.062 

0.0 

0.901 

0.923 

0.919 

2.2 

- 0.133 

0.072 

0.037 

0.7 

0.827 

0.860 

' 0.859 

2.4 

- 0 .] 35 | 

0.055 

0.021 

0.8 

0.731 

0.791 

0.781 

2.6 

- 0.1271 

0.043 

0.011 

0.9 

0.619 

0.702 

0.089 

2.8 

- 0.114 

0.034 

0.005 

1.0 

0.498 

0.009 

0.591 

3.0 

- 0.098 

0.028 

0.002 

1.1 

0.380 

0.517 

0.494 

3.2 

- 0.081 

0.023 

0.000 

1.2 

0.272 

0.431 

0.405 

3.4 

- 0.064 

0.019 

- 0.001 

1.3 

0.178 

0.357 

0.327 

3.6 

- 0.049 

0.016 

- 0.002 

1.4 

0.100 

0.294 

0 2 o 2 

3.8 

- 0.035 

0 014 

- 0.002 

1.5 

0 037 

0.242 

0.208 1 

4.0 

- 0.024 

1 

0.012 

- 0.002 
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PURE BENDING OF PLATES 

A Slope and Curvature of Slightly Bent Plates. —In discussing 
small deflections of a plate we take the middle plane of the plate, 

before bending occurs, as the xy- 
^ plane. During bending, the particles 
P ^ were in the a^z-plane undergo 

^ I small displacements w jxTpendicular 

I to the x^-plane and form the middle 

^ ^ surface of the plate. These displace- 

^^ rneiits of the middle surface are called 
, dx . deflections of a plate in our further 

^--f “P discussion. Taking a normal section 

t y|y d plate parallel to the O’^^-plane 

/ ^\ (Fig- 16a), we find that the slope of 

the middle surface in the x-direction 
^ is ix = d\o/dx. In the same manner 

the slope in the ^/-direction is iy = 
dwjdy. Taking now any direction an in the a;t/-plane (Fig. 166) 
making an angle a with the x-axis, we find that the difference in 
the deflections of the two adjacent points a and ai in the an 
direction is 

, dw ^ , dw j 

dw = ^dx + -^dy 
Hx dy 

and that the corresponding slope is 

dw dw dx , dw dy dw , dw . . . 

dn dx dn dy dn dx dy 

To find the direction ai for which the slope is a maximum we 
equate to zero the derivative with respect to a of the expression 
(a). In this way we obtain 


- 7 ^ = ^ cos a + 


tan ax = 


34 
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Substituting the corresponding values of sin and cos ai in (a), 
we obtain for the maximum slope llu' expression 


y\dx) ^\dy)' 


By setting expression (o) equal to zero we obtain the direction for 
which th(' slope of the siirface is zero. The coi responding angle 
ai is determined from the equation 


tan a 2 — 


From Eqs. (b) and (d!) wo conclude that 

tan ai • tan ^2 = — 1 / 


which shows that the d irgetions of the zero .slope and of the 
maximui^ slope are perpendicular to each other. 

"^In TeTermining the curvature of tEc middle surface of the 
plate wo observe that the deflections of th(' plate are very small 
In such a case the slo])e of the surface* in any dir(*ction can be 
taken equal to the angle that the tangent to the surface in that 
direction makes with the x?/-planc, and the square of the slope 
may be neglected compan*d to unit.v. The curvature of the 
surface in a plane parallel to the j 2 :-plane (Fig. 16) is then 
numerically equal to 

1 _ d /dw\ _ d-w 

I'j d.r \<9x / dx^ ^ 

We consider a curvature positive if it is convex downward. The 
minus sign is taken in Eq. (c), since for the deflection convex 
downward, as shown in the figure, the second derivative d^w/dx^ 
is negative. 

In th(* same manner we obtain for the curvature in a plane 
parallel to the 2 / 2 -plane 

1 _ _ d / dw\ _ 

ry ~ di /\ dy ) dy ^ ^ 

These expressions are similar to those used in discussing the 
curvature of a bent beam. 
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In considering the curvature of the middle surface in any 
direction an (Fig. 16) we obtain 




Substituting expression (a) for dw/dn and observing that 


we find 


dn 


d , d . 

— cos a + — sin 
ax dy 






-(s ^ “)( 

/ d‘^W 


dw 

dx 


cos a + ~~ sin 


dw 

d^w 


1 o • I 

+ 2“-- sin a cos o: + ^ , 
dx dy dy 


T «m2 a J 


= ~ cos- a -sin 2« H-sin‘^ a. (q) 

Tx Vxy Ty 

/ 

It is seen that the curvature in any direction a at a point of tlie 
middle surface can be calculated if we know at that point the 
curvatures 


1 _ _dhx 1 _ _^dhi) 

Tz dx- ’ r„ dif 


and the quantity 


1 _ d'hp 
Tzu ~ dx dy 


(h) 


which is called the tvnst of the foirface with respect to x- and ?y-axes. 

If instead of the direction aii (Fig. 16^) w(' take the direction 
at perpendicular to an, the curvature in this ik'w din^ction will b(‘ 
obtained from expression (g) by substituting 7r/2 + a for a. 
Thus we obtain 


~ = — sin^ a + — sin 2 q: + -- cos'-^ a, (i) 

U Tz I'zy Ty 

Adding expressions (g) and (0, we find 



(34) 


which shows that at any point of the middle surface the sum of 
the curvatures in two perpendicular directions such as n and t is 
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independent of the angle a. This sum is usually called the 
average curvature of the surface at a point. 

The twist of the surface at a with respect to the an and at 
directions is 

— — !L( 

rnt dt\dn/ 

In calculating the derivative with respect to we observe that 
the direction at is perp('ndiculai to an. Thm we obtain the 
required derivative ])y substituting {t/ 2) + a for a in Eq. frr). 
In this manner we find 


rnt 


or 


(d I • \f dw . . 

d-v\ 

rj 


dw \ 

COS a I 

Sy ) 


: sin 2a{ 


+ cos 2a 


1 1-0 

— = TT sin 2a 

Tnl 2 


+ COS 2a 


d-w 
dx dy 

1 


O') 


In our further discussion we shall be interested in finding in 
terms of a th(' directions in which the curvature of the surface 
is a maximum or a minimum and in finding the corresponding 
values of the curvature. We obtain the necessary (equation for 
determining a by eejuating the derivative of ex])ression {g) with 
respect to a to zero, which gives 

12 1 

— sin 2a H-cos 2a -sin 2a = 0, (fc) 

rx f'xy ry 

> whence 


2 


tan 2a = — - ( 35 ) 

rx ry 

From this equation we find two valiu‘s of a, differing by 7r/2. 
Substituting these in Eq. {g) we find two values of 1/rn, one 
representing the maximum and the other the minimum curvature 
at a point a of the surface. These two curvatures are called 
the principal curvatures of the surface; and the corresponding 
planes naz and taZj the pidjicipal planes of curvature. 

Observing that the left side of Eq. (fc) is equal to the doubled 
value of expression (j), we conclude that, if the directions an and 
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at (Fig. 16) are in the principal planes, the corresponding twist 
1/rnt is equal to zero. 

We can use a circle, similar to the Mohr's circle representing 
combined stresvses, to show how the curvature and the twist of a 
surface vary with the angle' a.^ To simplify the discussion we 
assume that the coordinate planes xz and yz are taken parallel 
to the principal planes of curvature at the point a. Then 



and we obtain from Eqs. (g) and (j) for any angle a 

1 1 > . 1 , 

— = - cos*- « + - .sin“ a, 

Taking the curvatures as abscissas and the twists as ordinatc's 
and constructing a circle on the diameter l/r^ — l/r^, as show^n 



Fig. 17. 

in Fig. 17, we see that the point A defined by the angle 2a has 
the abscissa 

1 2 . 1*2 

= — cos^ a -\ -sin*^ a 

rx Ty 

and the ordinate 

AB = i- — — ) sin 2a. 

2\r, Ty) 

Comparing these results with formulas (36), we conclude that 
the coordinates of th(' point A define the curvature and the twist 
^ See author’s “Strength of Materials,” vol. 1, p. 50, 1930. 
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of the surface for any value of the angle a. Iz is seen that the 
maximum twisi, represented by the radius of the circle, takes 
place when a = tt/A, i.e., when we take the two perpendicular 
directions bisecting the angles between the principal planes. 

In our example the curvature in Jiny direction is positive, hence 
the surface is bent convex downward. If the curvatures l/r* 
and l/Vy are both negative, the curvature in any direction is also 
negative, and wo have a bendiiia of the olate convex upward. 
Surfaces in which th(^ curvature in all planes have like signs are 
called synclastic. Sometimes we shall deal with surfaces in which 



^ 1 + 2 
Fi(,. IS. In.. 19. 


the two principal curvatures have opposite signs. A saddle is a 
good ('xampl(\ Such surfaces an* call(*d anticlastic. The circle 
in Fig. 18 rejiresents a parti(*ular case of sucli surfaces when 
\/ry = — l/cx. It is seen that in this case the curvature becomes 
zero for a = ir/A and for cx — 37r/4, and the twist becomes equal 
to ±l/rx. 

10. Relations between Bending Moments and Curvature in 
Pure Bending of Plates. —Jn the case of pure bending of pris- 
matical bars a rigorous solution for stress distribution is obtained 
by assuming that cross sections of the bar remain plane during 
bending and rotate only with respect to their neutral axes so 
as to be always normal to the deflection curve. Combination of 
such bending in two perjiendicular directions brings us to pure 
bending of plates. Let us begin with pure bending of a rectangu¬ 
lar plate by moments that are uniformly distributed along the 
edges of the plate* as shown in Fig. 19. We take the rr^-plane to 
coincide with the middle plane of the plate before deflection and 
the x- and y-axes along the edges of thei plate as shown. The 
s-axis, which is then perpendicular to the middle plane is taken 
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positive downward. We denote by M* the bending moment per 
unit length acting on the edges parallel to the y-axis and by My 
the moment per unit length acting on the edges parallel to the 
a:-axis. These moments we consider positive when they arc 
directed as shown in the figure, i.e.j when they produce com¬ 
pression in the upper surface of the plate and tension in the lower. 
The thickness of the plate we denote, as before, by h and consider 

it small in comparison with the 
other dimensions. 

Let us consider an clement cut out 
of the plate by two pairs of planes 
parallel to the xz- and y 2 :-plancs as 
^ shown in Fig. 20. Since the case 
shown in Fig. 19 reprcscaits the com¬ 
bination of two uniform bendings, 
the stress conditions are identical in 
all elements, such as shown in Fig. 20, and w(^ have a uniform bend¬ 
ing of the plate. Assuming that during bending of tlie plate the 
lateral sides of the element remain plains and rotate about the 
neutral axes nn so as to remain normal to the deflectt^d middle 
surface of the plate, it can be concluded that the middle plane of 
the plate does not undergo any extension during this bending, 
and the middle surface is therefore the neutral surface.^ Let 
l/vx and 1/rj, denote, as b('fore, the curvatures of this neutral 
surface in sections parallel to th(^ and yz-plvLiia^y ^espectivel 3 ^ 
Then the unit elongations in the x- and y-directions of an ele¬ 
mental lamina abed (Fig. 20), at a distance z from the neutral 
surface, are found, as in th(i case of a beam, and are equal to 



Using now Hooke’s law [Eq. (1), page 2], the corresponding 
stresses in the lamina abed are 




1 It will be shown in Art. 13 that this conclusion is accurate enough if the 
deflections of the plate are small in comparison with the thi(;kness K 
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They are proportional to the distance z of the lamina ahcd from 
the neutral surface and depend on the magnitude of curvatures 
of the bent plate. 

These normal stresses distributed over the lateral sides of the 
element in Fig. 20 can be reduced to couples, tlie magnitu les of 
which per unit length evid(mtly must be equal to the external 
moments M» and My. In this way we obtain the equations 


h 



dy dz 
”i 

M. X dy^ 




h 

dx dz 

”2 

= My dx. 


(c) 

Substituting expressions (b) for <Tx 

and (Ty, we < 

obtain 



II 

+ 

II 


d^u\ 

(37) 

My 

= d(- + V M = 

Vu rj 


d-u\ 

(38) 


where D is the fl(‘xural rigidity of the plate defined by Eq. (3), 
and w denotes small deflections of the plate in the 2:-direction. 



Let us now consider the stresses acting on a section of the 
lamina abed parallel to the z-axis and inclined to the x- and 
2/-axes. If acd (Fig. 21) represents a portion of the lamina cut 
by such a section, the stress acting on the side ac can be found 
by means of the equations of statics. Resolving this stress into 
a normal component <rn and a shearing component rnt, the magni- 
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tudes of thesp components are obtained by projecting the forces 
acting on the element ocd on the n and i directions respectively, 
which gives us the known equations 

<Xn = (Tx cos^ a + (Ty sin^ a, 

Tnt == sin 2a, 

in which a is the angle between the normal n and the a*-axis or 
between the direction t and Ihe ?y-axis (Fig. 21a). I'his angle is 
considered positive if measured in a clockwise direction. 

Considering all laminas, such as acd in Fig. 216, over the thick¬ 
ness of the plate, the normal stresses an give us the bending 
moment acting on the section ac of the plate, the magnitude of 
which per unit length along ac is 

h 

Mn — J^h^nZ dz = Mx cos“ a + My sin^ a. (39) 

“2 

The shearing stresses Tnt give us the twisting moment acting on 
the section ac of the plate, the magnitude of which per unit 
length of ac is 

h 

Mnt = dz = I sin 2a{Mx — My), (40) 

~2 

The signs of Mn and Mnt are chosen in such a manner that the 
positive values of these moments are r('pr('sent(‘d by vectors in 
the positive directions of n and t (Fig. 21a) if the rule of the 

riglit-hand screw is used. When a 
is zero or TT, Eq. (39) gives Afn = Mx. 
For a = t/2 or 37r/2, we obtain 
Mn = My. The moment,s Mnt be¬ 
come zero for these values of a. 
Thus we obtain the conditions 
shown in Fig. 19. 

Equations (39) and (40) are 
similar to Eqs. (36), and by using 
them the b(mding and twisting moments can be readily calculated 
for any value of a. We c.an also use the graphical method for 
the same purpose and find the values of Mn and Mnt from the 
Mohr’s circle which can be constructed as shown in the previous 
article by taking Mn as abscissa and Mnt as ordinate. The 
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diameter of the circle will be equa l to as shown in 

Fig. 22. Then the coordinates (JB and TlB of a point A, defined 
by the angle 2a, give us the moments Mn and Mnt respectively. 

Let us now n^present Mn and Mnt as functions of the curva¬ 
tures and of the twist of the middle surface of the plaie. Sub¬ 
stituting in Kq. (39) for Mx and My Iheir ex[)ressions (37) and 
(38), we find 


Mn “ a + “ sin^ a j + pd(^ sin^ a + ~ cos^ 

Vx ry / \rx Ty ) 

Using the first of tln^ (‘qiialions (36) of the previous article, we 
conclude that the expressions in j)ar(‘ntheses represent the curva¬ 
tures of the middle surfaci^ in the n- and ^-directions respec¬ 
tively. Hence 



(41) 


To get the corresponding expression ’ )r the twisting moment 
Mnt, lot us coiisidcM* tin* distortion of a thin lamina abed with the 



sides ab and ad parallel to the 7i- and ^-directions and at a dis¬ 
tance z from th(' middle plane (Fig. 23). During bending of 
the plate the points a, 5, c, and d undergo small displacements. 
The components of the displacement of the point a in the n- and 
^-directions we denote by u and v respectively. Then the 
displacement of the adjacent point d in the n-direction is 
u -b (du/dt)dtf and the displacement of the point b in the 
^-direction is t; + {dv/dn)dn. Owing to these displacements, we 
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obtain for the shearing strain 

du . dv 


(e) 


The corresponding shearing stress is 



From Fig. 23b, representing the section of the middle surface 
made by the normal plane through the r/-axis, it may'be seen 
that the angle of rotation in counterclockwise direction of an 
element pq, which initially was perjx'iidicular to the xy-plam*, 
about an axis perpendicular to nz-p\sLi\e is ('qual to —dw/dn. 
Owing to this rotation a point of tlu' element at a distance z 
from the neutral surface has a displacc^nent in the Ai-dinu'tion 
equal to 

dw 

u = -z -— 


Considering the normal section through the <-axis, it can be 
shown that the same point has a displacement in the ^-dir(H*tion 
equal to 


V = 


dw 


Substituting these values of the displacemcmts u and v in exprt's- 
sion (/), we find 


Tnt = -2Gz 


d“W 
dn di^ 


(42) 


and expression (40) for the twisting moment becomes 


Mnt 



TntZ dZ = 
h 


2 


Gh^ d'^w _ . d'^w 

T" dn dt ~ dvTdt 


(43) 


It is seen that the twisting moment for the given perpendicular 
directions n and t is proportional to the twist of the middle 
surface corresponding to those directions. When the n- and 
^-directions coincide with the a*- and y-axes, there are only bend¬ 
ing moments and My acting on the sections perpendicular to 
those axes (Fig. 19). Hence the corresponding twist is zero, 
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and the curvatures l/r^ and l/r^ are the principal curvatures of 
the middle surface of the plate. They can readily be calculated 
from P]qs. (37) and (38) if tlie bendinp; moments Mx and My are 
given. The curvature in any other direction, defined hy an angle 
a, can then be calculated by using the first of the equations ^36), 
or it can be taken from Fig. 17. 

Regarding th(i sinuses in a plate undergoing pure bending, 
it (‘an be concluded from the fir i o'* equations (d) that the 
maximum normal strc‘ss acts or those sections parallel to the 
XZ‘ or r/ 2 -planes. The magiutudevS ot ilu'se stresses arc obtained 
from Eq. (h) })y substituting z = h/2 and by using Eqs. (37) and 
(38). In this wa> \*e find 





(44) 


If these stress<‘s aie of opposite sign, tlie maximum shearing 
stress acts in th(‘ ])lane bis(‘cting tlu^ angle between the xz- and 
?/::-I)lan(\s and is (‘qual to 






(45) 


If the stresses (44) are of the same sign, the maximum shear acts 
in the plane' biseeding the angle betwc'cn the xy- and x;:“planes or 
in tliat bis(‘cting the angle between the xy- and yz-pl^invfi and is 
(*qual to 2 (f^j/)inax. or '^(Oniaxi depending on w^hich of the two 
principal strc'sses ((rv)inax or (<rx)in»x is great('r. 

11. Particular Cases of Pure Bending.—In the discussion of 
th(' ])revious article w e started wdth the case of a rectangular plate 
along the edge's of which uniformly distribute'd bending moments 
act. To obtain a ge'iieral case of pure ]>ending of plates, let us 
imagine that a portion of any shape is cut out from the plate 
(‘onsidered above (Fig. 19) by a cylindrical or prismatical surface 
ix'rpeiidieular to the plate. The conditions of bending of this 
portion will remain unchanged provided that bending and twist¬ 
ing moments tliat satisfy h^qs. (39) and (40) are distributed along 
the boundary of the isolated portion of the plate. Thus we 
arrive at the case of pure bending of a plate of any shape, and 
we conclude that pure bending of a plate is always produced if 
along the edges of the plate bending moments Mn and twisting 
moments Mnt are' distributed in such a manner as given by 
Eqs. (39) and (40). 
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Let us take, as a first example, the particular case in which 
Mx = My = M. It can bo concluded, from P^qs. (39) and (40), 
that in this case, for a plate of any shape', the bending moments 
are uniformly distributed along the entire boundary and twisting 
moments vanish. From Eqs. (37) and (38) we conclude that 


1 1 ^ 
r* Ty i)(l + y) ’ 

f.e., the plate in this case is bent to a spherical surface the curva¬ 
ture of which is given by F]q. (46). 

In the general case, when Mx is different from My, we put 


Mx = Ml and My = M 2 . 
Then, from Eqs. (37) and (38), we find 

_ _Mi — vM<2, \ 

d% _ _ M2 — vM I V 

We have also 


(«) 


d^V) 
dx dy 


= 0. 


Integrating these equations, we find 


{h) 


w = 


Ml — vA^ 2 

2D{1 - v^f 


M 2 — vM\ 
2D{\ -"v^ 


+ Cix + C22/ + 


Cs, 


(0 


where Ci, C 2 and C 3 are constants of integration. These con¬ 
stants define the plane from which th(' deflections w are measured. 
If this plane is taken tangc'iit to the middle surface of the plate 
at the origin, the constants of integration must be equal to zero, 
and the deflection surface is given by the equation 


Ml — VM2 9 M2 — vMi „ 

" ~2D{n^v^f ~ 2D{1 • 

Let us consider the particular case where M 2 = —Mi. 
case the principal curvatures, from Eqs. (a), are 


id) 


In this 


J. __1 _ _ Ml 

Tx Ty dx^ D{1 — vY 
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and we obtain an anticlastic surfac*' thf' oquaiion of which is 


"2Z>(1 v) 


(j:2 - 2/^)* 


Straight lines parallel to the x-axis become, aftf'i* bending ]>ara' 
bolic curves convex downward (Fig. 24), wlu^n'as straight lines 
in the 7/-direction become parabolas conva'X upward. Along tlie 

lines bisecting the angles _ . _ 

tween the x- and ly-axes we have 

X or X = —//; thus d(‘flec- —-x 

tions along ihesc^ lines, as is seen ^ ^ ^ 

from Eq. (/), are zert). All lin(\s 
parallel to lh('S(‘ bis('cting lines / ^ 

before Ixuiding remain straight ^ ^ 

during Ixuiding, rotating only 

by some angle. A r(‘ctangle abed ]x)und(xl by sucli lines will be 
twist('d, as shown in Fig. 24. Imagine normal sections of the 
plate along the lin(\s ahj hr, cd and ad. From Eqs. (39) and 
(40) wo conclude that Ixaiding moments along these' sections 
are zero and that twisting monx'nts along sections ad and hr arc 
e(]ual to Ml and along sc'ctions ah and rd are ('qual to —Mi. 



Thus the portion abed of the plate is in the condition of a plate 
undc'rgoing pure Ixmding produced l>y twasting moimuits uni¬ 
formly distributed along the c'dges (Fig. 25a). These twasting 
moments are formed by the horizontal sheari ’ stivsses con¬ 
tinuously distributc'd over the cxige [Eq. (40)]. This horizontal 
stress distribution can be replaced by vertical shearing forces 
which prcxluce the same effc'ct as the actual distribution of 
stresses. To show’ this let the edge ad be divided into infinitely 
narrow rectangles, such as mnpq in Fig. 252). If A is the small 
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width of the rectangle, the corresponding twisting couple is 
MiA and can be formed by two vertical forces equal to M i acting 
along the vertical sides of the rectangle. This replaceineut of the 
distributed horizontal forces by a statically equivalent system 
of two vertical forces cannot cause any sensible disturbance in the 
plate, except within a distance comparable with the thickness of 
the plate/ which is assumed small. Procec'ding in the same 
manner with all the rectangles, we find that all forces M\ acting 
along the vertical sides of the r(^ctangl(\s balance one another 
and only two forces M\ at the corncu-s a and d are k'ft. Making 
the same transformation along the other edges of the plate, wo 
conclude that the bending of the plat(^ to the anticlastic surface 
shown in Fig. 25a can be produciKl by forces conc('ntrat(‘d at the 
corners^ (Fig. 25c). Such an experiment is comparatively simph' 
to perform, and was used for the ('xi)erimental verification of 
the theory of bending of plates discussed above.^ In th(\s(' 
experiments the deflections of the plate along the line bod (F'ig. 
24) were measured and were found to be in very satisfactory 
agreement with th(' theoretical results obtained from Kq. (/). 
Some discrepancies were found only near the edg(\s, and they 
WTre more pronounced in th(‘ (*as(‘ of comparatively thi(‘k i)lates, 
as would be expected from the ffyrc^goiiig discussion of th(' trans¬ 
formation of twisting couples along the edge's. 

As a last example let us couoide'r the Ix'iiding of a plate (Fig. 
19) to a cylindrical surface having its generating line' parallel to 
the //-axis. In such a case d^w/dy- - 0, and wo find, from 
Eqs. (37) and (38), 


M, = -D 


d^W 


My = -vD\ 




dx^ 


(g) 


It is seen that to produce bending of the plate to a cylindrical 
surface we must apply not only the moments Mx J)ut also tlu' 
moments My. Without these latter moments the plate will b(' 

1 This follows from the so-called tSairU Venant^s principle; see author’s 
“Theory of Elasticity,” p. 31, 1934. 

2 This tijinsforniation of the force system acting along the (*clges was first 
suggested by Lord Kelvin and P. G. Tait. See “TreatLse on Natural 
Philosophy,” vol. 1, part 2, p. 203, 1883. 

®Such experiments were made by Dr. A. Nadai, Forschungmrheiten, 
vols. 170, 171, Berlin, 1915; see also his book “Elastische Platten,” p. 42, 
Berlin, 1925- 
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bent to an anticlastic surfaco.^ The first of the equations {g) 
have already been used in Chap. I in discussinji; Ixmding (d 
long rectangular plates to a cylindrical surface. Although in 
that discussion we had bending of plates by lateral loads and 
there were not only Ix^nding stresses but also vertical shearing 
stresses acting on sections perpendicular to th(‘ j-axis, it can be 
concluded from a comparison wMh the usual beam theory that 
the effect of tlu^ sh('aring forces i. negjigible in the case of thin 
plates, and the equation develop('d for the case of pure bending 
can be used with suffituent accuracy also for lateral loading. 

12. Strain Energy in Pure Bending of Plates.—If a plate is 
bent by uniformly distril)uted Ixmding moments Mr and My 
(Fig. 19) so that t.n XZ' ind yz- planes are the principal planes 
of the deflection smface of the plat(\ tlu^ strain energy stored iu 
an element, such as shown in Fig. 20, is obtained by calculating 
tli(‘ work done by the momtuits (hj and My dx on the element 
during Ixmding of the plate. Since the sides of the element 
remain i)lan(‘, the ^\()rk doin' l)y the mom^'nts Mx dy is obtained 
))y taking half the ])roduct of the moment and th(* angle between 
the corn'sponding side's of the element after bemding. Since 
— d-w/dx- r(*i)r(‘sents the' curvatuie of the' plate* in the X2:-plane, 
the angle corresi)e)nding te) the nmments Mx dy is —{d^w/dx^)dx, 
and the work done by the'se moments is 

dy. 


An analogous expre'ssion is also e)l)tained for the work produced 
by the moments My dx, Tlieii the total work, equal to the 
strain energy e)f the element, is 


dV 


1 / , , d'-W 


+ M, 




dx dy. 


Substituting for the moments thi'ir expressiems (37) and (39), 
the strain energy eif the elements is represented in the following 
form: 


+ W-) + ^'ax5 ‘‘y- <'■) 


^ We always assuiiK' very siiuill deflections or else bending to a developable 
surface. The eavse of bending to a non-developablc surface when the deflec¬ 
tions arc not small will be discussed later; see p. 51. 
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Since in the ease of pure bending the curvature is constant 
over the entire surface of the plate, the total strain energy of the 
plate will be obtained if we substitute the area A of the plate 
in place of the elementary area dx dy in expression (a). Then 






d^W d^W 
dx- 


(47) 


If the directions x and y do not coincide with th(' principal planes 
of curvature, there will act on the sides of the element (Fig. 20) 
not only the bending moments Mx dy and My dx but also the 
twisting moments Mxy dy and Myx dx. The strain energy due to 
bending moments are represented by the expression (o). In 
deriving tlu^ expn'ssion for the strain energy due to twisting 
moments Mxy dy we observe that the corresponding angle of 
twist is equal to the rate of change of the slope div/dy, as x varies, 
multiplied with dx; hence the strain energy due to Mxy dy is 



to 


which, applying Kq. (43), becomes 


- '->(*’1,) * 

The same amount of energy will also be produced by the couples 
Myx dx so that the strain energy du(‘ to both twisting couples is 

Since the twist does not affect the work produced by the 
bending moments, the total strain energy of an element of a 
plate is obtained by adding together the (uiergy of bending (a) 
and the (uiergy of twist (h). Thus we obtain 


+(v) +2'^.VJ 


''\dx dy 


dx dy. 


or 


,-rr Ij^f/d^w d^w\^ , d^w d^w ( 

( 48 ) 
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The strain energy of the entire ])lute is now ol)tained by sub¬ 
stituting the area A of the plate for the elemontul area dx dy. 
Expression (48) will be used later in more complicated cases of 
bending of plates. 

13. Limitations on the Application of the Derived Formulas.— 

In discussing slr(\ss distribution in the case <>f pure bending 
(Art. 10) it was asMun(‘d that the middle surface is th(' neutral 
surface of the plate. This condition ran b( rigorously satisfied 
only if the middle surface* of the bent plate is a tUvclopahle surjac* 
(Considering, for instance, pure bending of a plate to a cylin¬ 
drical surface, tin* only limitation on the application of the 
theory will be th(* r(‘quireni(‘nt thni the thickness of the plate 
be small in companMin vvith tin* radius of curvatim*. In the 
problems of Ixuiding of plat(‘s to a (wliiulrical surface by lateral 
loading, discussed in the ])re\ious cha])t(‘r, it is required that 
deflections be small in conijiarison with the width of the plate*, 
since only under this condition will the approximate expression 
used for the curvature be a((*urate enougl 

If a plate is bent to a non-developable surface, the middle 
surface* undergoc's some* stret(‘hing during bending and the 
th(‘ory of pun* bending developed pre\i- 
ously Avill be accurate enough onl}’^ if the 
str(‘sses corresponding to this stretching of 
th(* middle surface* an* small in comparison 
with the maximum b(*nding stresses given 
l)y Eqs. (44) or, i\hat is equivalent, if 
the strain in the* middle surface is small in 
comparison with the maximum bending 
strain /i/2rxnin.* d'his r(*quir(*ment puts an 
additional limitation on defh'ctions of a 
plate, viz., that the deflections w of the plate must be small in 
comparison with its thickness /n 

To show this, l(‘t us consider the Ix'nding of a circular plate 
by bending conjiles M nniformly distributed along the edge. 
The deflection surface, for small deflections, is spherical of a 
radius r the magnitude of which is defined by Eq. (46). Let AOB 
(Fig. 26) represent a diametral section of the bent circular plate, 
a its outer radius before bending and 5 the deflection at the 
middle. We assume at first that there is no st retelling of the 
middle surface of the plate in the radial direction. In such a 
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case the arc OB must be equal to the initial outer radius a of the 
plate. The angle (p and the radius h of the plate after bending 
are then given by the following equations: 

a , 

(p — D = r sin 

r 

It is seen that the assumed bending of the plate implies a com¬ 
pressive strain of the middle surface in the (*ireumf('r(mtial 
direction. The magnitude^ of this strain at the edge of the plate is 

_a — b_ Tip — r sin (p . . 

a rp ^ ' 

For small deflections we can take 


sin ip = ip —^ 

which, substituted in K(]. (a), gives 

<^2 


(b) 


To represent this strain as a function of tlu' maximum deflection 
5, we observe that 


6 = r(l •— cos ip) 


Tip- 


Hence 


= 


26 


Substituting in Eq. (?;), we obtain 


c = 


3r 


(49) 


This represents an upper limit for the circumferential strain at 
the edge of the plate. It was obtained by assuming that the 
radial strain is zero. Under actual conditions there is some 
radial strain, and the circumferential compression is somewhat 
smaller^ than that given by Eq. (49). 

From this discussion it follows that the equations obtained in 
Art 10, on the assumption that the middle surface of the bent 
plate is its neutral surface, are accurate provided the strain given 
by expression (49) is small in comparison with the maximum 

^ This question is discussed later; see Art. 67. 
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bending strain h/2r, or, what is equi^ah^nt, if the deflection d is 
small in comparison with the tliickiiess h of the plak. A similar 
conclusion can also bo obtained in the inon' general case ut 
pure bending of a plate when the two pririeipal curvatures are 
not equal.^ Generalizing these conclusions we can stale that 
the equations of Art. 10 can always be a])plied with sufficient 
accuracy if the deflections of a pla^e from Its initial jilaiie or from 
a true developable surface are sir' til In comparison with the 
thickness of the plate. 

14. Thermal Stresses in Plates with Clamped Edges.—Equa¬ 
tion (46) for the bending of a ])late to a spluTical sui-face can be 
used in calculating thermal si losses in a plate for certain cases of 
non-uniform hc'ating. Assume that the variation of the tempera¬ 
ture through the thickness oi the platc^ follows a linear law and 
tha' the tempcn-aturc* does not \ary in i)lanos parallel to the sur¬ 
faces of the })late. In such a case, by measuring the tmnperature 
from the temperature of the middle^ surface, it can be con¬ 
cluded that temperature expansions and contractions are propor¬ 
tional to the distance' from the middle surface. Tims wo have 
exactly the same condition as in the pure bending of a i)Iate to a 
spherical surface. If the edges of the non-iiniformly heated 
plate are (mtirc'ly free, the plate will Ix'iid to a spherical surface.^ 
Let a be the coefficient of linear ('xpansion of the material of the 
plate, and let t denote the difference' in temperature of the upper 
and lower faces of the plate'. The difference botwe^eii tlie maxi¬ 
mum thermal e'xpansioii and the c'xpansion at llie middles surfae*e 
is at/2j and the eairvature resulting from the non-uniform heating 
can be found from the' equatiem 


at _ h 

"2 "" 

from which 

1 ^ ai 
7’ h 


(a) 

(50) 


This bending of the plate does not produce any stresses, provided 
the edges are free and deflections are small in comparison with 
the thickness of the plate. 

^See Lore! Kelvin and P. G. Tait, “Treatise on Natural Philosophy,” 
vol. 1, part 2, p. 172, 1883. 

* It is assumed that deflections are small in comparison with the thickness 
of the plate. 
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Assume, now, that the middle plane of the plate is free to 
expand but that the edges are clamped so that they cannot 
rotate. In such a case tli(' non-iiniforin heating will produce 
bending moments unifoi*mly distributed along the edges of the 
plate. The magnitude of these inonunits is such as to eliminate 
the curvature produced by the non-uniform luxating [Eq. (50)], 
since only in this way can the condition at th(‘ clam])ed edge* lx* 
satisfied. Using Eq. (46) for the curvature produced by the 
bending moments, w(‘ find for determining the magnitude' M 
of the moment per unit length e)f tlie‘ l)e)umlary the e'eiuation 


from which 


M _ 

/J(l + u) " V 


M 


utD(l + v) 
h 




The corresponding maximum stre\ss can be femnel from Eqs. (14) 
and is equal te) 

_ m _ ijatlHl + v) 

“ /r’' " I,' 


Substituting for D its cxprcNssion (3), wo finally obtain 

_ _ atli 


(51) 


It is se'en that the stre'ss is prope)rtional to the ce)efficient of 
thermal e'xpaiision a, te) the* tempe'ratlire eliffeM*ence t betwex'n the 
two fae*es e)f the plate* anel te) the* meidulus e)f elasticity E. The 
tliickne'ss h of the* plate ele)e*s ne)t emter into formula (51); but 
since the eliffere*nce t e)f te*mperatures usually ine*rease\s in pro¬ 
portion to the* Ihie'kne'ss of the i)late, it can be coneduded that 
greater the'rmal stresses arc to be expectc'd in thick plates than 
in thin ones. 

It will be shown lateu' (see Art. 86) that the simple formula (51) 
can be also used in calculating thermal slre*sses in non-uiiiformly 
heated thin she*lls, sue'h as thin cylindrical tube's or thin sphe'rical 
containers. The change in curvature during non-uniform heating 
of such shells is preve'iited by the shape of the shell itsedf, and 
the maximum bending stresse's (51) are produced. Since the 
temperature differe*nce t is usuall^^ proportie)nal to the thickness 
of the shell, it be'ce)me's evident that thin glass containers will 
prove more satisfactory than thick ones in casi's where thermal 
stresses are the controlling factor. 



CHAI’TER III 

SYMMETi^ICAL BENDING OF CIRCULAR PLATES 


15. Differential Equation for Symmetrical Bending of Laterally 
Loaded Circular Plates.^— li ihe load nolinj> on a circular plati. 
i.> symmetrically (li^tribilled alioul tic axis perpendicular to the 
plate through its centra*, tln^ defloclion surface to which the middle 
])laii(‘ of th{‘ plat(* is Ixait w ill also be 
symiTU'triciil. In all points (‘fpiallv 
disUint from tln^ ciaiter of th(* plate 
the deflections will be tin* same, and 
it is sufficient to consid(*r deflections 
only in one diametral s<‘ction 
through tlu' .axis of symmetry (Fig. 

27). L(‘t us take th(‘ oi*igin of co- r 
ordinates 0 at the (‘(‘liter of th(‘ 
unden('ct(Hl })late and d(mot(‘ by r 
the radial distances of iioints in (In' 
middle iilaue of th(‘ ])lat(‘ and by w 
their defi(M‘tions in tlu' downward din'ction. The maximum slope 
of the (hdlection surfaci' at an\ ]H)int .1 is tlum (‘cpial to —dwfdr, 
and th(‘ curvature of tin* middh* surfac(' of the plate in the 
diametral section rz for small dcHectioiis is 




where is the small angle betwaam the normal to Ihe deflection 
surface at A and tli(‘ axis of symmetry OB. From symmetry wo 
(‘onclude that l/r,» is one of the ])rincipal curvatun's of the 
d(‘ll(vtioii surface at .1. 'Hk' second jirincipal ciirvatur(‘ will bo 
in the section through th(' normal AB and perpendicular to the 
r:;plane. Observing that the normals, such as AB, for all points 
of the middle surface) with radial distance r form a conical surface 

^ The solution of th(‘sc prohh'ms of Ix'ndinpf of circular plates was given by 
Boisson; see “Memoirs of the Academy,” vol. 8, Paris, 1829. 
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with apex B, wo conclude that the length -47? is the radius of 
the second principal curvature which we denote by Then, 
from the figure, we obt^n 

/ 1 _ \ dw _ if 

Ti r dr r 


(b) 


Having expressions (a) and (b) for the principal curvatures, wo 
can obtain the corresponding values of the bending moments 
assuming that relations (37) and (38), derived for pure bonding, 
also hold betwec'ii these moments and the curvatures.^ Using 
these relations, wo obtain 



where, as before, M, and Mt denote the bending moments p(*r 
unit length ilf, along circumferential sections of the plate, such as 

the section made* by the coni¬ 
cal surface with the apex at 7?, 
and Mt along the diametral 
section rz of the plate. 

Equations (52) and (53) con- 
tain only one variable w or (^, 
which can be determined from 
the consideration of equilib¬ 
rium of an element of the plate 
such as element abed in Fig. 28 
cut out from the plate by two 
cylindrical sections ab and cd 
and by two diametral sections ad and be. The couple acting on 
the side cd of the element is 

MrV de, (c) 

^ The effect on deflections of shearing stresses acting on normal sections 
of the plate perpendicular to meridians, such as the section cut by the conical 
surface with the apex at B, is neglected here. Their effect is small in the 
case of plates the thickness of which is small in comparison with the diameter. 
Further discussion of this subject will be given in Art. 20. The stresses 
perpendicular to the surface of the plate are also neglected, which is justifiable 
in all cases when the load is not highly concentrated (sec p. 76). 


Mr+-^'^dr dr 

r V . I D V 



Flo. 28 . 
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The corresponding couple on the side* ch is 

id) 

The couples on the sides ad and he of the element are each M» dr, 
and they give a resultant couple in the plane roz equal to 

Mt dr do, (c) 

From symmetry it can bo concliclod ihal the shearing forces 
that may act on the ede'inent must 'nnish on diametral sections 
of the plate but that tliey are UMcdly jm'sent on cylindrical 
sections sucdi as sides cd and ab of the* ekmuait. Denoting by Q 
the shearing force pei unit length of f ylindrical section of radius r, 
the total shearing force noting on the side cd of the element is 
Qr do, and the coriesponding forc(‘ on the side ab is 

Q + 

Neglecting the small difference b(‘t\veen the shearing forc(\s on 
the two opposite' sides of the el(*nient, wv can state that these 
forces give a couple in tlie rz ])lane ('qual to 

Qr dd dr. (/) 

Summing up the moments (r), (r/), {() and (/) with proper signs 
and neglecting the moment due to the ext(‘rnal load on the ele¬ 
ment as a small quantity of a higher ord('r, w(' obtain tlie fol¬ 
lowing equation of equilibrium of the eh'inent abed: 

(^Mr + (r + dr)dd — M^r dd — Mt dr dS + Qr dO dr = 0, 

from which we find, by neglecting a small quantity of higher 
order, 

y'- M, + Qr = Q. ‘ (g) 

Substituting ex])ressions (52) and (53) for Mr and Mt, Eq. (g) 
becomes 

dy , ^ ® 

dr^ r dr 

or, in another form, 

d^w , 1 d^w 1 dw Q 


( 54 ) 
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In any parlicul«ar raso of a symmotrirally loadod circular plate 
the shearing force Q (*an easily ])e i*al(*ulat<'d ]>y dividing the load 
distributed within the circle of radius / 1>> 27r/-; IIk'ii Eq. (54) or 
(55) can lx* us(‘d 1o d(‘t(‘rmine iIk^ s1o])(' (p and the deflection w 
of th(^ plat(*. The integration * f thes(‘ equations is simplified 
if we observe' that they can Ix' pul in tlu' following forms: 




Q 

1 ) 

1 ) 


(50) 


(57) 


'f Q is represented by a function of /, these equations can be 
nlegrated without any diitic\i\ty in ('a(‘h particular case. 

Sometimes it is advantugeems to re\)\(^sent th(‘ rigiit side' ol 
Eq. (57) as a fune'tion of the iide'nsity q of the load (listributc'd 
ov(T the plat('. Eor this ])urpose w(‘ multiply both sides of the 
e(|uati()n b.y 27rr. Then, o))serving that 


we o))tain 


Q2Trr — J* q2Tr dr, 


f/rLrr//V (//•/ l)Jo 


qr dr. 


Differentiating both side's of this c'quation with rc'spect to r and 
dividing by r, we finally obtain 


1 d i d \ I d / 1 _ 7 

r r dr\dr) f D 


m 


This equation can easily be integrated if the intensity of the 
load q is given as a function of r. 

^ 16. Uniformly Loaded Circular Plates. —If a circular plate of 
radius a carri(‘s a load of intensity q uniformly distributed over 
the entire' surfaca* of the plate, th(‘ magnitude of the shearing 
force Q at a distancj r from the center of the plate is determined 
from the equation^ 


from which 


27rrQ = Trr^g, 



(a) 
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Substituting in Eq. (57), wo ol)tain 


By one intognition wo find 


dll d { dtoXl _ qr 
dr\ r dr\ dry | 2D 

o find 

1 d f dw\ _ qr- 
rdr\^r) " 4y>^ 


wh('ro Cl is a ooiistant of intogration to b(‘ found lator from tho 
conditions at tho contor and at tho odg(* of th(‘ ])Iat(‘. Multiply¬ 
ing both sides of Eq. (c) by r, and making:, the second integration, 
we find 

dw qr' Cir- ^ 

’■* “ 107i+^2 +‘’ 

and 

(Iw qr^ I <'’!'■ I '"•! 
ctr = lliD +. 2 + T- 

Th(' iifw intognition then }>i\es 

'l I-(60) 

J^ot US now' calculat(‘ th(‘ constants of int(‘grati(>n for various 
liai’ticular ca>(‘s. 

^/^Cirndar Plat( with Ctamjxd PJdg(S~ In this cas(' th(' slope of tho 
deflection sui’facc' in tlu* radial direction must Ix' zero for r = 0 
and r = a. Honc(‘, from Hq. (59), 


(m> + 'f + v)„. “ 


From the first of those equations avo conclude that C 2 — 0. 
Substituting this in the second (equation, avo obtain 

8jy 

With thes(' Auilues of the constants, Kq. (59) giAa\s the following 
expression for th(' slope*: 

f/f' / •> ON /^,N 

^ dr 16Z>^“‘ 
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Equation (60) gives 


w 


qr^ 




+ Cz. 


64.D 32/) 

At the edge of tlio plate the defl^^efion is zero. Hence^ 


(d) 


qa‘^ 


qa^ 


64/) 32/) 


+ C3 = 0, 


and we obtain 


C3 = -^ 


4 

64/)* 


Substituting in I']q. we find 


w 





(62) 


The inaxinniin deflection is at th(' center of the plate and, from 
Eq. (62), is equal to 


- 

" "■ 64/)* 


(^) 


This deflect ion is equal to thr<‘e-eighlhs of the deflection of a 
unifomi^ loaded strip with built-in ends having a flexural 
rigidity equal to /), a width of uiuty, and a length equal to the 
diameter of the plate. 

Having expression (61) tor the slope, w(‘ obtain now the bend¬ 
ing moments Mr and Mt by using expressions (52) and (53) from 
which we find 

Mr = + «') - r^(3 + .)!, (63) 

M, = + v) - r^(l + 3.)]. (64) 

Substituting r = a in these expressions, we find for the bending 
moments at the boundary of the plate 

iMr)r-a = (M«),_„ = (65) 

At the center of the plate where r = 0, 


Mr = Mt = ^(1 + v). 


( 66 ) 



SYMMETRICAL BENDING OF CIRCULAR PLATES 61 


From expressions (65) and (66) it is seen that the maximum 
stress is at the boundary of the plate where 


6il/ r _ 3 
A-' “ 4'^‘ 


(/) 


The variation of stresses Cr and at at the lower fa(*e of the plate 
along the radius of the })late is sliowii in Fig. 29. 





'• Circular Plate with Supported Edges .—In calculating deflec¬ 
tions for this case yeo apply the method of superposition. It 
was shown that in th(‘ cuvse of clamped edges there are negative 



bending moments Mr = — ga^/S acting along the edge (Fig. 30o). 
If this case is combined with that of pure bending shown in 
Fig. 306, the bending moments Mr at the edge will be eliminated, 
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and we obtain the bending of a plate supported at the edge. 
The deflection surface in the case of pure bending by the moments 
go*/8, from Eq. (46), is ^ 

(a" - 


w = 


qa^ 


16Z)(] f v) 


Adding this to the deflections (62) of tlie clamped plate, we find 
for the plate with a simply supported edge 


- r^)/5 + V , A 

”= 64« + O') 

Substituting r = 0 in this expression we obtain the deflection of 
the plate at the center: 


_ (5 v)qa'^ 
~ 64(1 + v)iy 


( 68 ) 


For V = 0.3 this deflection is about four times as great as that for 
the plate with clamped edg(‘. 

In calculating bending moments in thn case we must add 
the constant bending momtmt qa^/S to the moments (63) and 
(64) found above for the case of clamped edges. Hence in the 
case of supported edges 


Mr = j|(3 + v){a^ - r“), (69) 

= ^[a^(3 + v)- r%l + 3v)]. (70) 


The maximum bending moment is at the centcT of the plate where 

M, = Aft = —+ V". 

16 < 


The corresponding maximum stress is 


(o’ r) im j. — (o' i) n 


6M, _ 3(3 + j/)^a2 
8h^ 


(71) 


To get the maximum stress at any distance r from the center we 
must add to the stress calculated for the plate with clamped edge 
the constant value 

JB qa^ 
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corresponding to the pure bending shown in Fig. 306. The same 
stress is obtained also from Fig. 29 by measuring the ordinates 
from the horizontal axis through Oi. It may be se^n that h v 
clampingJJ^^ a more favorable siS^ss distrihiitioTi m th^ 
^atejs^pblained. 

Circular Plate with a Circular Hole at the Center. —^Let us 
begin with a discussion of the bending of a plate l>y the moments 
Ml and M 2 uniformly distributed along the inner and outer 


c 


M 2 


? 77777777 :^//:^. 

/\ 


I 






> 


o 


M 2 


hb 

Fig. 31. 


boundaries, respecti\'(‘ly (Fig. 31). The shearing force Q 
vanishes in such a case, and Eq. (57) becomes 


d 1^/ diAl 
dr T dr\ dr / \ 


= 0 . 


By integrating this equation twice we obtain 



Integrating again, we find the deflection 


w = 



(h) 


The constants of integration are now to be determined from the 
conditions at the edges. Substituting expression (a) into Eq. 
(52), we find 



(c) 


This moment must be equal to M\ for r = b and equal to M 2 for 
r = a. Hence equations for determining constants Ci and C 2 are 


+»') - §(1 -") 


= Ml, 

= 
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from wJiich 


2(«W2 - «>Wi) 

(1 + »')D(o* - b^)’ 


_ a‘‘b\Mi - Mi)_ . 

“ (!'- v)D{a^ -b^) ^ 


To determine tlie constant Cj in Eq. (6), the deflections at the 
edges of the plate must be considered. A.ssume, for example, 
that the plate in Fig. 31 is supported along the outer edge. Then 
ta = 0 for r = a, and we find, from (&), 

r = = a^CaWs - ¥Mi) 

4 2(1 + t>)D{a^ - 

In the particular case when ilfi = 0 we obtain 


2&=Jlfx 

■(1 + v)D(a‘ - b^)’ 


Cs = - 


_ a^bWi _ 

(1 - v)D{a^ - b^y 


„ _ a^b^i 

* 2{1 + p)Dia^ - by 

and expressions (o) and (6) for (ho slope and the deflection become 


dw _ 
dr ~ 
bWi 


L_ Aj-L-" l\ 

= - b^)\r 1 + / aV’ 


W =__('(,2 _ ^2) 

2(1 + p)D{a^ - by ^ 

, aW, , r ,,,, 

+ (r^.yD(a^-i,^)'«8a 

As a second example we consider the case of bending of a plate 
by shearing forces Qo uniformly distributed along the inner edge 

k-.a .>1 (^^S- 32). The shearing force 

I i r ^ unit length of a circumference 

of radius r is 

ii C ^ n-«.l._P 

Fi(. :^2. 




where P — 2jr&Qo denotes the 
total load applied to the inner boundary of the plate. Substi¬ 
tuting this in Eq. (57) and integrating, we obtain 


dw _ Pr 
dr 
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and 

^ a " 0 ^ ^ ^ 

The constants of integration will now be calculated from the 
boundary conditions. Assuming that llie plate is simpl y sup- , 
ported along the outer edg^ we ha^ 

/ \ I ^ dii\ - , . 

(”)“ - '>• + -r *)_. = “■ W 

For the inner edge of the plate we have 




{h) 


Substituting expressions (<>) and (/) in b’qs. {g) and {h), we find 


Cl = 

C^ = 

c, = 


P (l-V 

4irJD\l + V 
(1 + V)P 
(1 — v)AvD 


2¥ 







Pa^( 1 1 - V V 

87rZ>\ 2 ' 1 + r -¥ 



(0 


With these values of the constants su bstituted in expressions (c l 
and (f), we find the slope and the deflection at any point of the 
plate shown in Fig. 32. For the slope at the inner edge, which 
will be needed in the further discussion, we obtain in this way 




1 - V 

1 + r 


, 2 ¥ , 

+ jr^.lo8 


10 + 




^)] 


U) 


In the limiting case where b is infinitely small, log (6/a) 
approaches zero, and the constants of integration become 


Cl- 


I - y P 
1 + V 4x2)^ 




Substituting these values in expression (/), we obtain 


w 


P r 3 + r 
&rZ)L2(l + v) 


(o* - r») + r* 



(k). 
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This coincides with the deflection of a plate without a hole and 
loaded at the center [see Eq. (89), page 74]. Thus a very small 

hole at th(‘ center does not affect the 
deflection of the plate. 

Combining the loadings shown in 
Figs. 31 and 32, A\e (‘an obtain the 
solution for th(' case of a plate built 
in along the inner and uniformly loaded 
along the outer edge (P'ig. 33). Since 
the slope at the built-in edge is zero in this case, using expressions 
(72) and (j), we (obtain the following equation for determining 
the bending moment Mi at the built-in edg(‘: 



Fio. 33. 


_ 

■Z>(1 - ^)(a‘' • 


‘^)\b ^ 1 + V aV Rt1)\ 

1 -f 1/ a- b- \ 


L±" 

1 - r 


from which 



Having this expression for the moment w(‘ obtain the deflec¬ 
tions of the plate by superposing expn'ssion (73) and expression 
(/) in which the constants of 
integration are given by express¬ 
ions (i). 

^ By using the same method 
of superposition one can obtain 
also the solution for the case 
shown in Fig. 34 in which the plate is supported along the outer 
edge and carries a Tiniformly distributed load. In this case we 
use the solution obtained in the previous article for the plate with¬ 
out a hole at the center. Considering the section of this plate 
cut by the cylindrical surface of radius b and perpendicular to the 
plate, we find that along this section there act a shearing force 



Fio. 34. 
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Q = vqb^/2irb = qb/2 and a bending moment of the intensity [sec 
Eq. (69)] 

Mr = ^{3 + - ¥). 


Hence to obtain the stresses and deflections for the case shown in 


Fig. 34, we have to supiTpose on 
stresses and deflections obtained 
for the plate witliout a hole th(‘ 
stresses and deflections producc^d 
by the bending moments and 
shearing forces shown in Fig. 


-HbK- 




qb 

2 




Fig. 35. 

These latter quantities arc obtained from expressions (72), (73), 


Case 1 


141 


Wmax 


Case 5 



Wmax 


Case 2 



Wmax 

Case 3 



/ 

Wmax 




Case 8 



Fig. 30. 


(c) and (/) with d\ie attrition being given to the sign of applied 
shears and moments. 

Several cases of practical importance are represented in Fig. 36. 
In all these cases the maximum stress is given by a formula of 
the type 
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depending on whether the applied load is uniformly distributed 
over the surface or concentrated along the edge. The numerical 
values of the factor fc, calculated^ for several values of the ratio 
a/b and for Poisson^s ratio v = 0.3, are given in Table 3. 

The maximum deflections in the same cases arc given by 
formulas of the type 

Wnmx. == 

The coefficients ki arc also given in Table 3. 

Table 3.— Coefficients k and ki in P]qs. (75) and (76) for the Eight 
Cases Shown in Fig. 36 


k\ 

0 704 
1.310 
0.504 
0.492 
0.234 
0.114 
0.813 
0.350 

When the ratio a/h approaches unity, the values of the coefficients 

k and A:i in Eqs. (75) and (76) can be 
obtained with sufficient accuracy by 
considering a radial strip as a beam 
with end conditions and loading as 
in the actual plate. The effect of the 
moments Mt on bending is then 
en^rely neglected. 

\Xl8. Circular Plate Concentrically 
Loaded, —We begin with the case of a 
simply supported plate in wliich the 
load is uniformly distributed along a 
circle of radius b (Fig. 37a). Dividing the plate into two parts 
as shown in Figs. 37b and 37c, it may be seen that the inner por- 
tion of the plate is in the condition of pure bending produced by 

^ These calculations were made by A. M. Wahl and G. Lobo, Trans. Am. 
See. Mech. Eng.j vol. 52, 1930. 



Fig. 37. 


a/b = 1.25 1.5 2 3 4 


Case A; k\ A; A: An ^ A;i A; A;i A* 


1 1.10 0.341 1.26 0.519 1.48 0.672 1 88 0.734|2.17 0 724 2 34 

2 0.66 0.202 1.19 0.491 2.04 0.902 3.34 1.220,4.30 1.300 5.10 

3 0.135 0.00231 0.410 0.0183 1.04 0.0938 2.15 0.293 2.99 0.448 3.09 

4 0.122 0.00343 0.336 0.0313 0.74 0 125oll.21 0.291 1.45 0.417 1.59 

8 0.090 0.00077 0.273 0.0062 0.71 0.0329 1.54 0.110 2.23 0.179 2.80 

6 0.115 0.00129 0.220 0.0064 0.405 0.02.37 0.703 0.062 0.933 0.092 1.13 

7 0.5920.184 0.9760.414 1.4400.004 1.880 0.824 2.08 0.8302.19 

8 0.227 0.00510 0,428 0.0249 0.753 0.0877 1.20.5 0.209 1.514 0.293 1.745 
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the uniformly distributed moments Mi, while the outer part is 
bent by the moments M i and the shearing forces Qi. Denoting 
by P the total load applied, we find that 



(o) 


The magnitude of the moment M i is found from the condition of 
continuity along the circle r = b, from which it follows that both 
portions of the plate have, at that circle, (he same slope. Using 
Eqs. (72) and (j) of the previous article, we find the slope for the 
inner boundary of the outer portion of the plate equal to 



D(1 


a^bmx (\ 1 - vb\ 

- v)ia^ - fri)\6 "*■ 1 + roV 


+ 


Pb 

SkD 


2 log 


1 + 
1-1 


1 + r 




2b^ 


b^ 




The inner portion of lh(^ plate is bent to a spherical surface, the 
curvature of wliicli is given by expression (46). Therefore the 
corresponding slope at tlie boundary is 

( c1a\ _ __ M\h . . 

dr)r^, ” ”I>(1 + v) 
liquating expr(\ssions {[)) and (r), wc obtain 


Ml 


(1 - v)P{(l^ 
Sttu- 


(1 + .)P log I 


id) 


Substituting this expression for Mi in Eq. (73), we obtain deflec¬ 
tions of the outer part of the plate due to the moments Mu 
The deflections due to the forces Qi are obtained from Eq. (/) of 
the previous article. Adding together both these deflections, we 
obtain for the outer part of the plate 

” ■ -’■'>(* + 5 • 

(77) 

Substituting r = h in this expression, we obtain the deflection 
under the load: 
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W- - + 5 • m s]' 

(0 

To find the deflections of the inner portion of tlie plate, we add 
to the deflection (c) the deflections due to the pure bending of 
that portion of the plate. In this inaniKU’ wt^ obtain 


w = 


P f / 2 7.2^/1 1 1 1 -- V a- — h'\ , o/ ’ 1 ^ 

+ 2 • nr; • - j + 2^- «J 


+ 

p 

StD 

p 

8irD\ 


¥ - r° 

2P(1 + 


(1 


v)Pia‘ - b^) 
Sira^ 


(1 + u)P log ^ 
iir 


(/^2 ^ “■ 


(fe2 + r-) log - + (a^ 

d 


b^)i^ ± 


2n(j^_+ ")«“ ni - i')b- 

2(1 + v)(i" 

V)il- - (1 - 

2 (r+-.)a^-- “J- 


If the outer edge of the plate is built in, the deflections of the 
plate are obtained by superposing on the deflections (77) and 
, (78) the deflections produced 

}>y the bending moments M 2 
uniformly distributed along the 
outer edge of th(‘ j)lat(‘ (Fig. 38) 
and of such a magnitude that 
the slope of the deflection sur- 


K. a —H 


M 2 


I 


face at that edge is equal to 
zero. From expression (77) the slope at the edge of a simply 


supported plate is 

(ch^ 

\(h)r^„ 


1 






4wD 1 + V a 
The slope produced by the moments M 2 is 

M2(1 


\dr / rmaa 


D{1 + y) 

Equating the sum of expressions (f) and (g) to zero, we obtain 

P 


(/) 


(g) 


M 2 = 


47r 
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Deflections produced by this moment are 


w — 


Mi_ - 
D(1 + r) ■ 2 


_ p _ ^ 

8jrD(l + u) a- 


(r' - a"). (A) 


Adding these deflections to deflections '77) and (78), we obtain, 
for the outer portion of a plate with a built-in edge 


w 


HirDl 

and for the inner jKutioii, 


(«= - + il>- + P-) log 


r 

aj' 


(79) 


w = 


SirD 

P 


(a- — r 


Q)2 iQp. _ ^2 _ ^2 

(k’ + H) log ^ tJ'X”' r !>’) 

a 2(1“ 


rl){a^ h^y 
2(1“ 


m 


Having; Ihe dofloctions for the ease of a load uniformly distrib¬ 
uted along a eoneeiitrie (‘irele, any ease of bending of a eircular 
plate syinmelri(*ally load('d A\illi respecd to the (‘entcn' ean be 
solved by using the method of superposition. Let us eonsider, 
for example, the ease in which the 
load is uniformly distrilmied o\ er the 
inner portion of the plate bounded by ^ 
a circle of radius c (Fig. 39). Expres¬ 
sion (77) is used to obtain the deflec¬ 
tion at any point of the unloaded 
portion of the ])lale (a > r > c). The deflection produced by an 
elementary loading distributed over a ring surface of radius b and 
width dh (see Fig. 39) is obtained by substituting P = 2Tbq db in 
that expression, whei-e q is the intensity of the uniform load. 
Integrating the expression thus obtained with respect to b, we 
obtain the deflection 
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■< - c 

"1-n—I 
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Fkj. 39. 
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or, denoting the total load vc^q by P, 


p 

(3 + 

IQrDi 

[1 + y 


r*) + 2r* log - 

CL 


Expression (78) is used to obtain the deflection at the center. 
Substituting r = 0 and P = 2Trhq dh in this expression and inte¬ 
grating, we find 


)-= Ar [ 


5* log - + 

CL 




\b dh 


= ^ 4. ^2 Jqo. £ _Z ^2 /C2) 

167ri)Ll + ^ ^ 4(1 + vf I 

where P = irc'^q. 

The maximum bending moment is at the center and is found by 
using expression (d). Substituting 2Thq db for P in this expres¬ 
sion and integrating, we find 

+ + a-.)»■], (S 3 ) 

where, as before, P denotes the total load we'^q. ^ 

Expression (81) is used to obtain the bending moments Mr and 
Mt at any point of the unloaded outer portion of the plate. 
Substituting this expression in the general formulas (52) and 
(53), we find 

' _ (1 + ^)P O ^ (1 - y)Pc^/l 1 \ 


log^ + 


4ir r 

W* = ^[(1 + ") log ^ + 1 - J-j 


(1 - v)Pc^ 


(-+-)■ 
\r^ ^ 07 


The maximum values of these moments are obtained at the circle 
= c, where 

« _ (1 + ^)P a d- y)P{a- - c^) 


'M, = g[(l + .)log^ + l-.]- 


(1 - v)Pia^ + c*) 

16ira2 


^ This expression applies only when c is at least several times the thickness 
The case of a very small c is discussed in Art. 19. 
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The same method of calculating deflections and moments can be 
used also for any kind of symmetrical loading of a circular plate. 

The deflection at the center of the plate can easily be cal¬ 
culated also for any kind of unsymmetrieal loading by using the 
following consideration: 

Owing to the complete symmetry of the plate and of its bound¬ 
ary conditions the deflection produced at its center by an isolated 
load P depends only on the magnitude of the load and on its 
radial distance from the center. This deflection remains 
unchanged if the load P is moved to another position provided 
the radial distance of tlxc load from the center remains the same. 
The deflection remains unchanged also if the load P is replaced by 
several loads the sum of which is equal to P and the radial dis¬ 
tances of which are the same as that of the load P. From this 
it follows that in calculating the defl(iction of the plate at the 
center we can replace an isolated load P by a load P uniformly 
distributed along a circle the radius of which is equal to the radial 
distance of the isolated load. For the load uniformly distributed 
along a circle of radius b the deflection at the center of a plate 
supported at the edges is given by Eq. (78) and is 

-)<”■' ‘“8 1 ] 

This formula gives the deflection at the center of the plate pro¬ 
duced by an isolated load P at a distance h from the center of 
the plate. Having this formula the deflection at the center for 
any other kind of loading can be obtained by using the method of 
superposition.^ 

19. Circular Plate Loaded at the Center. —The solution for a 
concentrated load acting at the center of the plate can be obtained 
from the discussion of the previous article by assuming that the 
radius c of the circle within which the load is distributed becomes 
infinitely small whereas t.he total load P remains finite. Using 
this assumption the maximum deflection at the center of a simply 
supported plate, by Eq. (82), is 

(3 + v)Pa^ . 

w,^ - ( 88 ) 

^ This method of calculating deflections at the center of the plate was 
indicated by Saint Venant in his translation of the “Th^orie do T^lasticit^ 
des corps solides,” by Clebsch, p. 363, 1883, Paris. 
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The deflection at any point of the plate at a distance r from the 
center, by Eq. (81), is 

The bending moment for points with r > c may be found by 
neglecting the terms in l^qs. (84) and (85) which contain c-. 
This gives 

Mr = ^(1 + v) log p (90) 


Mt = (1 + u) log - + 1 - r J. (91) 

To obtain formulas for a circular plate with clamped edges w(' 
1 , differentiate Eq. (81)) and find for 

r ^ I the slope at the boundary of a 
n -_ ^ simply supported plate 


= 


I 4(1 + v)TrD ^ ' 

The bending moments uni¬ 
formly distributed along the clami)(‘d (‘dge (Fig. 40) i)ro(luce a 
bending of the plate to a spherical surface' the radius of which is 
given by Eq. (46), and the corre'sponding slope at the boundary is 

_ MiQ 

(I + r)D' 

Using (a) and (6), the condition that the built-in edge does not 
rotate gives 

{Mr)r^. = M, = (C) 


Deflections produced by moments Mi by Eq. (Ji) of the preceding 
article are 

P(r“ ~ a-) ^ 

87rD(l + v) 

Superposing these deflections on the deflections of a simply sup¬ 
ported plate ill Eq. (89), we obtain the following expresvsion for 
the deflections of a clamped jilate loaded at the center: 



( 92 ) 
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Adding Eq. (c) to Eqs. (90) and (91) for a simply supported 
plate, we obtain the following equations for the bending moment 
at any point not very close to the load: 

M, = ^[(l + r)log?-lj, (93) 

M, = ^ (1 + r) log - V . (94) 

When r approaches zero, expressions (90), (91), (93) and (94) 
approach infinity and hence are not suitable for calculating the 
bending moments. Moreover, the assumptions that serve as the 
basis for the elementary theory of bending of circular plates do 
not hold near the point of application of a (*oncentrated load. 
As the radius c of the circle ov^er which P is distrilnited d(‘creases, 
the intensity P/irc'^ of the pressure increases till it '-an no longi r 
be neglected in comparison with the l)ending ^tresses as is done 
in the (‘lementary theory. Shearing stressevs which are also 
disregarded in the simple theory likc'wisc^ increase without limit 
as c approaches zero, since the (‘ylindrical surface^ 2Tch over which 
the toial shear force P is distributed approaciu's zero. 

Discarding the ashunijitions on which the elementary theory is based, we 
may obtain the stress distribution n(‘ar the point of applieiition of the load 
by considering that portion of the plate as a body all three dimensions of 
wliieh are of the same' order of magni¬ 
tude, To do this imagine the central 
loaded portion separattnl from the rest 
of the plate by a cylindrical surface h 
whose radius b is several t iines as large JL 

as the thickness h of the plate, assh(n\n . 

in Fig. 41. It may he assumed that the Fig. 41. 

elementary theory of bending is accu¬ 
rate enough at a distance h from the point of application of the loadP and 
that the corresponding stresses may he calculated by means of Eq. 
(90), The problem of stress distribution near the center of the plate is thus 
reduced to the problem of a symmetrical str(‘ss distribution in a circular 
cylinder of height h and radius h acted upon by a load P distributed over a 
small circle of radius c and by reactions along the lateral boundary.^ The 

1 Several examples of symmetrical stress distributions are discussed in 
the author’s ‘^Theory of Elasticity^’ (see p. 309). The case shown in Fig. 41 
was studied by Dr. A. Nadai (see his book **Elastische Flatten, p. 308) and 
also by Dr. S. Woinowsky-Krieger (see his paper in Ingenieur-Archiv, vol. 4, 
p. 305, 1933). The results given here are from the latter paper. 
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solution of this problem shows that the maximum compressive stress at the 
center A of the upper face of the plate can be expressed by the following 
approximate formula:^ 


tTr = = <ri 




(95) 


in which <ri is the value of the compressive bending stress® obtained from the 
approximate theory, say, by using p]q. (83) for the case of a simply sup¬ 
ported plate, and a is a numerical factor depending on 2c//i, the ratio of the 



Fig. 42. 

diameter of the loaded area to the thickness of the plate. Several values of 
this factor are given in the table below. Its variation wilh the ralio 2c/h is 
shown also in Fig. 42. When c aiiproaches zero, the stress cahuilaled by 
Eq. (95) approaches infinity. 


Table 4.— Values of Factor a in Kq. (95) 




Qj 

m 


m 




wSm 



■ 


■ 





The maximum tensile stress occurs at B, the center of the lower surface 
of the plate (Fig. 41). When c is very small, i.e., for a strong load concen¬ 
tration, this tensile stress is practically independent of the ratio 2c/h and 
for a simply supported plate is given by the following approximate formula 


<r.n«. = ^ (1 + x)^0.485 log ^ + 0.62^ + 0.48 j- 


(96) 


To obtain the compressive stresses o-r and at the center of the upper 
surface of a clamped plate, we must decrease the value of the compressive 


1 When c is very small, the compressive stress P/ttc® becomes larger than 
the (o-max.) given by Eq. (95) (see Fig. 43). 

* This quantity should be taken with negative sign in Eq. (95). 

* See paper by Woinowsky-Krieger, loc, cit,f p. 76. a is outer radius. 
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stress <ri in Eq. (95) by an amount equal to 

£ 1 

Ak h* 2 


id) 


on account of the action of the moments M% = ^P/Anr, The maximum 
tensile stress at the center of the lower surface of a clamped plate for a strong 
concentration of the load (c = 0) is found by subtracting Eq. (d) from Eq. 
(96). It is 


<rmax. — , ,(1 " t " 
nr 


)^0.486 log ^ + 0.52^ 


(971 


The stress distribution across a thick circ\ilar plate (h/a = 0.4) with 
built-in edges is shown in Fig. 43. These stresses are calculated for c = 0.1a 
and y = 0.3. For this case the maximum compressive stress o-* normal to 

r=0 



the surface of the plate is larger than the maximum compressive stress in 
bending given by Eq. (95). The maximum tensile stress is calculated by 
means of Eq. (97). It is smaller than the tensile stress given by the elemen¬ 
tary theory of bending. The value of the latter across the thickness of the 
plate is shown in the figure by the dotted line. It was calculated from the 
equation for bending moment 

+ (88, 


obtained by adding the moment M 2 = —P/47r to Eq. (83). 

In determining the safe dimensions of a circular plate loaded at the 
center, we can usually limit our investigations to the calculation of the 
maximum tensile bending stresses at the bottom of the plate by means of 
Eqs. (96) and (97). Although the compressive stresses at the top of the 
plate may be many times as large as the tensile stresses at the bottom in the 
case of a strong concentration of the load, they do not represent a direct 
danger because of their highly localized character. The local yielding in the 
case of a ductile material will not affect the deformation of the plate in 
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general if the tensile stresses at the bottom of the plate remain within safe 
limits. The compressive strength of a brittle material is usually many 
times greater than its tensile strength, so that a plate of such a material will 
also be safe if the tensile stress at the bottom is within the limit of safety. 

The local disturbance produced by a concentrated load in the vicinity of 
its point of application must also be considered if we want an exact descrip¬ 
tion of the deflection of the plate. This disturbance is mainly confined to a 



Fig. 44. 


cylindrical region of radius .several times h, and thus its effect on the total 
deflection becomes of practical importance hen the thickness of the plate 
is not very small compared with its radius. As an illustration then* are 
shown in Fig. 44 the deflections of circular plates with built-in edges and 
a central concentrated load for which the ratio of thickness to radius h/a 
is 0.2, 0.4 and 0.6.^ The defl<‘ction given by the elementary theory [Kq. 
(94)] is shown by the dotted line. It may be seen that the discrepancy 
between the elementary theory and the exact solution diminishes rapidly as 
the ratio h/a diminishes. In the next article A\e sliall show that this dis¬ 
crepancy is due principally to the effect of shearing forces which are entirely 
neglected in the elementary theory. 

20. Corrections to the Elementary Theory of Symmetrical 
Bending of Circular Plates. —The relations (37) and (38) between 
bending moments and curvatures, which were derived for the case 
of pure bending, have been used as the basis for the solution of the 
various problems of symmetrical bending of circular platc*s which 
have been discussed. The effect that shearing stress(\s and 
normal prcissures on planes parallel to th(' surface of the platc' 
have on bonding has not been taken into account. Hence only 
the solution for a plate bent to a spherical surface and the 
solution for the annular plate loaded with moments uniformly dis¬ 
tributed along the inner and outer boundaries (Fig. 31) are rigor- 

1 The curves in Fig. 44 are the results of the exact solution of Woinowsky- 
Krieger, loc, cii.j p, 76. 
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ous. In all other cases discussed, the formulas obtained are 
approximate', and their accuracy depends on the ratio of the 
thickness of the plate to its outer radius. More accurate for¬ 
mulas may be obtained by considering in an approximate manner^ 
the ('ffect of shearing stn'sses and lateral pnvssures on de'flections. 

Let us consider first a circular plate without a hole suj)ported 
along its edge and uniformly loaded. 'I'he shearing force Q per 
unit length of arc along a r‘ir(*le of radius r is 

Q - 

From the exact solution for plates whose thickness is not assumed 
to hv small,2 it is kno^^ n that the shearing stresses t, vary across 
the thickness of the plate a(*cording to the parabolic law in the 
saim' way as in beams of narrow rectangular cross section. 
Hence the maximum sliearing stress is at the middle surface of 
the plate, and its magnitude is 


(rr?)ti 


3 ^ 
2 2h 


(a) 


The corresponding slu'aring strain is 


(J^Wi _ (JT 


Q>) 


where Wi is the additional deflection of the middle surface of the 
plate due to th(' sh('aj*iiig stress. By integration the deflections 
produced by the shearing stresvses are found to be 


At the center of the plate: 

(^W 1) inax. 


3 qa^ 
2 * 4GA* 


(d) 


‘ A rigorous theory of plates was originated by Saint Venant in his trans¬ 
lation of Clebsch book, “Theorie dc Tclasticite des corps solides,’^ p. 337. 
A valuable eritieisin of this work is given in “History of the Tlieory of 
Llastieity,^' by J. Todhunter and K. Pearson, vol. 2, part 1, p. 217. F\irther 
development of the theory is due to J. II. Michell, Froc. London Math. Soc., 
vol. 31, p. 100, 1900, and to A. E. H. Love, “Mathematical Theory of Elas¬ 
ticity,’^ 4th ed., p. 465. A list of references to tlie new literature on this 
subject is given in the paper by Woinowsky-Krieger, Ingenieur ArchiVy 
vol. 4, p. 203, 1933. Some examples of rigorous theory are given in Art. 25, 
see p. 105. 

2 See author’s “Theory of Elasticity,” p. 315, 
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The lateral pressure acting on the plate produces a negative 
curvature, convex upward, similar to that which occurs in a 
uniformly loaded beam.^ The pressure q per unit area produces 
a radial elongation of vq/E at the upper surface of the plate. At 
the middle surface of the plate this elongation is vqf2E, and at 
the bottom of the plate it is zero. Assuming a straight-line rela¬ 
tion to hold, an approximate value of the radius of curvature R 
can be found from the equation 

vq h 
2E ~ 2R’ 

from which 

1 __ vq 
2R ■" 2hE' 


and the negative deflection is 


- r^). 


(^) 


Adding Eqs. (c) and (e) to Eq. (67), a more exact expression 
for deflection is found to be 


w = 


sis'”’ - ’■•>(1 - ’■’) 


+ 


qh^ 

8D' 


3 + 


6(1 




At the center of the plate this becomes 


_ qa* /5 + V|4 3 + >' h^'\ 
~ 3 ’ ■ o*/ 


(/) 


The second term in Eq. (/) represents the correction for shear¬ 
ing stresses and lateral pressure. This correction is seen to be 
small when the ratio of the thickness of the plate to its radius is 
small. The value of this correction given by the exact solution is* 


qa* 2 8 -1- r -I- y* ft* 

64Z)'5 ■ ■ 1 - v* 'o* 

For V = 0.3 the exact value is about 20 per cent less than that 
given by Eq. (/). 

In a uniformly loaded circular plate with clamped edges the 
negative deflection Wi due to pressure cannot occur, and hence 

* See ibid., p. 42. 

* See A. E. H. Love, “ Mathematical Theory of Eilasticity,” 4th ed., p. 481. 
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only the deflection Wi due to shear need be considered. Adding 
this deflection to Eq. (62), we obtain as a more accurate value of 
the deflection 

It is interesting to note that this coincides with the exact 
solution.^ 

Consider next the deflections produced by shearing stresses in 
the annular plate loaded witli shearing forces uniformly dis¬ 
tributed along the inn^^r edge of the plate as shown in Fig. 32. 
The maximum shearing stress at a distance r from the center is 

[Trz)n^. 2 2irrh' 

where P denotes the total shear load. The corresponding shcc.r 
strain is 

dwi _ 3 P 

W 2 

Integrating, we obtain for the deflection produced by shear 

3 P , a Ph^ 1 ® / ‘x 

“ 4 rhG r “ 7 

This deflection must be added to Eq. (fc) on page 65 to 
get a more accurate value of the deflection of the plate shown in 
Fig. 32. When the radius b of the hole is very small, the expres¬ 
sion for the total deflection becomes 


3 + v 


” - SoLstlTT)'”’ - ’■’> + 5] + 

The deflection at the edge of the hole i.s 
FaV 3 + v 


Ph^ , a 
8ir(l - v)D r 




87rZ)\2(l + 


- + -1- . log -Y 
1 - ^ a* bj 


(fc) 

0) 


The second term in this expression represents the correction 
due to shear. It increases indefinitely as h approaches zero, 
as a consequence of our assumption that the load P is always 
finite. Thus when b approaches zero, the corresponding shearing 
stress and shearing strain become infinitely large. 

* See ibid., p. 486. 
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The term in Eq. (1) which represents the correction for sliear cjannot be 
applied to a plate without a hole. Tlio correction for a plate without a 
hole may be expected to be somewhat smaller bc'cause of the wedging effect 
produced by the concentrated load P applied at the center of the upper 

surface of the plate. Imagine that the central 
-j- i>ortion of the plate is removed by means of 
I a cylindrical section of small radius b and 
that its action on the reinairider of the plate 
: is replaced by vertical shearing forces equiva- 

lent to P and by radial forc(*s S representing 
the wedging effect of the load and distributed 
along the uppc'r edge of the lioh' as sliown in 
Fig, 45. It is evident that tlu' latter forces 
produce stretching of the middle surface of the plate* tog(*th(*r with some* 
deflection of the plate in the upward direction. This indicates that we 
must decrease the correction term in expression {k) to make* it apply to a 
plate without a hole. I'o get ari idea of the magTiitude of the radial forc(*s 
let us consider the plate und(‘r the two loading conditions shown in Fig. 46. 


S S 



I ' I 

Z 

(Cl) 



2 


(b) 

Fig. 46. 



In the first case the plate is compressed by two equal and opposite forces P 
acting along the axis of symmetry z. In the si'coiid case the j)lat(‘ is sul)- 
jected to uniform compression in its plane by a pressure p uniformly dis¬ 
tributed over the cylindrical surface bounding the plate. As a result of 
lateral expansion these pressures produce an increase of the thickness of the 
plate by the amount 


Ah 


2vp 


We can now obtain from this expression the increase Ar in the radius r of the 
plate due to the action of tlie forc(*s P (Fig. 46a) by applying the recipr(»cai 
theorem to the two (;oiiditions of loading shown in Fig. 46. This gives 


from which 


P Ah = 2Trrhp Ar, 

2Trrhp E 27rr 


(nt) 


Let us compare this radial expansion with the radial expansion produced 
in a thick-walled cylinder by an internal pressurci pt. If the inner radius b 
of the cylinder is very small compared wiih the outer radius r, the increase 
in the outer radius by Lame’s formula^ is 

^ See author’s ‘‘Strength of Materials,” vol. 2, p. 533. 
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Ar 


1 + y 
E r 


(n) 


Comparing expressions (w) ami (n), w(‘ conclude that the radial expansion 
which the forct's P in Fig. 46a produce in the plate has the same magnitude 
as the radial expansion produccsl m a plate ith a small cylindrical hole at 
the center (Fig. 45) liy int(*rnal pressure pi who'so niagintude is given by the 
equation 

2vP __ 1 i" pth^ 

E^irr E r 

From this w e ol )tain 




vP 
(1 -f" 


io) 


Returning to the case of one concentrated force at the center of the upper 
surface of the plat(‘, tin' action of vvhi(*}i is illustrated by Fig. 45, \\(* conclude 
that the force E per unit length of the circumference of tlie hole must be equal 
to the pressure pih/2. Using the value of from Eq. (o), we obtain 


S = 


iPh_ _ 
2(1 4 - 


Thcs(‘ forces applied in the upper plane of the plate produce upward 
deflections wn, the magnitud(‘S of which are found by substituting 


2 ” 4(1 4 - v)Trh^ 


in Eq. (73) and neglecting m comparison with a^. In this manner we 
obtain 

yPh"^ a- — vPh^ a 

= ~8.{r+ ^ - id ;• 

A(iding this to expression (A:), we obtain the following more accurate 
formula for the deflection of a plate without a hole and carrying a load P 
concentrated at the center of the upper surface of the plate: 


w 



3 4 " 

2(1 -\-v) 


(a“ — r®) + log 


r 

a_ 


a 

8ir(l + y)D r 
_ o» - 

87r(l + v)m ' o» 


(9) 


This equation can be used to calculate the deflection of all points of the 
plate that ari» not very close to t ho point of application of the load. Wlien r 
is of the same order of magnitude as the thickness of the plate, Eq. {q) is no 
longer applicable; and to ibtam a satisfactory solution the central portion 
of the plate must be considered as was explained in the preceding article. 
We can get an approximate value of the deflection of this central portion con¬ 
sidered as a plate of small radius b by adding the deflection due to local 
disturbance in stress distribution near the pouit of application of the load 
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to the deflection given by the elementary theory.^ The deflection due to 
local disturbance near the center is affected very little by the conditions at 
the edge of the plate and hence can be evaluated approximately by means 
of the curves in Fig. 44. The dotted-line curve in this figure is obtained by 
using Eq. (92). The additional deflections due to local stress disturbance 
are equal to the differences between the ordinates of the full lines and those 
of the dotted line. 

As an example, consider a plate the radius of the inner portion of which 
is b » 5h. The deflection of the inner portion calculated from Eq. (92) and 
taken as unity in Fig. 44 is 


5i 


Pb« 

IGtZ) 


P 

I^tD 


{5h)K 


Using the curve h/a ^ 0.2 in Fig. 44, the additional deflection due to 
local stress disturbance is 


52 


0.215i 


= 0.21 


P 


{5h)\ 


(r) 


If we consider a plate for which b = 2.5b and use the curve for b/o = 0.4 
in Fig. 44, we obtain 


52 


0.81—(2.6;o«, 


(*) 


which differs only slightly from that given in expression (r) for 6 = 5b. It 
will be unsatisfactory to take b smaller than 2.5b, since for smaller radii the 
edge condition of the thick plate becomes of importance and the curves in 
Fig. 44, calculated for a built-in edge, may not be accurate enough for our 
case. 

Finally, to obtain the deflection of the plate under the load we proceed as 
follows: We calculate the deflection at a radius r * b = 2.6b by using 
Eq. (q). To this deflection we add the deflection of the central portion of 
the plate which consists of two parts: the first part, equal to 


Fb Y 3 -f V 
87rZ)\2(l + y) 



is calculated by using the first term of expression (^); and the second part is 
given by expression (s). 


^ In the case under consideration this deflection can be calculated by using 
the first term in expression (q) and substituting b for a. 



CHAPTER IV 

SMALL DEFLECTIONS OF LATERALLY LOADED PLATES! 

21. The Differential Equation of the Deflection Surface.—We 

assume that the load acting on a plate is normal to its surface 
and that deflections are small m comparison with the thickness 
of the plate (see Art. 18). At the boundary we assume that 
the edges of the plate are free to move in the plane of the plate; 
thus the reactive forces at the edges are normal to the plate. 
With these assumptions we can neglect any strain in the middle 
plane of the plate during bending. Taking, as before (see Art. 



10), the coordinate axes x and y in the middle plane of the pla.,.- 
and the 2 -axis perpendicular to that plane, let us consider an 
element cut out of the plate by two pairs of planes parallel to 
the xz- and 1 / 2 -planes as shown in Fig. 47. In addition to the 
bending moments Mx and My and twisting moments Mxy which 
we had when considering the pure bending of a plate (see Art. 10), 
there are vertical shearing forces^ acting on the sides of the 
element the magnitudes of which pi'r unit length parallel to the 
y- and x-axes we denote by Q* and Qy respectively, so that 

h h 

”2 

Since the moments and the shearing forces are functions of the 
coordinates x and y, we must, in discussing the conditions of 

^ There will be no horizontal shearing forces and no forces normal to the 
sides of the element, since the strain of the middle plane of the plate is 
assumed negligible. 
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equilibrium of the olemcut, take into consideration the small 
jh^K»nges of these quantity's when the coordinates x and y change 
5y the small quantities dx and dy. The middle plane of the 
dement is represented in Figs. 48a and 486, and the directions 
n which the moments and forces are taken as positive are 
ndicated. 

We must also consider the load distributed over the upper sur¬ 
face of the plate. The intensity of this load we denote hy q, so 
that the load acting on the element^ is q dx dy. 



(b) 

Fig. 48. 

Projecting all the forces acting on the element on the g-axis 
we obtain the following equation of equilibrium: 

^dx dy + ^dy dx + q dx dy = 0, 

from which 

f+ f+ 5-0. (6) 

Taking moments of all the forces acting on the element with 
respect to the x-axis, we obtain the equation of equilibrium 



^ The weight of the plate itself may be considered as included in the load q. 
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The moment of the load q and the moment due to change in 
the force Q„ are nogloeted in this equation, since they are small 
quantities of a higher order than those which we retain. After 
simplification, Eq. (c) becomes 




(d) 


In the same manner, by taking mornonts with respect to the 
7/-axis, we ol)taiii 


dMv, , oAJx 
d// dx 


(e) 


Since there arf^ no forces in the x- and ^/-directions and no 
moments with respect to the 2 -axis, the three Eqs. (h), {d) and 
(c) completely define the equilibrium of the element. Let u * 
eliminate the shearing forces Qx and Qy from tlc'^se equations by 
determining them from b]qs. (c?) and (e) and substituting into 
Eq. (b). In this manner we obtain 

dx^ dx dy dy“ dx dy 


Observing that Myx — —Mxyy by virtue of Try = Tyx, we finally 
represent the equation of equilibrium (/) in the following form: 


, fMy __ o^il/xv 
dx'^ dy- dx dy 


(g) 


To represent this equation in terms of the deflections w of 
the plate, we make the assumption here that expressions (41) 
and (43), developed for the case of pure bending, can be used 
also in the case of laterally loaded jfiates. This assumption is 
equivalent to neglecting the effect on bending of the shearing 
forces Qx and Qy and the compresvsive stress cr* produced by the 
load q. We have already used such an assumption in the 
previous chapter and have seen that the errors in deflections 
obtained in this way are small provided the thickness of the 
plate is small in comi)arison with the dimensions of the plate in 
its plane. A further discussion of the same subject will be 
given in Art. 25 in which several examples of exact solutions of 
bending problems of plates will be discussed. 
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Using X- and ^/-directions instead of n and t, which wc had in 
Eqs. (41) and (43), we obtain 



■Ri xy —— 


My = -D 

== I>(1 - .) 




d-w 
dx dy 



(99) 

( 100 ) 


Substituting these expressions in Eq. (g), we obtain 


d^w , ^ d^w d^w __ q ^ 
dx^ dx- dy^ dy^ D 


( 101 ) 


It is seen that the problem of bending of plates by a lateral 
load q reduces to the integration of Eq. (101). If, for a par¬ 
ticular case, a solution of this equation is found that satisfies 
the conditions at the boundary of the plate, the bending and 
twisting moments can be calculated from Eqs. (99) and (100). 
The corresponding normal and shearing stresses are found from 
Eqs. (44) and (45). Equations (d) and (e) are used to determine 
shearing forces Qx and Qy from which 




dMyx , dMx 


dy 

dMy 




dx 

dMx 


_ _ _ Zltll _ _ 

« ~ ' dx ~ ^ 


dx\ dx^ 
d (O^ 


•w 


dy 


dy\ dx^ 



( 102 ) 

(103) 


The shearing stresses Txz and can now be dc'termined by 
assuming that they are distributed across the thickness of the 
plate according to the parabolic law.^ Then 


(t" n 


-3^ 
2 h' 


{Xyz)n 


SQy 

2 A' 


It is seen that the stresses in a plate can be calculated provided 
the deflection surface for a given load distribution and for given 
boundary conditions is determined by integration of Eq. (101). 

^ This equation was ol)taiiied by Lagrange in 1811 when he was examining 
the memoir presented to the French Academy of Science by Sophie Germain. 
The history of the development of this equation is given in Todhunter and 
Pearson, “History of the Theory of Elasticity/' vol. 1, pp. 147, 247, 348, and 
vol. 2, part 1, p. 263. See also the note by Saint Venant to Art. 73 of the 
French translation of “Th^rie de r61asticit6 des corps solides," by Clebsch, 
Paris, 1883. 

* It will be shown in Art. 26 that in certain cases this assumption is in 
agreement with the exact theory of bending of plates. 
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Boundary Conditions. —We begin the discussion of bound¬ 
ary conditions with the case of a rectangular plate and assume 
th^ the X- and ^/-axes are taken parallel to the sides of the plate. 
\yBuiUr-in Edge ,—If the edge of a plate is built in, the deflection 
along this edge is zero, and the tangent plane to the deflected 
middle surface along this edge coincid(‘'> with the initial position 
of the middle plane of the plate. Assuming that the x-axis 
coincides with the built-in edge, the boundary conditions are 


Hy-O = 0, 




- 0. (104) 

?/ = 0 of the plate is 



Simply Supported Edge .—If the edge 
simply supported, the deflection w along 
this edge must be zero. At the same 
time this edge can rotate freely with 
respect to the x-axis; t.c., th('re are no 
bending monu'nts My along this edge. 

This kind of support is represcuited in 
Fig. 49. The analytical expressions 
of the boundary conditions in this case are 

\'Free Edge .—If an edge of a plate, say the edge x = a (Fig. 50), 
is entirely free, it is natural to assume that along this edge there 
are no bending and twisting moments and also no vertical 
shearing forces, i.e.j that 

(,Mx)xmma — 0 , {Mxy)x^a ~ 0 , {Qx)x^a “ 0 . 


The boundary conditiojns were expressed by Poisson^ in this 
form. But later on, KirchhoflF^ proved that three boundary 
conditions "aretboThany and That two conditions are sufiicient 
for the complete determination of defl ection s w sat i sfyin gJKq. 
tlOl) . He Showed also that the two requirements of Poisson 
dealingjmth the twisting moment M^v and with the shearing 
force must be replaced by one boundary'condition. 'The 

^ See discussion of this subject in J. Todhunter and K. Pearson, “History 
of the Theory of Elasticity,^’ vol. 1, p. 250, and in Saint Venant’s translation 
of “Th6orie de T^lasticit^ des corps solides,” by Clebsch, final note to Art. 73, 
p. 689. 

2 See J. CreUe, vol. 40, p. 51, 1850. 
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physical significance of this reduction in the number of boundary 
conditions has been explained by Thomson and Tait.^ These 
authors point out that the bending of a plate will not be changed 
if the Jiorizontal forces giving the twisting couple Mxy dy acting 
on an element of the length dy of the ('dge x == a are replaced by 
two vertical forces of the magnitude dy apart, as shown in 
Fig. 50. Such a replacement docs not change the magnitude 
of twisting moments and produces only local changes in the stress 
distribution at the edge of the plate, leaving the stress condition 
of the rest of the plate unchanged. We have already discussed 
a particular case of such a iranslormation of the boundary force 



Fig. 60. 


system in considering a pure bending of a plate to an anti clastic 
surface (page 47). Proceeding with the foregoing replacement 
of twisting couples along the edge of the plate and considering 
two adjacent elements of the edge (Fig. 50), we find that the 
distribution of twisting moments Mxy is statically equivalent to 
a distribution of shearing forces of the intensity 



Hence the joint requirement regarding twisting moment Mxy 
and shearing force Qx along the free edge x = a becomes 

- («‘ - - »■ <“> 
Substituting for Q, and Mxy their expressions (102) and (100), 
we finally obtain for a free edge x = a; 

^ See “Natural Philosophy,” vol. 1, part 2, p. 188, 1883. Independently 
the same question was explained by Boussinesq, /. Math,, Ser. 2, vol. 16, 
1871, pp. 126-274; Ser. 3, vol. 6, pp. 329-344, Paris, 1879. 
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The condition that bending moments along the free edge are 
zero requires 



Equations (106) and (107) represent the < wo necessary boundary 
conditions along the free edge x a of the plate. 

Transforming the twisting couples as explained in the fore¬ 
going discussion and as shown in Fig. 50, we obtain not only 
shearing forces Q' disinlniled along the edge x = a but aLso two 
concentrated forces at the ends of that edge, as indicated in Fig. 



51. The magnitudes of these forces are equal to the magnitudes 
of the twisting coui)le^ Mxy at the corresponding corners of the 
plate. Making the analogous transformation of twisting couples 
Myx along the (‘dg(' y = b, we shall find that in this case again, 
in addition to the distributed 
shearing forces Qy, there will be 
concentrated forces Myx at the 
corners. This indicates that a 
rectangular plate supported in 
some way along the edges and 
loaded laterally will usually pro¬ 
duce not only reactions dis¬ 
tributed along the boundary but 
also concentrated reactions at 
the eorners. 

Regarding the directions of these concentrated reactions, a 
conclusion can be drawn if the general shape of the deflection 
surface is known. Take, for example, a uniformly loaded square 
plate simply supported along the edges. The general shape of 
the deflection surface is indicated in Fig. 52a by dotted lines 

^ The couple Mxy is a moment per unit length and has the dimension of a 
for<’e. 


/ 

y 


>.a.i 

(a) 


(W " 
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representing the section of the middle surface of the plate by 
planes parallel to the xz- and 2 / 2 ;-coordinate planes. Consider¬ 
ing these lines, it may be seen that near the corner A the deriva¬ 
tive dw/dXf representing the slope of the deflection surface in 
the x-direction, is negative and decreases numerically with 
increasing y. Hence d'^w/dx dy is positive at the corner A. 
From Eq. (100) we conclude that Mxy is positive and Myx is nega¬ 
tive at that corner. From this and from the direel ions of Mxy 
and Myx in Fig. 48a it follows that both coiKjentrated forces, 
indicated at the corner A in Fig. 51, have a downward direction. 
From symmetry we conclude also that the forces have the same 
magnitude and direction at all four corners of the plate. Hence 
the conditions are as indicated in Fig. 526 in which 

B = = 2B(1 - 

It can be seen that, when a square i)late is uniformly loacled, 
the corners in general have a tendency to rise, and this is pre¬ 
vented by the concentrated reactions at the corners as indicated 
in the figure. 

Elastically Supported and Elastically Built-in Edge - If tin' 
edge a? = a of a rectangular plate is rigidlj^ joined to a supporting 


X 


Fig. 53. 

beam (Fig. 53), the deflection along this edge is not zero and is 
equal to the deflection of the beam. Also rotation of the edge 
is equal to the twisting of the beam. Let B be the flexural and 
C the torsional rigidity of the beam. The pressure in the 
2 “direction transmitted from the plate to the supporting beam, 
from Eq. (a), is 



and the differential equation of the deflection curve of the beam is 






v) 


d^W 


( 108 ) 
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This equation represents one of the two boundary conditions of 
the plate along the edge rr = a. 

To obtain the second condition, the twisting of the beam 
should be considered. The angle of rotation^ of any cross 
section of the beam is and the rate of change of 

this angle along the edg is 

\ 

dx 

Hence the twisting moment in the beam 
is —C{d^w/dxdy)x^n- This moment 
varies along the edge, since the plate, 
rigidly connected with the beam, trans¬ 
mits continuously distributed twisting 
moments to the beam. The magnitude 
of these applied moments per unit length 
is equal and opposite to the bending moments Mx in the plate. 
Hence, from the consideration of rotational equilibrium of an 
(dement of the beam, we obtain 



or, substituting for Mx its expression (99), 




C—( ^ __ T )(I 

dy\dx by) ^ by^) x^a 


(109) 


This is the second boundary condition at the edge a; = a of the 
plate. 

In the case of a plate with a curvilinear boundary (Fig. 54), 
we take at a point A of the edge the coordinate axes in the 
direction of the tangent t and the normal n as shown in the 
figure. The bending and the twisting moments at that point 
are 

h h 

Mn ~ ^ ^ dZf Mnt “ ^ ^Z. ( 5 ) 

"2 "“2 


Using for the stress components <Tn and the known expressions^ 

^ The right-hand screw rule is used for the sign of the angle. 

* The a?- and 2 /-directions are not the principal directions as we had in the 
case of pure bending; hence the expressions for Mu and Mnt will be different 
from those given by Eqs. (39) and (40). 
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tfn = Ox COS® a + ffy sin® a + 2rxu sin a cos a, 

Tnt = Ti^Coos® a — sill® a) + (ffy — ffi) sin a cos a, 
we can represent expressions (6) in the following form: 

Mn = Mx cos^ a + My sin^ a — 2Mxv sin a cos a, 

Mnt = Afzy(cos- a — sin^ a) + {Mx — My) sin a cos a. 

The shearing force Qn at point A of the boundary will be found 
from the equation of equilibrium of an clement of the plate shown 
in Fig. 546, from which 

Qn (is = Qxdy - Qy dx, 

or 

On = Qx cos a Qy sin a. (d) 

Having expressions (c) and (d), the boundary condition in each 
particular case can be written without difficulty. 

If the curvilinear edge of the platen is built in, we have for such 
an edge 

«! = 0, ^ = 0. (e) 

In the case of a simply supported edge we have 

= 0, Mn = 0. (/) 

Substituting for Mn its expression from the first of equations (c) 
and using Eqs. (99) and (100), we can represent the boundary 
conditions (/) in terms of xo and its derivatives. 

If the edge of a plate is free, the boundary conditions are 

= 0, F„ = Q„ - = 0, {g) 

where the terra —dMnt/ds is obtained in the manner shown in 
Fig. 50 and represents the portion of the edge reaction which is 
due to the distribution along the edge of the twisting moment Mnt- 
Substituting expressions (r) and (d) for Mn, Mnt and Qn and 
using Eqs. (99), (100), (102) and (103), we can represent bound¬ 
ary conditions {g) in the following form: 



A L /I \( 1 ' 2 1 • o n\ 

.A«,+ (l-.)(^cos®a^ + sm®a^, + sm2«^j = 0 


cos a-^Aw + sin a^-Aw + (1 — v)^- c 
dx dy 'ds 


cos 2a-, 


• daisy 

, 1 . „ /d®W d®«)\l „ 1 

+ s sm 2«( — - — ) 1 = 0, J 
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where 


- d^w . d^w 

/iw =- A -- 

dy^ 


Another method of derivation of these conditions will be shown 
in the next article. 


23. Alternate Method of Derivation of the Boundary Conditions.—The 

differential eciuation (101) of the defl(‘ction surface of a plate and the 
boundary conditions can he obtained by using thi‘ principle of virtual dis¬ 
placements together with the ('xpression for the strain energy of a bent plate.^ 
Since the effect of shearing stresses on defi(‘(‘tions was entirely neglected in 
the derivation of Eq. (101;, the corresponding (‘xpression for the strain 
energy will contain only terms d(‘pending on the action of bending and 
twisting moments as in the case of pur(‘ bending discussed in Art. 12. 
Using Eq. (48) we obtain for the strain energy in an infinitesimal clement 


dV 


2®\\aV» 


- 2(1 


dx^ dy- 





The total strain energy of the plate is then obtained by inti'gration as follows: 


V - 





- 2(1 - *^)i 


dhv d^W 
dx^ dy^ 



dx dyy 


( 111 ) 


where the integration is extended over the (‘iitire surface of the plate. 

Applying the principle of virtual displacement, we assiiiiK' that an infi¬ 
nitely small variation hw of the deflections w of the plate is produced. Then 
the corresponding change in the strain energy of the plate must be equal to 
the work done by the external forces during the assumed virtual displace¬ 
ments. In calculating this work we must consider not only the lateral load q 
distributed over the surface of the plate but also the bending moments Mn 
and transverse forces Qn — {dMnt^da) distributed along the boundary of the 
plate. Hence the general equation, given by the principle of virtual dis¬ 
placements, is 


q Sw dx dy 




hw ds. (h) 


The first integral on the right side of this equation represents the work of the 
lateral load during the displacement dw. The second, extended along the 
boundary of the plate, represents the work of the bending moments due to 
the rotation d 5w/dn of the edge of the plate. The minus sign follows from 

^ This is the method by which the boundary conditions were for the first 
time satisfactorily established by G. Kirchhoff in J. Crellcj vol. 40, 1850. 
See also his ‘‘Vorlesungen liber Mathematische Physik,'^ Mechaniky p. 450, 
1877. 
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the directions chosen for Mn and the normal n indicated in Pig. 54. The 
third integral represents the work of the transverse forces applied along the 
edge of the plate. 

In the calculation of the variation 6F of the strain energy of the plate wc 
use certain transformations which wc shall show in detail for the first term 
of the expression (111). The small variation of this term is 


‘//(0 


d^W d* 6w 


di/=2 f r 

r rr ^ ^ ^ i 

J J l_da;\5rc* dx / 


dx^ dx^ 
d^W d Bw 
dx^ dx 
d^W d hw 
dx^ dx 


A d^W d 571)1 
) dx J 

d / d^ 


\dx dy, (c) 


In the first two terms after the last sign of equality in cxpr(‘ssion (c) the 
double integration can be replaced by simple integrals if we remember that 
for any function P of a; and y the following formulas hold: 




/ 

J 


F cos a ds, 


F sin a ds. 


(d) 


In these expressions the simple integrals are extended along the boundary, 
and a is the angle between the outer normal and the z-axis, as shown in 
Fig. 54. Using the first of the formulas (d), we can represent expression (c) 
as follows 

d^w 

dx\ 

^ C{d^W d 5w d^w \ 

J \dx^ dx dx^ / ^ 

Advancing along the boundary in the direction shown in Fig. 54, we have 


dx dy 


-JJ 


d*W 

dx* 


hw dx dy 



d hw 
dx 


d hw dn 
dn dx 


d hw ds 
ds dx 


d hw d hw . 

— cos a -— sin o. 

dn ds 


With this transformation, expression (c) becomes 


* J J(S) “ 2 J dy 

. C 3 d Sw . \ 

+ 21 —I —— cos « — sm a I cos a 08 

J dx*\ dn d$ / 



d>w 

---tw cos a ds. 
dx’ 


(/) 
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Integrating by parts, we have 




d^W . d hw ^ 

— Sin a cos a - as 

dx^ ds 


d^W , 

—- Sin a cos a 
dx^ 


r . \ 


dw ds. 


The first term on the right bide of this expression is zero, since we are inte¬ 
grating along the closed boundary of the plate. Thus we obtain 

J d^w d i,o C \ 

— sm a cos = - J .in « cos dc. 

Substituting this result in Efj (/), we finally obtain the variation of the first 
term in the expression for the strain energy in the following form: 


® J J (S) S’'- + 


d 5w , 


bw dx dy -{- 2 \ —- coo^ or - ds 

J dx^ dn 

. ^ rr d^w . \ d^w 1 

+ 21—1 —sm a cos a ] -cos a bw ds. (a) 

J Lds\da;2 y ^^.3 J 

Transforming in similar manner the variations of the other terms of expres¬ 
sion (111), we obtain 


d^w , d bw 

~ sin^ a - ds 

dy^ dn 


‘J J (?) * * - <«*■'<' + a/' 

^ C\ d (dhv . \ d^W , 1 

~ 2 I - I - sm a cos aid-- sm a \bw ds. (h) 

J L^«vV / J 


r f d^w dhv ^ ^ off 

5 I I — dx dy 2 \ I 

J J dx^ dy^ J J 


6W dx dy -1- 


/(: 


dhv 

dy’^ 


d^W , 
+ — sm' 
dx^ 


d*W 
dx^ dy^ 
d^W d^W 

-sm a H-„ cos a 

dx^ dy dx dy^ 


cos* at 


d\(d^w d^v\ . 11 , 

d-I T-: I sin a cos a rbw ds. ii, 

C C( d^w\ C C d*W 

5 1 I I - ] dx dy — 2 \ I- Ju) dx dy 

J J ^y) J J 




d^W . d bw 

-sm a cos a - ds + 

dx dy dn 


ja 


d^W 
dx dy 


(sin* a — cos* 


«) 


d^W d^W . . 

; cos a — ; sm afbw ds. (j) 


dx dy^ 


dx^ dy 


sin a|’3 
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By using these formulas the variation of the potential energy will be repre¬ 
sented in the following forin:^ 


67 - Z> !// AAw • 6w dx dy -f J[o-< cos^ a 

^ dht) . d^w . , \ Id 

dx dy dy^ / \ dn 

r /, , d\ (d^w d’^iA 

+ J |(1 - v) ~ 


sin ot cos a-(cos^ a. — sin' 

dx dy 


in* a) j| 


/ dhv dho \ (d^w dV \ . \ 

\dx^ dx dy^/ \dy^ dx^ dy/ ) 


dwdsr. (112) 


Substituting this expression in Eq. (b) and remembering that 8w and dZw/dn 
are arbitrary small quantities satisfying the boundary conditions, we con¬ 
clude that Eq. (6) will be satisfied only if the following three equations are 
satisfied: 



// 


{DAAw — q)8w dx dy = 0, 


/ d*tc dhv . d‘^w . 

v)l —^ cos* a + 2- sin a cos a H— „ sin* 

\da;* dx dy dy^ 


{k) 


-j- p 






dw 

dn 


ds - 0, (Z) 



The first of these equations will be satisfied only if in every point of the 
middle surface of the plate we have 


DAAw — ^ = 0 


which represents the differential equation (101) of the deflection surface of 
the plate. Equations (1) and (m) give us boundary conditions. 

If the plate is built in along the edge, 8w and ddw/dn are zero along the 
edge; and Eqs. (Z) and (w) are satisfied. In the case of a simply supported 
edge, 8w - 0 and Mn = 0. Hence Eq. (w) is satisfied, and Eq. (Z) will be 
satisfied if 

^The symbols AAw stay for the left-hand side of Eq. (101). 
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(1 




d^W d^W 

— cos» « + 2-— sin a cos « + sin* « ) + . Ato = 0. 


») 


(n) 


In the particular case of a rectilinear edge parallel to the y-axis, a ~ 0; and 
we obtain from Eq. (n) 


— -}- V — 


- 0 


as it should be for a simply supported (Mlge. 

If the edge of a plate is entirely free, the quantity hw and d hw/Bn in Eqs. 
(0 and (m) are arbitrary; furthermore, = 0 and Q„ - (BMnt/B^) = 0. 
Hence, from Eqs. (1) and (mj, tor a free edge we luu 


(1 - *')> 
d 

(1 - .) - 


Bhv ^ ^ tVw . B^w 

eos^ a -f- 2 sin a cos ac-}"'— sin^al-j-i/ Aw ■= 0. 
Bx By By^ ' 


Bx^ 

a\ (sho ,vw\ 
dif) 




B-w 


dsL xBx’^ 


sill a. cos Of — - (cos 2 ot — sin“ a) 

Bx By 




( B'^w iVw \ (B^w B^w \ 

T“ - I <‘os a — I - - I sin a = 0. 

Bx^ ^ Bx Bif) \By^ ^ Bx^ By/ 


These conditions are in agreement with Eqs. (110) which were obtained 
previously (sec page 94). In the particular case of a free rectilinear edge 
parallel to the //-axis, a = 0, and we obtain 


B^w 

Bx^ 


+ 


dy2 


= 0 , 


B^W , ^ dhc 

(2 — y) - 

Bx"^ Bx By^ 


= 0 . 


These equations coincide with Eqs. (106) and (107) obtained previously. 

In the case when given moments Mn and transverse forces Q„ — (BMnt/ds) 
are distributed along the edge of a plate, the corresponding boundary condi¬ 
tions again can be easily obtained by using Eqs. (1) and (fn). 


24. Reduction of the Problem of Bending of a Plate to That of 
Deflection of a Membrane. —There are cases in which it is 
advantageous to replace the differential equation (101) of the 
fourth order developed for a plate by two equations of the second 
order which represent the deflections of a membrane.^ This 
replacement can easily be done if we write Eq. (101) in the 
following form: 



^ This method of investigating bending of plates was introduced by Dr. 
H. Marcus in his book “Die Thcorie elastischer Gewebe,^^ Berlin, 1923. 
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and observe that by adding together the two expressions (99) for 
bending moments (see page 88) we have 


M^ + My= -D{1 + v) 



Introducing a new notation 


M = 


Mx + Mjf ^ 
i+v 


(b) 


(113) 


the two Eqs. (a) and (b) can be represented in the following form: 


aw aw ^ _ 

dy^ 

d‘^w , a^ _ 
ax^ a^ “* 

Both these equations are of the same kind as that obtained for a 
uniformly stretched and laterally loaded membrane.^ 

The solution of these equations is very much simplified in th(‘ 
case of a simply supported plate of polygonal shape, in which 
case along each rectilinear portion of the boundary we have 
d^w/ds^ = 0 since w = 0 at the boundary. Observing that 
Mn = 0 at a simply supported edge, we conclude also that 
d^w/dn^ = 0 at the boundary. Hence we have [see Eq. (34)] 

d^w d-w _ dhv , d^w __ ^ . . 


(114) 


at the boundary. It must be seen that the solution of the plate 
problem reduces in this case to the integration of the two Eqs. 
(114) in succession. We begin with the first of these equations 
and find its solution satisfying the condition Af = 0 at the 
boundary.^ Substituting this solution in the second equation 
and integrating it, we find the deflections w. Both problems are 
of the same kind as the problem of the deflection of a uniformly 
stretched and laterally loaded membrane having zero deflection 
at the boundary. This latter problem is much simpler than the 
plate problem, and it can always be solved with sufficient accuracy 

1 See author^s ^‘Theory of Elasticity,” p. 239, 1934. 

* Note that if the plate is not of a polygonal shape, M generally does not 
vanish at the boundary when Mn = 0. 
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by using an approximate method of integration such as Ritz’s or 
the method of finite difforemces. Some examples of the applica¬ 
tion of the latter method will be discussed later (see page 180). 
Several applications of Ritz’s method are given in discussing 
torsional problems.^ 

A simply supported plate of polygonal shape, bent by moments 
Mn uniformly distributed along tiio boundary, is another simple 
case of the application of Eqs. (114). Equations (114) in such a 
case become 

am 

dhi'j d^w 
dy^ 

Along a rectilinear edge we have again d^w/ds^ = 0. Hence 


= 0 , ) 
= -E 

D'l 


and we have at the boundary 

d‘^w , d-w _ d^w _ ^Mn _ 
dx^ dy^ dn^ D D 


This boundary condition and the first of the equations (115) will 
be satisfied if we take for the quantity M the constant value 
M = Mn at all points of the plate, which means that the sum of 
the bending moments M,. and My remains constant over the 
entire surface of the plate. The deflections of the plate will then 
be found from the second of the equations (115),^ which becomes 


-L 

dx^ dy^ D 


id) 


It may be concluded from this that, in the case of bending of a 
simply supported polygonal plate by moments Mn uniformly 
distributed along the boundary, the deflection surface of the plate 
is the same as that of a uniformly stretched membrane with a 
uniformly distributed load. There are many cases for which 
the solutions of the membrane problem are known. These can be 


^ See ibid.y p. 263. 

* This was shown first by S. Woinowsky-Krieger, Ingenieur-Archiv^ vol. 4, 
p. 254, 1933. 
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immediately applied in discussing the corresponding plate 
problems. 

Take, for example, a simply supported equilateral triangular 
plate (Fig. 55) bent by moments Mn uniformly distributed along 
the boundary. The defleetion surface of the plate is the same as 
that of a uniformly stretched and uniformly loaded membrane. 



The latter can be easily obtained experimentally by stretching a 
soap film on the triangular boundary and loading it uniformly 
by air pressure.^ 

The analytical expression of the deflection surface is also 
comparatively simple in this case. We take the product of the 
left sides of the equations of the three sides of the triangle: 

_ — 3//V + T/^) , 4a® 

This expression evidently becomes zero at the boundary. Hence 
the boundary condition ic = 0 for the membrane is satisfied if we 
take for deflections the expression 

” - 3±J'’> +3^]. M 

where iNT is a constant factor the magnitude of which we choose 

iSuch experiments are used in solving torsional problems; see author^s 
“Theory of Elasticity/' p. 260. 
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in such a manner as to satisfy Eq. (d). In this way we obtain 
the required solution: 


Substituting x = y = 0 iti this expression, we obtain the deflec¬ 
tion at the centroid of the triangle 


«’(, = 


27 D' 


(g) 


The expressions for the ilending and twisting moments, from Eqs. 
(99) and (100), are 


M, 


Mn 

2 

Mn 

2 


1 + ^ _ (1 _ ^) 


Zx 


1 -t- -t- 


(1 — y)3x '| 

a J 


M 


3(] — v)M„y 
2a 


Shearing forces, from Eqs. (102) and (103), are 


Qx = = 0. 


(A) 


Along the boundary, from Eq. (d) (Art. 22), the shearing force 
Qn = 0, and the bending moment is equal to M„. The twisting 
moment along the side BC (Fig. 55) from Eqs. (c) of Art. 22 is 


Mnt 


^ - '')Mn 
4a 


(y - a/3x). 


The vertical reactions acting on the plate along the side BC 
(Fig. 55) are 


ds 


3(1 - 
2a 


Mn. 


(i) 


From symmetry we conclude that the same uniformly distributed 
reactions also act along the two other sides of the plate. These 
forces are balanced by the concentrated reactions at the corners 
of the triangular plate, the magnitude of which can be found as 
was explained on page 90 and is equal to 

R = 2(M„t) 2 „ = (1 - «')\/3M„. 


(j) 
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The distribution of the reactive forces along the boundary is 
shown in Fig. 556. The maximum bending stresses are at the 
corners and act on the planes bisecting the angles. The magni¬ 
tude of the corresponding bending moment, from Eqs. (h), is 

= (M,) 2 =M2(3iLiO. 

This method of determining the bending of simply supported 
polygonal plates by moments uniformly distributed along the 
boundary can be applied to the calculation of the thermal stresses 
produced in such plates by non-uniform healing. In discussing 
thermal stresses in clamped plates it was shown in Art. 14 
[Eq. (6)] that non-uniform heating produces uniformly dis¬ 
tributed bending moments along the boundary of the plate' which 
prevent any bending of the plate. The magnitude of these 
moments is^ 

(0 


To get thermal stresses in the case of a simply supported plate we 
need only superpose on stresses produced in pure bending by 
the moments {1} the stresses that are produced in a plate with 
simply supported edges by the bending moments —atD{l + v)/h 
uniformly distributed along the boundary. The solution of the 
latter problem, as was already explained, can be obtained without 
much difficulty in the case of a plate of polygonal shape. ^ 

Take again, as an example, the equilateral triangular plate. If 
the edges of the plate are clamped, the bending moments due to 
non-uniform heating are 


m; - 


(m) 


To get the bending moments ilf* and My for a simply supported 
plate we must superpose on the moments (m) the moments that 
will be obtained from Eqs. (A) by letting Mn = + v)/h. 

In this way we finally obtain 

1 It is assumed that the upper surface of the plate is kept at a higher tem¬ 
perature than the lower one and that the plate thus has the tendency to bend 
convexly upward. 

* See dissertation by J. L. Maulbetsch, J, Appl Mech., vol. 2, p. 141,1935. 



SMALL DEFLECTIONS OF LATERALLY LOADED PLATES 105 


= + v) _ atD{l + J')r 

h "2* [ 


atD{l + v) _ atD{\ 4* J')!' 
h 2A [ 


IMxy — 


1 atEh^y 
8 a 


24 V a / 

i + .+d-.)^] 

atEh^f^ 3x\ 

- - Tj' 


The reactive forces can now be obtained from Eqs. (f) and (j) by 
substitution of Af = —atD{l -|- v)/h. Hence we find 

V - n _ atEh^ j, VSatEh^ 

V n — Vn '■"- — — —5" ; K = -77^-- 

ds 8a 12 

The results ohtaint'd for moments and reactive forces due to 
non-uniform heating are represented in Figs. 56a and 566, 
respectively. 


Mx 



26. Exact Theory of Plates.—The differential equation (101) which, 
together with the boundary conditions, defines the deflections of plates was 
derived (see Art. 21) by neglecting the effect on bending of normal stresses 
(Tg and shearing stresses t,* and ry,. This means that in the derivation each 
thin layer of the plate parallel to the middle plane was considered to be in a 
state of plane stress in which only the stress components <7*, ay and r*y may 
be different from zero. One of the simplest cases of this kind is that of 
pure bending. The deflection surface in this case is a second-degree func¬ 
tion in X and y [see P]q. (c), Art. 11] that satisfies Eq. (101). The stress 
components <r,, o-y, and r*y are proportional to z and independent of x and y. 
There are other cases of bending in which a plane stress distribution takes 
place and Eq. (101) holds rigorously. Take, for example, a circular plate 
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with a central circular hole bent by moments Mr uniformly distributed along 
the boundary of the hole (Fig. 57). Each thin layer of the plate cut out by 
two adjacent planes parallel to the middle plane is in the same stress condi¬ 
tion as a thick-walled cylinder subjected to a uniform internal pressure or 
tension (Fig. 57b). The sum <rr + <n of the two principal stresses is constant 
in such a case,^ and it can be concluded that the deformation of the layer in 
the 2 -direction is also constant and does not interfere with the deformation 
of adjacent layers. Hence we have again a planar stress distribution, and 
Eq. (101) holds. 

Let us discuss now the general (jiuvstion regarding the shape of the deflec¬ 
tion surface of a plate when bending results in a planar stress distribution. 
To answer this question it is necessary to consider the three differential 
equations of equilibrium together with the six compatibility conditions. If 
body forces are neglected, these equations aro^ 


— _j_ _ Q 

dx dy dz 

dy dx' dz ~ 


dcTz drxz . dTyi 
dz dx dy 


Aicr* = 


1 dH 
’l -h vdx^' 


1 d^O I 

Aio-« = 

1 -f- dy^ I 
1 <920 


ih) 


Ai<r* = — 


1 vdz^ 


= 0 
AlTxy = —- 
Air,* ~ — 
AlTy* = — 


1 d^ 

\ V dx dy 
1 d^e 
1 V dx dz \ 

J_ ^9 

I V dy dz 


in which 
and 


6 = ax Cy at 


d2 sz a* 

=- -j--j-- 

dx^ dy^ dz^ 


Adding Eqs. (6), we find that 


(a) 


(c) 


d20 020 d'^e 


= A ,9 = 0 ; 


id) 


i.e.y the sum of the three normal stress components represents a harmonic 
function. In the case of a planar stress r,* = r^* = <t* = 0, and it can be 
concluded from the last two of the equations (c) and the last of the equations 
(6) that dd/dz must be a constant, say jS. Hence the general expression 
for 0 in the case of planar stress is 


0 = 00 4* (c) 

^ See author^s “Theory of Elasticity,” p. 57, 1934. 

* See ihid.y pp. 195 and 198. 
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where Bq is a plane harmonic function, i.e., 


a % ^ 


= ABt 


= 0 . 


We see that in the case of planar stnjss the function B consists of two parts; 
Bq independent of z and (iz proportional to z. I'lio first part does not vary 
through the thickness of the plate. 11 depends on defoi luation of the plate 
in its own plane and can be omitted il we are intcTcsted only in bending of 
plates. Thus we can take in our further discus.'-ion 


B = (/) 

E(piations of equilibrium (a) will be satisfied in the case of a planar stress 
distribution if we take 


- ~r 

dr 


<ry 


i?(p 


Txy = 


dV 

dxdlj 


(ff) 


where tp is the stress function. L(*t us consider now the general form of this 
function. 

Substituting expressions {g) in Kq. (f)y'Wii obtain 


dx^ dy^ 

Furthermore, from the first of the equations (6) we conclude that 


ih) 


dV 

0 ( 1/2 dy^ 


which, by using Eq. (/i), can be put in the following form: 



ii) 


In the same manner, from the second and the third of the equations (b), 
we find 



O') 


From Eqs. (t) and (j) it follows that d^ipjdz^ is a linear function of x and y. 
This function may be taken to be zero without affecting the magnitudes of 
the stress components given by expressions {g). In such a case the general 
expression of the stress function is 


where is a plane harmonic function and </>i satisfies the equation 

dVi _ 

dx^ d2/2 “ 


(k) 


Since we are not inteiested in the deformations of plates in their plane, we 
can omit <pQ in our further discussion and take as a general expression for the 
stress function 


<p = tpiZ. 


(0 
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Substituting this in Eqs. (g), the stress components can now be calculated, 
and the displacements can be found from the equations 


du 

1 

- wry), 

dv 

1 

dw 



= —(o-y — P(Tx)i 

— = 

dx 

E 

dy 

E 

dz 

du 

dv 

1 

du 


dv , 

dy 

dx 

gTxy, 

dz 

+ — = 0, 
dx 





dw 

dy 


(m) 


For the displacements w perpendicular to the plate we obtain in this way^ 

\ V 

-h 2/^ + pz^) H- 

and the deflection of the middle surface of the plate is 
V) = + y^) + 

The corresponding stress components, from Eqs. {g) and (Z), are 


<rx — z- 


dVi 


dVi 


dy^ dx^ 

and the bending and twisting moments are 


Tjry = —Z 


d^<pi 

dxdy 


M. - j 


K 

2 ^ aVi 

, <TxZ dz ^ ~Z z —T’ 
h 12 dy^ 

h 


My = 


I 


j^iTyZ dz 
2 


h * d^(p\ 
12 


M,, = - J ' 


I^TxyZ dz = 


^ dVl 
\2 dx dy 




For the curvatures and the twist of a plate, we find from Eq. (n) 

£ 

~E 


d^W ^ JL ^ ^ 


d^w /9 1 + */ d^ipi 

2 ~ IP 


d^W 


dy 

1 -j- d^<pi 


E dy^ 


dx dy E dx dy 

from which, by using Eqs, (k) and (o), we obtain 


dhv 

d^W 


1 ~ 1^2 


Mx 

dx^ 



E 

dy^ 

d' 

d^W 

d^W 


1 - y2 

aVi 

My 


^ dx^ 


E 

dx^ 

d\ 

d^w 

_ 12(1 + 

-M 


M xy 

dx dy 


Eh^ 

IVlxy 

“ (i 

- v)D 


(P) 


1 Several examples of calculating w, v, and w from p]qs. (m) are given in 
the author’s “Theory of Elasticity.” 
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From this analysis it may be concluded that, in the case of bending of 
plates resulting in a planar stress dis¬ 
tribution, the deflections w [sec Eq. in)] 
rigorously satisfy Eq. (101) and also 
Eqs. (99) and (100) representing l>end- 
ing and twisting moments. If a solu¬ 
tion of Eq. (k) is taken in the fonn of a 
function of the second degree in x and 
2 /, the deflection surface (n) is also of 
the second degree which represents 
the deflection for i)ure bending. Gen¬ 
erally we can conclude, from Eq. (k), 
that the deflection of the plate m the 
ease of a planar stress distiibution is 
the same as that of a unifonnly stretched 
and uniformly loaded membrane. The 
plate shown in Fig. 57 represents a 
particular case of such bending, viz.^ 
the case for which the solution of lOq. (/r), given in pol r coordinates, is 



ipi = Ar^ -f B log r -f C, 


where A, B and C are constants that must be chosen so as to satisfy the 
boundary conditions. 

Plates of a polygonal shape simply supported and bent by moments 
uniformly distributed along the boundary (hcv Art. 24) represent another 
example of bending in whicli the deflection surface has a form satisfying 
Eq. ( 7 i), and Eqs. (99), (100) and (101) hold rigorously. In all these cases, 
as we may see from Eqs. (k) and (o), we have 


M* -hM, 



32' 


i.e.j the sum of the bending moments in two perpendicular directions remains 
constant over the entire plate. 



Let us consider now the case in which bending of a plate results in a 
generalized planar stress distribution, t.e., one in which the normal stress 
component <r«, is zero at all points of the plate and the shearing stress com¬ 
ponents Txz and Tyt are zero on the surfaces z — ±^/2 of the plate. The 
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deflection of a rectangular plate clamped along one edge and uniformly 
loaded along the opposite edge (Fig. 58) represents an example of such a 
bending. From the theory of bending of rectangular beams we kncav that 
in this case (t* = 0 at all points of the plate and t^z is z<»ro on the surfaces of 
the plate and varies along the depth of the plate according to the parabolic 
law 



Using again general Eqs. (a), (5), and (r) and proceeding as in the previous 
case of a planar stress distribution, we find* that the general expression for 
the deflection surface in t his case has the form 


E 


h^ip 


+ (1 -f- 




(7) 


in which is a planar harmonic function of x and ?/, and satisfies 
the equation 

dVi — V 


It can be concluded that in this case again the differential equation (101) 
holds with ^ = 0. 

The equations for tlu‘ bending and twisting moments and for the shearing 
forces in this case an* 



It can be seen that the expressions for the shearing forces coincide with 
expressions (102) and (103) given by the approximate theory but that the 
expressions for moments are different, the second terms of those expressions 
repres(‘nting the effect of the shearing forces. 


1 The rigorous solution for this case was given by Saint Venant; see his 
translation of Clebsch^s book; ^^Th^rie de I’elasticit^ des corps solides,^’ 
p. 337. A general discussion of the rigorous theory of bending of plates 
was given by J. H. Michell, Proc. London Math. Soc.y vol. 31, p. 100, 1900. 
See also the book by A. K. H. Love, ‘‘The Mathematical Theory of Elas¬ 
ticity,” p. 473, 1927. The results given in our further discussion are taken 
from the latter book. 
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These correction terms can be obtained in an el(*inentary way by using; the 
same reasoning as in tiie ease of i)endiiig of beams. (Considering the curva¬ 
ture in the a; 2 -plane, we can stat(‘ that th(‘ total curvatuic is produced by 
two factors, the bending moments Ah, M, and the shearing for(‘e The 
curvature produced by the bending moments is obtained by subtracting 
from the total curvature the portion d(k(L/hG)/ax produced 

by the shearing force.i Substituting -i- \d(kQjc/}iJG)/dx\ and 

— {d^w/dip) \d(kQy/hG)/dtj\ tor and in Eqs. (99) 

and using the last two equations of the j-^stem (/). we find for the bending 
moments the expressions 



()'iv 


()‘w\ 

1 k )ir- 


-i 

*■ ] 

-h - — 

(fx‘ 



0 0!P 

(VlO 



1 k Dh^ 02 


-h 

V- 

+ 

Dip 


Dx^) 

' (> 0^2 


Aie, 


Aw. 


These equations coincide with the first two equations of the system (r) 
if we take 

k __ ^1- 1/ 

6 “ 40 ’ 


For V ~ 0.3 this gives k = 1.245. 

From the theory of bending of beams we know that the correction due 
to the action of the shearing force is small and can be neglected if the depth h 
is small in comparison with the span of the b(‘am. The same conclusion 
also holds in the case of plates. 

The exact expressions for stress components are 


(Tx == 


<Ty = 


Txv = 


"^XZ — 



E(h^ - 4z^) <7 

- - — 

8(1 - p^) Ox 


= 


- 4 ^ 2 ) a 

---AlC, 

8(1 - v’^) dy 


OTg 



w 


The second terms on the right sides of the equations for o-*, o-y and r^y are 
the corrections due to the effect of shearing forces on bending. It is seen 
that the stresses ctt, o-y and Try are no longer proportional to the distance z 
from the middle plane but contain a term proportional to z^. Shearing 
stresses t** and xyg vary according to the same parabolic law as for rectangu¬ 
lar beams. In the case of a plane stress distribution, Aw is a constant, and 
formulas (s) coincide with those given by the approximate theory. 

^ /b is a numerical factor that in the case of beams depends on the shape of 
the cross section. 
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The problem of a uniformly loaded plate can also be treated rigorously in 
the same way. Thus it can be shown that the general expression for deflec¬ 
tions in this case is obtained by adding to expression (g) the term 

la / 2h^ \ 

+ + J. (0 

which again satisfies Eq. (101) of the approximate theory. The equations 
for bending moments do not coincide with Eqs. (99) of the approximate 
theory but contain some additional correction terms. If the thicknivsn of 
the plate is small in comparison with the other dimensions, these terms are 
small and can be neglected. 

In all previous cases general solutions of plate bending problems were 
discussed without considering the boundary conditions. There exist also 
rigorous solutions of several problems in whiclr boundary conditions are 
also considered. All these solutions indicate' that the elementary theory 
of plates is accurate enough for practical applications.^ 

^ In recent times the rigorous theory of plates has attracted the interest 
of engineers, and several important papers in this field have been jniblished. 
We shall mention here the following papers: S. Woinowsky-Krieger, 
Ingenieur^ArchiVf vol. 4, pp. 203 and 305, 1933. B. Galerkin, Compt. remi 
acad, SCI. PartSf vol. 190, p. 1047; vol. 193, p. 568; vol. 194, p. 1440. G. D. 
Birkhoff, PhiL Mag,^ vol. 43, p. 953, 1922. C. A. Garabedian, Trans. Am. 
Math. Soc.f vol. 25, p. 343, 1923; Compt. rend.y Paris, vols. 178 (1924), 180 
(1925), 186 (1928), 195 (1932). R. Archie Pligdon and D. L. Holl, Duk( 
McUh. /., vol. 3, p. 18, 1937. 



CHAPTER V 

SIMPLY SUPPORTED RECTANGULAR PLATES 


26. Simply Supported Rectangular Plates under Sinusoidal 

Load. —Taking th(' coordijiato axos as show n m Fig. 59, wc avssume 
that the load dLslri Luted o\ er the surface' 
of the plate is given by the expression -j 


. TTJr Try 

q = Qq sin — sin - 
a 




(a) 


-Cl-' 


in which qo rc})resents the intensity of the ^ “ 
load at the center of the plate. The 
differential equation (101) for the deflec- y 
tion surface in this case becomes 


, g d^w 

dx^ dx^ dy^ 


, (jo . TTX . WU 

+ = -k “T* 

dy^ D a b 


(b) 


The boundary conditions, for simply supported edges are , 

w = Oj Mx — 0 for X = 0 and x = a; 

w = 0, My — 0 for y = 0 and y = b. 

Using expression (99) for bending moments and observing that 
since ty = 0 at the edges, d^w/dx^ = 0 and d^w/dy^ = 0 for the 
edg(*s parallel to the x- anci 2 /-axes, respectively, we can represent 
the boundary conditions in the following form: 

(1) w — 0, (2) ^ = 0 for X = 0 and x = a, 

(3) ly = 0, (4) ^ = 0 for y — 0 and 2 / = 5. 

It may be seen that all boundary conditions are satisfied if we 
take for deflections the expression 
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in which the constant C must be chosen so as to satisfy Eq. {b). 
Substituting expression {d) into Eq. (6), we find 



and wc conclude that the dcdlection surface satisfying Eq. (fc) 
and boundary conditions (c) is 



Having this expression and using Eqs. (99) and (100), we find 



It is seen that the maximum deflection and t he maximum bending 
moments are at the center of the plate. Substituting x = a/2, 
y = b/2 in Eqs. (c) and (/), wc obtain 



In the particular case of a square plate, a — by and the fore¬ 
going formulas become 

( 118 ) 
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We us«- Eqs. (102) and (103) to calculali^ the shearing forces and 
obtain 



To find the roaetive forces at the* support'd edges of the plate we 
proceed as was explained in Art. 22. For th(‘ edge' x - a we find 



In the same manner, for the edge y = b 



(0 

Hence the pressure distribution follows a sinusoidal law. The 
minus sign indicates that the re'actions on the' j)late act upward. 
From symmetry it may be concluded that formulas (h) and (t) 
represent also pressure distributions along the side's x = 0 and 
^ = 0, rc'spective'ly. The' resultant ol distributed pressures is 



it can be concluded that the sum of the distributed reactions is 
larger than the total load on the plate' given by expression (fc). 
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This result can be easily explained if we note that, proceeding as 
was described in Art. 22, we obtain not only the distributed 
reactions but also reactions concentrated at the corners of the 
plate. These concentrated reactions are equal, from symmetry; 
and their magnitude, as may be seen from Fig. 51, is 


R — 2(il^Xy)x«.a,2/aib 


29 ^ 0(1 - v) 

'Kjs + ff 


(0 


The positive sign indicates that the reactions act downward. 
Their sum is exactly equal to the second term in expression (j). 

The distributed and the concentrated 
reactions which act on the plate and 
keep the load defined by Eq. (a) in 
equilibrium are shown graphically in 
Fig. 60. It may be seen that the 
corners of the plate have a tendency 
to rise up under the action of the 
applied load and that the concen¬ 
trated forces R must be applied to prevent this. 

The maximum bending stress is at the center of the plate. 
Assuming that a > 6, we find that at the center My > Mx- 
Hence the maximum bending stress is 



(o’l/)nutt. 


6(ilf,)n 



The maximum shearing stress will be at the middle of the longer 
sides of the plate. Assuming that the total transverse force 

F, = Q, - ^ is distributed along the thickness of the plate 

according to the parabolic law and using Eq. (i), we obtain 





2 - 
a2 




If the sinusoidal load distribution is given by the equation 



Qq sin 


rmx 


sin 


nry 


a 


(m) 
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where m and n are integer numbers, we can proceed as before, and 
we shall obtain for the deflection surface the following expression: 


w = 



mirx . mry 

-sin 

a 0 


(119) 


from which the expressions for bending and twisting moments can 
be readily obtained by differentiation. 

27. J ^avier Solution for Simpl y Supported Rectangular Plates. 
The soTution of the previous article can be used in calculating 
deflections produced in a .simply supported rectangular plate by 
any kind of loading given by the equation 


Q = (a) 

For (his purpose we rei)r(‘sent the function/(x,?/) in the form of n 
double trigonometric scries:^ 


fi^yV) = ^ sin 


m = 1 w = 1 


(b) 


To calculate any particular coefficient a„tv of this series we 
multiply both sides of Kq. (b) by sin -^^dy and integrate from 
0 io b. Observing that 

sin sin -^-dy = 0, when n lA n\ 

r sin sin ^^'^dy = when n = n', 

• Jo 0 0 A 

we find in this way 

OQ 

f’’., , . n'try, . mvx , 

sin - ydy = 2^ Om»' sm —• (c) 

m = l 


^ The first solution of the problem of bending of simply supported rec¬ 
tangular plates and the use for this purpose of double trigonometric series 
is due to Navier, who presented a paper on this subject to the French 
Academy in 1820. The abstract of the paper was published in Bull. aoc. 
phil.-malh.y Paris, 1823. The manuscript is in the library of Pficole dea 
Fonts et Chauss6es. 
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Multiplying both sides of Eq. (c) by sin —— da; and integrating 

CL 

from 0 to a, we obtain 

V . mVx . ^ Try j , ab 
S{x,y) sin sin -^-^dx dy = -j-aw, 


from which 


4 (*a f*h r / 

. . mVx . niry. , 

== sm —— sin -x^dx dy. (120) 

uojo Jo a 0 


Performing the integration indicated in expression (120) for a 
given load distribution, t.e., for a given /(x,?/), we find the coeffi¬ 
cients of series (6) and represent in this way the given load as a 
sum of partial sinusoidal loadings. The deflection produced by 
each partial loading was discussed in the previous article, and ih(^ 
total deflection will be obtained by summation of such terms as 
are given by Eq. (119). Hence we find 


00 00 



Take the case of a load uniformly distributed over the entire 
surface of the plate as an example of the application of the general 
solution (121). In such a case 


f(.r,y) = go 


where qo is the intensity of the uniformly distributed load. From 
formula (120) we obtain in this case 


0>fnn 


A (*h 

4^0 . 

Ar sm- 

ao Jo Jo u 


sin ^^~dx dy = 


16go ^ 

TT^mn 


where m and n are odd integers. If m or n or both of them 
are even numbers, amn = 0. Substituting in Eq. (121), we find 


w 




. mwx . rnry 

sin-sm 

a 0 



where m = 1, 3, 5, . . . and n = 1, 3, 6, . . . . 


( 122 ) 
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In the case of a uniform load we have a deflection surface 
symmetrical with respect to the axes a- = a/2, y = h/2\ and quite 
naturally all terms with even numbers for m orn in series (122) 
vanish, since they arc unsymmctrical with respect to the above- 
mentioned axes. The maximum deflection of the plate is at its 
center and is found by substituting x = n/2,y = b/2 in formula 
(122), giving 



This is a rapidly converging series, and a satisfactory approxima¬ 
tion is obtained by taking only the first term of the series which, 
for example, in the case of a square plate gives 


_ 4(?ua 


or, by substituting expression (3) for D and assuming v = 0.3 
tCmax. = 0.0454^- 

This result is about 2l per cent in error (see table on page 133). 

From expression (123) it may be seen that the deflections of 
two plates that have the same thickness and the same value of the 
ratio a/b increase as the fourth power of the length of the 
sides. 

The expressions for bending and twisting moments can be 
obtained from the gcuieral solution (122) by using Eqs. (99) and 
(100). The series obtained in this way are not so rapidly 
convergent a?r"se! ius ’ (122)";" and in” 1 he fUrt her discussion (see 
Art, 29) another form oTsofutioiiwi]^^ given more snitable for 
numerical cotlculatlona* Since the moments”ai^^"expr(^sefl^ 
second derivatives of series (122), tlieir maximum values, if we 
keep qo and D the same, are proportional to the square of linear 
dimensions. Since the total load on the plate, equal to qaab^ 
is also proportional to the square of the linear dimensions, we 
conclude that, for two plates of equal thickness and of the same 
value of the ratio a/6, the maximum bending moments and hence 
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the maximum stresses arc equal if the total loads on the two 
plates are equal. ^ 

By using the general expression (120) for the coefficients of the 
trigonometric series (6), Navier also obtained solutions for the 
case where the load is uniformly distributed over a rectangle with 
sides parallel to the sides of the plate and for the case of a con¬ 
centrated load. The corresponding series arc not convenient for 
numerical calculations, and another form of solution of these 
problems will be discussed later. 

\^2S. Applic ^ion of the Strain Energy ^ Method in Calculating 
Deflections.—From the discussion in the previous article it is 
seen that the deflection of a simply supported n'c.tangular plate 
(Fig. 59) can always be represented in the form of a double 
trigonometric series 


w = 


22 ' 

m » 1 n =* 1 


. imrx . mry 

sin-sin -r- • 

a b 


(a) 


The coefficients may be considered as the coordinates defining 
the shape of the deflection surface, and for their determination 
the principle of virtual displacements may be used. In the appli¬ 
cation of this principle we need the expression for strain energy 




_2(i - 

dx^^dyy '' \d: 


dx'^ 
d'^w 
dx dy^ 


_ ( 

\dxdy} J 


dy. 


Q>) 


Substituting series (a) for w, the first term under the integral 
sign in (h) becomes 


00 00 

fmV,nV\ . mirx . niryV, , 


1 n =* 1 

Observing that 


(c) 


J . mTX . mwXj C . nwy . n'vy, 

sin-sin- dx = I sin sin —r^dy = 0, 

0 o a Jo b 6 " ’ 


^ This conclusion was established by Mariotte in the paper ** Traits du 
mouvement des eaux^* published in 1686. See Mariotte's scientific papers, 
nouvelle ed., vol. 2, p. 467, 1740. 
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if wi m' and n ^ n', we conclude that in calculating the integral 
(c) we have to consider only the squares of terms of the infinite 
series in the parentheses. Using the formula 


XT 


. .> niTTor . _ mry , , ah 

sm- ~ siii2 -j^dx dif ^ -r-, 

a b 4 


the calculation of the integral (c) gives 


TT^ab 

"8 




From the fact that 



it can be concluded that the second term under the integral sign 
in expression (b) is zero after integration. Hence the total strain 
energy in this case is given by expression (c) and is 


00 QO 



m—ln-l 


(124) 


Let us consider the deflection of the plate (Fig. 59) by a con¬ 
centrated force P perpendicular to the plate and applied at a 
point X = if y = get a virtual displacement satisfying 

boundary conditions w(‘ give to any coefficient of series (a) 
an infinitely small variation ^a^v. As a result of this the deflec¬ 
tion (o) undergoes a variation 

. mVx . n'lry 

8W = dam'n' Hin- sin -y—; 

a b 


and the concentrated load P produces a virtual work 


P 


^ . m'lri . 

Sam'n' Sin -sin 


n'lrri 

T~‘ 


From the principle of virtual displacements it follows that this 
work must be equal to the change in potential energy (124) due 
to the variation Sa^v- Hence 
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P dan 


. . n'lrri dV 

sin-^ sin -T- = T— 

a 0 oam‘ 




Substituting expression (124) for F, we obtain 


P da^'n' sin 
from which 


a 


sin 


T“ 



a mV 


4r sin-^ sin 

a 


n^TTj 

T' 


T^abD 


Va2 6‘7 


Substituting this into expression (a), we find the deflection of the 
plate in the following form: 



(125) 


The series converges rapidly, and we can get the deflection at 
any given point with sufficient aceurac^y by taking only the first 
few terms of the series. Let us, for example', calculate the 
deflection at the middle when the load is also applied at the 
middle. In such a case ^ = a* = a/2, rj = y = 5/2, and series 
(125) gives 


^max. 


4P 1 

«-i»-i^^ + p 


(e) 


where m = 1, 3, 6, . . . , n = 1, 3, 5. In the case of a 

square plate, expression (e) becomes 


_ 4Pa^'S^ 1 

(to* + ny 

m**l n*l 

Taking the first four terms of the series, we find that 
= 0.01121PaVI) which is about 3^ per cent less than the correct 
value (see table, page 158). 

Having expression (125) for the deflection under a concentrated 
force, we can get the deflection of the plate under any kind of 
loading by using the method of superposition. Take, as an 
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example, a uniformly loaded plate. The load distributed over 
an infinitely small clement of the plate is qdJi drj, and the 
deflection produced by this elemental load is obtained by sub¬ 
stituting qd^ drj, in place of P, in Eq. (125). To get the deflec¬ 
tion of the plate under the action of the total load we have only 
to form the summation of the deflections produced by elemental 
loads. Hence we obtain 



d^dv. if) 

After integration we obtain formula (122) of Navier’s solution. 

Instead of using the principle of virtual displacements in cal¬ 
culating co(ifiicients a^n in (expression (a) for i.he deflection, we 
can obtain the same result from the consideration of the total 
energy of the system. If a system is in a position of stable 
equilibrium, its total en(*rgy is a minimum. Applying this 
statement to the investigation of bending of plates, we observe 
that the total energy in such cases consists of two parts, the 
strain energy of bending, given by t'xprossion (5), and the poten¬ 
tial energy of the load ‘distributc'd ovc^r the plate. Defining the 
position of the (dement q dx dy of the load by its vertical distance 
w from the horizontal plane xy, the corresponding potential 
energy may be tak('n equal to ^wq dx dy, and the potential 
energy of the total load is 

wq dx dy. 


The total energy of the syst('m then is 




. mirx . riTVi 
sin —sin 
a 0 
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The problem of bending of a plate reduces in each particular 
case to that of finding a function w ol x and y that satisfies the 
given boundary conditions and makes the integral {g) a mini¬ 
mum. If we proceed with this problem by the use of the calculus 
of variations, we obtain for w the partial differential equation 
(101) which was derived before from the consideration of the 
equilibrium of an element of the plate. The integral {g), how¬ 
ever, can be used advantageously in an approximate investigation 
of bending of plates. For that purpose we replace the problem 
of variational calculus with that of finding the minimum of a 
certain function by assuming that the deflection w can be repre¬ 
sented in the form of a series 

w = ai<pi{x,y) + a2<p2(x,y) + az(pz(x,y) + • • • + anipn{x,y), (i) 

in which the functions <pi, (p2, • • • y <Pn are chosen so as 1o be 
suitable^ for representation of the deflection surface iv and at 
the same time to satisfy boundary conditions. Substituting 
expression (i) in the integral (g), we obtain, after integration, a 
function of second degree in the coefficients ai, a 2 , . 

These coefficients must now be chosen so as to make the-integral 
(g) a minimum, from which it follows that 



dl 

dQ/2 


= 0 , 



(i) 


This is a system of n linear equations in aj, a 2 , . . . , On, and 
these quantities can readily be calculated in each particular case. 
If the functions (p are of such a kind that series (z) can represent 
any arbitrary function within the boundary of the plate, ^ this 
method of calculating deflections w brings us to a closer and 
closer approximation as the number n of the terms of the series 
increases, and by taking n infinitely large we obtain an exact 
solution of the problem. 


^ From experience we usually know approximately the shape of the deflec¬ 
tion surface, and we should be guided by this information in choosing suit¬ 
able functions ^ 

* We have seen that a double trigonometrical series (a) possesses this 
property with respect to deflections te of a simply supported rectangular 
plate. Hence it can be used for obtaining an exact solution of the problem. 
The method of solving the bending problems of plates by the use of the 
integral (^) was developed by W. Ritz; see J. reine angew. Math,j vol. 135, 
1908; and Ann, Physik (4), vol, 28, p. 737, 1909. 
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Applying the method to the case of a simply supported rec¬ 
tangular plate, we take the deflection in the form of the trigo- 
nonietric series (a). Then by using expression (124) for the 
strain energy, the integral (g) is represented in the following 
form: 


I = 


T*ahD 

~T 


■ ^ n — 1 

oo or 


//* - 1 // = 1 

and Eqs. (j) have tlio f(u*m 


T^ahl) 
1 — 



sin 


mrx . 
— sin 
a 


(Jy = 0 . 


(I) 


In the case of a load P applied at a point with the coordinates 
rjj the intensity g of the load is zero in all points excerpt the 
point ri, in which we have to put g dx dy = P. Then Eq. Q) 
coincides with Eq. {d) previously derived by the use of the 
principle of vii’lual displaceim'iits. Sev(‘ral further applications 
of this method of calculating d(‘fiections will he given later in the 
discussion of plates with boundary conditions other than those 
of sijpaply supported edges. 

^9. Alternate Solution for Simply Supported and Uniformly 
Loaded ]K.ectangular Plates.—In discussing problems of bending 
of i-eclanguTar plates that have two opposite edges simply sup¬ 
ported, M. Levy^ suggested taking the solution in the form of a 
series - 

00 

1 m sin - ^ (a) 

1 


where is a function of y only. It is assumed that jt he^es 
X =JLand^ = a (Kg. 61) are simply supporte d. Hence each 
term of seri^ (a) satlstics the Poundary“conditions w = ) and 

1 See Compt rend., vol. 129, pp. 535-539, 1899. The solution was applied 
to several particular cases of bending of rectangular plates by E. Estanave, 
‘"Theses,” Paris, 1900; in this paper the transformation of the double series 
of the Navier solution to the simple series of M. Levy is shown. 
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dhv/dx^ * 0 at these two sides. It remains to determine Ym 
in such a form as to satisfy the boundary conditions on the sides 
y = ±i>/2 and also the equation of the deflection surface 

^ 4. o 4_ ^ {h\ 

dx^ dx^ dy^ dy^ D ^ ^ 

In applying this method to uniformly loaded and simply sup- 
u.—. 0 -—►I ported rectangular plates, a further simpli- 
r fication can be made by taking the solution 

of Eq. (6) in the form^ 


W = Wi + W2 


and letting 


2ax^ + a^x); 


I i.e,, Wi represents the deflection of a uni- 

^ Fig 61 formly loaded strip parallel to the a;-axis. 

It satisfies Eq. (6) and also the boundary 
conditions at the edges x — 0 and x — a. 

The expression Wz evidently has to satisfy the equation 

d^W2 , o , d^2 n r ^ 

'W* + 

and must be chosen in such a manner as to make the sum (c) 
satisfy all boundary conditions of the plate. Taking in the 
form of the series (a) in which from symmetry m = 1, 3, 6, . . . 
and substituting it into Eq. (e), we obtain 

2(>^ - = 0 . 


This equation can be satisfied for all values of x only if the 
function Fm satisfies the equation 

- 2^V" + ^F« = 0. (/) 

^ This form of solution was used by A. Nadai, ForschungmtheUen^ Nos. 170 
and 171, Berlin, 1915; see also his book ^'Elastische Flatten,’* Berlin, 1925. 
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The general integral of this equation is 

K. - . CO* + B.s 50! 

L>\ a a a 

+ C.siuh^^ + D,„”*^^cosh^^\ ((,) 

Obse rvin g that the de flection surface of tlu' plate is symmetrical 
with respect to the x-axis (Fig* 61), we'koep in the ex^resioiT 
{q) only even fu^tions of y and let the integrafioh constants 

== 0 . ‘ - 

The deflection surface (c) is then represented by the follow¬ 
ing expression: 


w 


^ JL 

24D 

qa 


(x^ — 2ax^ + a^x) 


m “ 1 


^„eosh^ + B„^^?^8inh^) 
a a a / 


rmrx >, v 

sin- > (h) 

a ' 


which satisfies Eq. (6) and also the boundary conditions at the 
sides X = 0 and x = a. It remains now to adjust the constants 
of integration Am and Bm in such a manner as to satisfy the 
boundary conditions 


w = Of 


d^w 


= 0 


(i) 


on the sides y = ±6/2. We begin by developing expression (d) 
in a trigonometric series, which gives^ 


— 2ax^ + a^x) = 

iD a 


24D 


m*l 


where m == 1, 3, 5, . . . . The deflection surface Qi) will now 
be represented in the form 


w 




ooch M -M 


a 


m*l 


tTTvN . rmx 

— ) sin- i 

a / a 

(i) 


where m = 1, 3, 5, . . . . Substituting this expression in the 
1 See author’s “Strength of Materials,” vol,^2, p. 420,1930. ■i 
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boundary conditions (i) and using the notation 


niTb _ 


(fc) 


we obtain the following equations for determining the constants 
Afn and Hm* 

4 

c E *4“ Am cosh dm “t" OCrn^m sinh <Xm ~ Oj 
(Am + 2Bm) cosh dm + OLmBm sillh dm = 0, 
from \5Jaich 

. _ 2(dm ta nh dm + 2 ) ^ ^ ^ _ ... 

7 r®m® cosh dm ^ ir^m^ cosh dm 

Substituting these values of the constants in Eq. (j), we obtain 
the deflection surface of the plate, satisfying Eq. (b) and the 
boundary conditions, in the following form: 


w = 




2 


(dm tanh dm 2 ) ^ ^dmy 

~ ir^dm -fe¬ 


rn** 1,3,5, 


+ 


ccm 2y • ^ 2d<n 

2 cosh I T 




. rmrx 

sin- ) 

a 


(126) 


from which the deflection at any point can be calculated by using 
tables of hyperbolic functions.^ The maximum deflection is 
obtained at the middle of the plate (x = a/2, 2 / = 0), where 


2Cmajr. — 


_ 4q^ 


m-l 


m = 1,3,6, 


( 1 tanh dm + 2 \ 

2 cosh dm ^ /• 


The summation of the first series of terms represents the deflec¬ 
tion of the middle of a uniformly loaded strip. Hence we can 
represent expression (m) in the following form: 

«o m —1 


_5 _ 4ga* (—1) ^ _ Urn tanh a« + 2 

384 D t^D 2 cosh a« 

1,3,5, • • • 


(127) 


The series in this expression converges very rapidly,^ and suffi- 

^See, for instance, C. F. Becker and C. E. van Orstrand, Hyperbolic 
Functions,*^ Washington, 1909; or K. Hayashi. “FUnfst. Tafeln der Kreis- 
und Hyperbelfunktionen,*' Berlin, 1928. 

• We assume that h^a, as in Fig. 61. 
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cient accuracy is obtained by taking only the first term. Taking 
a square plate as an example, we have from Eq. {k) that 

T Stt 

ai = 2^ = "2 ’ • • • > 

and Eq. (127) gives 

- ^^(0.68562 - 0.00025 -f • • • ) = 0.00406^- 

It is seen that the s(‘cond U'rm of the seru*s in the parentheses is 
negligible and that bv taking only the first term the formula for 
deflection is obtained correct to thr(‘n significant figures. 

Substituting expn'ssion (3) for D in formula (127), we can 
represent the maximum deflection of a plate in the form 

w.„.. = (128) 


where a is a numerical factor depending on the ratio b/a of the 
sides of the plate and on Poisson^s ratio r. Values of a calcu¬ 
lated for V = 0.3 are given in Table 5. To obtain a for a mate¬ 
rial with a diffc'reiit value* of v the values of a given in the table 
must be multiplied by (1 — r‘-^)/0.91. 

The bending moments Mx and My are calculated by means of 
expression (h). Substituting the algebraic portion of this expres¬ 
sion in Eqs. (99), we find that 

Ml . („) 


The substitution of the series of expression Qi) in the same 
equations gives 




130 


THEORY OF PLATES AND SHELLS 


The total bending moments are obtained by summations of 
expressions (n) and (o). The maximum values of these moments 
are at the center of the plate (x = a/2, y = 0), for which 
point we obtain 

(3/xW = + (1 - 

m = 1 

00 ^ 

- (1 - p)qaV'^(-lf^m^(A,n + 

m ■* 1 

where Am and Bm are given by expressions (I), Again we have 
series that converge very rapidly. We can represent the maxi- ' 
mum moments in the form 

(A/’*)xnax. = (p) 

The numerical factors /3 and depending on the ratio a/h of 
the sides of the plate and on the magnitude of v are given in 
Table 5 for v = 0.3. From the table it is seen that, as the ratio 
6/a increases, the maximum deflection and the maximum 
moments of the plate rapidly approach the values calculated for 
a uniformly loaded strip or for a plate bent to a cylindrical 
surface obtained by making b/a = oo. For 6/a = 3 the dif¬ 
ference between the deflection of the strip and the plate is 
about 6^ per cent. For 6/a = 5 this difference is less than 
J per cent. The differences between the maximum bending 
moments for the same ratios of b/a are 5 and J per cent, respec¬ 
tively. It may be concluded from this comparison that for 
6/a > 3 the calculations for a plate can be replaced by those for a 
strip without substantial error. 

Expression (A) can be used also for calculating shearing forces 
and reactions at the boundary. Forming the second deriva¬ 
tives of this expression, we find 


= -- 4 - 


d/w 

dy^ 


qx(a — x) 

2D 


+ 


D 2^ 


TO*B«cosh^ 

a 


sin 


m**! 


rmx 

a 
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Substituting this in Eqs. (102) and (103), we obtain 


oc 

—- 1 2Tr^qa^^m^Bm cosh cos , 

-6 a a 

?n«=l 

00 

Qy = —2w^qa^m^B„ sinh sin 

a a 


For the sides x = a and y = b/2 we find 


{Qx)x~a = —^ + 2ir^qa^m^Bm cosh 

m = 1 

^ «, cosh ^ 

_ _qa ^ _o_ 

2 TT* wi® cosh am’ 

ni" 1,3,6, • • • 

00 

iQy)vi = —2rir^qa^.m^Bm sinh Um sin 

2 Q, 

m>= 1 


4ga ■'O 



m = 1,3,5, • • • 


These shearing forces have their numerical maximum value at 
the middle of the sides, where 


^ I 4aa 1 

(e*)»-a,v-o - -- 2 + ^ TO* cosh am “ 

w-1,3,5, • • • 

00 


tanh am = — Tiga.' 


The numerical factors 7 and 71 are also given in Table 5. 

The reactive forces along the side a: = a are given by the 
expression 
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^ - cosh 

qa 4:qa _ a _ 

2 TT* cosh am 

; m = l,3,5. 


j_ 2(1 — v)qa 1 _ 

TT^ cosh^ am 

w«l,3,5, ••• 

-am sinh cosh cosh am sinh 

^ a a a / 

The maximum numerical value of this pressure is at the middle of 

the side {y = 0) at which point we find 


(- 


(r.)a 


.0 = -qa]^ - i 2 

i = l,3,5, •• 

oc 

2 


_ 1 

cosh a„ 


2(1 - v) 


w® 1,3,5, < 


am sinh am "1 ^ 

m’-co.sh^a„J= 


{r) 


where 5 is a numerical factor depending on v and on the ratio 
h/a, which can readily be obtained by summing up the rapidly 
converging series that occur in expression (r). Numerical values 

of 5, and of 6i, which corresponds 
to the middle of the sides parallel to 
the a;-axis, are given in Table 5. The 
distribution of the pressures (r) along 
the sides of a square plate is shown in 
Fig. 62. The portion of the pressures 
produced by the twisting moments 
Mxv is also shown. These latter 
pressures are balanced by reactive 
forces concentrated at the corners of 
the plate. The magnitude of these 
forces is given by the expression 

dhv\ j, 

ax 



Ficx. 02. 


li — 2{Mxy)x-a,y^^ — 


2D(1 


->0 


4(1 - v)qa^ 


1 


cosh am 


m-1,3,6, • 


[(1 + am tanh am) sinh am 
— am cosh am] = nga^. 


The forces are directed downward and prevent the corners of a 
plate from rising up during bending. The values of the coeffi¬ 
cient n are given in the last column of the Table 6. 







SIMPLY SUPPORTED RECTANGULAR PLATES 


133 


Table 6.—Numerical Factors a , fi , y , S , n for Uniformly Loaded and 
Simply Supported Rectangular Plates 
(V = 0.3) 


h/a 

qa* 

= oc - 

Eh^ 

(■^^x)niax 

- fiqai 

— fiiqa^ 

^Oi)inax 

yqa 

(Qv)max 

= 

~ dqn 

(Fv)niux 

— 

R 

“ nga* 

1 0 

a 

0 0443 

P 

0 047‘) 

0 0479 

0 338 

1 

0 338 

6 

0 420 

Si 

0 420 

n 

0 065 

1 1 

0 0530 

0 0553 

0 0494 

0 300 ' 

' 0 347 

0 440 

0 440 

0 070 

1 2 

0 0010 

0 0020 

0 0501 

[ 0 380 

0 353 

0 455 

0 453 

0 074 

1 3 

0 0097 

0 0093 

0 0504 

0 397 

0 357 

0 408 

0 404 

0 079 

1 4 

0 0770 

0 0753 

0 0509 

0 411 

0 301 

0 478 

0 471 

0 083 

1 5 

0 0843 

0 0812 

0 049 1 

0 424 

0 303 

0 480 

0 480 

0 085 

1 6 

0 0900 

0 0802 

0 049 i 

0 435 

0 3t)5 

0 491 

0 485 

0 086 

1 7 

0 0904 

0 0908 

0 04 K(* 

0 444 

0 307 

0 490 

0 488 

0 088 

1 8 

0 1017 

0 0948 

0 047'» 

0 452 

0 308 

0 499 

0 491 

0 090 

1 9 

0 1004 

0 0985 

0 0471 

0 459 

0 309 

0 502 

0 494 

0 091 

2 0 

0 1100 

0 1017 

0 0404 

0 405 

0 370 

0 503 

0 490 

0 092 

3 0 

0 1330 

0 1189 

0 0404 

0 493 

0 372 

0 505 

0 498 

0 f)93 

4 0 

0 1400 

0 1235 

0 0184 

0 498 

0 372 

0 502 

0 500 

0 094 

5 0 

0 1410 

0 124<) 

0 0375 

0 500 

0 372 

0 501 

0 500 

0 095 

00 

0 1422 

0 li’iO 

0 0375 

0 500 

0 372 

0 500 

0.500 

0 095 
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The values of the factors a, /S, iSi, 6 as functions of the ratio 
h/a are represented by the curves in Fig. 63. 

'30. Simply Supported Rectangular Plates under Hydrostatic 
Measure.—Assume that a simply supported rectangular plate 
is loaded as shown in Fig. 64. Proceeding 
as in the case of a uniformly distributed 
load, we take the deflection of the plate in 
the form^ 

w ^ wi W 2 , (a) 

in which 



Wi = 


~ go 


360D 


2qoa^ 


{¥- 

00 

2 


lOax® + Tdx^ 


) 


(- 1 ) 


m+l 




sin 


mirx 

a 


(b) 


m>. 1,2,3, 


Fio. 64. 


represents the deflection of a strip under 
the triangular load. This expression satis¬ 


fies the differential equation 


d^w 

dx* 


_L O 1 ^ _ g _ gO^ 

dx^ dy^ dy^ D aD 


dy^ dy 

and the boundary conditions 
d^w 


(c) 


w = 0, 


dx^ 


= 0 


for 


X = 0 


and 


a; = a. 


The part W 2 is taken in the form of a series 


2 ,, . mirx / 

Vm sm (d) 

m-l 

where the functions Vm have the same form as in the previous 
article, and m = 1, 2, 3, . . . . Substituting expressions (6) and 
(d) into Eq. (a), we obtain 

^This problem was discussed by E. Estanave, loe, cit, p. 125. The 
numerical tables of deflections and moments were calculated by B. G. 
Galerkin, BtUl. Polytech, Inat, St. Petersburg, vols. 26 and 27,1918. 
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w 


= r 2 ( -i)”h-i 


D L ^ 


6^6 


+ Am cosh 


miry 








a a J 


mirx 


sin —t (e) 
a ^ ' 


where the constants Am and Bm an' to bo detei*mined from the 
conditions 

.=0, |;f-o f„, ..±‘. 

From these conditions w(‘ find 
2(-i)m+i 


TT^m^ 


+ A cosh am + Bmam sinh an = 0, 


(2Bm + Av) cosh am + Bmam siiih am = 0. 
In these equations wo uso, as bofoie, the notation 

mirh 


am — 


2a 


Solving them, we find 




._(2 + g^ta nh aJC- r, ^ (-.i)tn-n 

”* cosh am ^ Tr^m® cosh aj 

The deflection of the plat(' along the j:-axis is 

?n = 1 

For a square plate a = 6, and we find 


(/) 


.-r -+A 


. mirx 

r, Sin- 

a 


Q « 

1.002055 sin - 0.000177 sin — 
a a 


+ 0.000025 sin 

The deflection at the center of the plate is 

= 0.00203 ^ 


Sirx_ \ 
■ ■ ■/ 


(ff) 
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which is one-half the deflection of a uniformly loaded plate (see 
page 129) as it should be. By equating the derivative of expres¬ 
sion (g) to zero, we find that the maximum deflection is at the 
poi nt X = 0.557a. maximum deflection, which is 0.00206 

differs only very little from the deflection at the middle as 
given by formula (h). The point of maximum deflection 
approaches the center of the plate as the ratio h/a increases. 
For b/a = <», as for a strip [see expression (b)], the maximum 
deflection is at the point x = 0.5193a. When b/a < 1, the 
point of maximum deflection moves away from the (;enter of the 
plate as the ratio b/a decreases. The deflections at several 
points along the x-axis (Fig. 64) are given in Table 6. It is seen 


Table 6.—Numerical Factor a for Deflections of a Simply Supported 
Rectangular Plate; Pressure q = qi ) x/a 
{p = 0 . 3 , b > a ) 


w 


qoa * 


?/ = 0 


h/a 

X = 0 . 25 a 

X — 0 . 50 a 

X — 0 . 60 a 

X — 0 . 75 a 

1 

0.0143 

0.0221 

0.0220 

0.0177 

1.1 

0.0173 

0.0265 

0.0264 

0.0210 

1.2 

0.0203 

0.0308 

0.0305 

0.0241 

1.3 

0.0231 

0.0348 

0.0344 

0.0271 

1.4 

0.0257 

0.0385 

0.0380 

0.0298 

1.5 

0.0281 

0.0421 

0.0414 

0.0323 

1.6 

0.0303 

0.0453 

0.0444 

0.0346 

1.7 

0.0323 

0.0482 

0.0472 

0.0366 

1.8 

0.0342 

0.0508 

0.0497 

0.0385 

1.9 

0.0358 

0 . 0532 - 

0.0519 

0.0402 

2.0 

0.0373 

0 . 0553 ^ 

0.0539 

0.0417 

3.0 

0.0454 

0.0668 

0.0647 

0.0498 

4.0 

0.0477 

0.0700 

0.0679 

0.0521 

5.0 

0.0482 

0.0708 

0.0687 

0.0527 

00 

0.0484 

0.0711 

0.0690 

0.0529 


that, as the ratio b/a increases, the deflections approach the 
values calculated for a strip. For b/a ^ ^ the differences in these 
values are about 1^ per cent. We can always calculate the 
deflection of a plate for which b/a > 4 with satisfactory accu¬ 
racy by using formula (6) for the deflection of a strip under 
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triangular load. The bending moments Af* and My are found 
by substituting expression (e) for deflections in Eqs. (99). 
Along the x-axis (y = 0) the expression for Mz becomes 


2(-l)^ 


{ Mz ) y^o = 


'nr 


- sin 


mTTX 


+ t v)Am — 2v7?njsin^^* (i) 

m — 1 


The first sum on the riu;ht side of this (expression repre8(*nts the 
bending moment for a strip under th(‘ action of a triangular load 

and is equal to Using expressions (/) for the con¬ 

stants Am and Em in th(‘ second sum, wi^ obtain 


{ Mx ^ y^^O — 


gojaH — x^) 
6a 


{ — ro I /I \ J. X 1 • 

~ —-I -[2 + (1 ~ ^)<Xm tanh am] sin — 

vosh am a 


U) 


m =» 1 


The scries thus obtained converge‘- rapidly, and a sufficiently 
accurate value of Mx can be realized by taking only the first few 
terms. In this way the bending moment at any point of the 
x-axis can be represented by the equation 

{Mz)y^o = ^Qoa^, (k) 

where p is a numerical factor depending on the abscissa x of the 
point. In a similar manner we get 

{My)y^o = (0 

The numerical values of the factors P and pi in formulas (A;) and 
(1) are given in Table 7. It is seen that for ^ 4o the moments 
are very close to the values of the moments in a strip under a 
triangular load. 

Equations (102) and (103) are used to calculate shearing forces. 
From the first of these equations, by using expression (j), we 
obtain for points on the x-axis 
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(Q«)y—0 — 


d^w 

^ax\dx^ dy^Jy^o 

_ Qoi^^ — 3x^) _ 2qoa '^f^ ( — 1)”*“^^ mirx 

6a cosh am a 

m“l 


The general expressions for shearing forces Q* and Qy are 


Q. 

Qy 


qo{a^ — Sx^) 
6a 


2qoa ^^ 

m«l 


( —1)*”+^ cosh 


rnwy 

a 


cosh am 


cos 


rmrx 

a 


2gfoa N^ 


(_l)m+l VIEM. 

a 

cosh am 


m** 1 


sin 


rmrx 

a 


(m) 


( n ) 


The magnitude of the vertical reactions 7* and Vy along the 
boundary are obtained by combining the shearing forces with the 


Table 7.—Numekical Factors p and for Bending Moments op 
Simply Supported Rectangular Plates under Hydrostatic 
Pressure q = q ^ x/a 
{v — 0.3, 6 > a) 



M, = /3a2go, y = 

0 

My ^ jSia^go, y = 

0 

hla 

X = 

X = 

X = 

X = 

X == 

X — 

X ~ 

X = 


0.25a 

0.50a 

0.60a 

0.75rt 

0.25a 

0.50o 

0.60a 

0.75a 

1.0 

0.0132 

0.0239 

0.0264 

0.0259 

0.0149 

0.0239 

0.0245 

0.0207 

1.1 

0.0156 

0.0276 

0.0302 

0.0289 

0.0155 

0.0247 

0.0251 

0.0211 

1.2 

0.0179 

0.0313 

0.0338 

0.0318 

0.0158 

0.0250 

0.0254 

0.0213 

1.3 

0.0200 

0.0346 

0.0371 

0.0344| 

0.0160 

0.0252 

0.0255 

0.0213 

1.4 

0.0221 

0.0376 

0.0402 

0.0367 

0.0160 

0.0253 

0.0254 

0.0212 

1.5 

0.0239 

0.0406 

0.0429 

0.0388 

0.0159 

0.0249 

0.0252 

0.0210 

1.6 

0.0256 

0.04311 

0.0454 

0.0407 

0.0158 

0.0246 

0.0249 

0.0207 

1.7 

0.0272 

0.0454 

0.0476 

0.0424 

0.0155 

0.0243 

0.0246 

0.0205 

1.8 

0.0286 

0.0474 

0.0496 

0.0439 

0.0153 

0.0239 

0.0242 

0.0202 

1.9 

0.0298 

0.0493 

0,0513 

0.0452 

0.0150 

0i.02f36 

0.0238 

0.0199 

2.0 

0.0309 

0.0508 

0.0529 

0.0463 

0.0148 

0.0232 

0.0234 

0.0197 

3.0 

0.0369 

0.0594 

0.0611 

0.0525 

0.0128 

0.0202 

0.0207 

0.0176 

4.0 

0.0385 

0.0617 

0.0632 

0.0541 

0.0120 

0.0192 

0.0196 

0.0168 

5.0 

0.0389 

0.0623 

0.0638 

0.0546 

0.0118 

0.0187 

0.0193 

0.0166 

00 

0.0391 

0.0625 

0.0640 

— vJ 

0.0547 

0.0117 

0.0187 

0.0192 

0.0165 
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derivatives of the twisting moments. Along the sides x = 0 
and X = a these reactions can be represented in the form 

and along the sides y = ±6/2 in the fonn 

2 

in which 5 and are numerical factors depending on the ratio 
h/a and on the coordinates of the points taken on the boundary. 
Several values of thcs(* factors are given in Table 8. 

Table 8.—Numerical Factors 5 and Bi for Reactions of Simply 
Supported Rectancutlar Plates under Hydrostatic Pressure 


q — Qiix/a {p — 0.3, h > a) 


h/a 

Reactions Bq^a 

Reactions B^q^b 

X •- 

= 0 

X = 

= a 

y = ±6/2 

y = 

0 

y = 
0.255 

y = 

0 

y = 
0.256 

X = 

0.25a 

X == 

0.50a 

X = 

0.60a 

X — 

0.75a 

l.O 

0.126 

0.098 

0.294 

0.256 

0.115 

0.210 

0.234 

0 239 

1.1 1 

0.136 ! 

0.107 

0.304 

0.267 

0.110 

0.199 

0.221 

0.224 

1.2 

0.144 

0.114 

0.312 

0.276 

0.105 

0.189 

0.208 

0.209 

1.3 

0.150 

0.121 

0.318 

0.284 

0.100 

0.178 

0.196 

0.196 

1.4 

0.155 

0.126 

0.323 

0.292 

0.095 

0.169 

0.185 

0.184 

1.5 

0.159 

0.132 

0.327 

0.297 

0.090 

0.160 

0.175 

0.174 

1.6 

0.162 

0.136 

0.330 

0.302 

0.086 

0.151 

0.166 

0.164 

1.7 

0.164 

0.140 

0.332 

0.306 

0.082 

0.144 

0.157 

0.155 

1.8 

0.166 

0.143 

0.333 

0.310 

0 078 

0 136 

0.149 

0.147 

1.9 

0.167 

0.146 

0.334 

0.313 

0.074 

0.130 

0.142 

0.140 

2.0 

0.168 

0.149 

0.335 

0.316 

0 071 

0.124 

0.135 

0.134 

3.0 

0.169 

0.163 

0.336 

0.331 

0.048 

0.083 

0.091 

0.089 

4.0 

0.168 

0.167 

0.334 

0.334 

0.036 

0.063 

0.068 

0.067 

5.0 

0,167 

0.167 

0.334 

0.335 

0.029 

0.050 

0.055 

0.064 

OC 

0.167 

0.167 

0.333 

0.333 






The magnitude of concentrated forces that must be applied 
to prevent the comers of the plate rising up during bending can 
be found from the values of the twisting moments Af*, at the 
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corners. Since the load is not symmetrical, the reactions Ri at 
X == 0 and y = ±5/2 are different from the reactions at 

X = a and y = ±6/2. These reactions can be represented in 
the following form: 


jRi = Uiqodb, R 2 = n 2 qodb, (q) 

The values of the numerical factors ni and n 2 are given in Table 9. 

Table 9.—Numekical Factors wi and n 2 in Kqs. (q) for Reactive Forces 
Rl AND Ri AT THE CoRNERS OP SiMPLY SUPPORTED ReCTANCJULAR 
Plates under Hydrostatic Pressure q = qox/a 
{v = 0.3, b > a ) 


6/a 

1 0 

1 1 

1 2 

1 3 

1 4 

1 5 

1 6 

1 7 

1 8 

1 9 

2 0 

3 0 

4 0 

5 0 

ni 

0 026 

0 026 

0 026 

0 026 

0 025 

0 024 

0 023 

0 022 

0 021 

0 021 

0 020 

0 014 

0 010 

0 008 

ns 

0 039 

0 038 

0 037 

0 036 

0 035 

0 033 

0 032 

0 030 

0 029 

0 028 

0 026 

0 018 

jo 014 

0 on 


Since a uniform load qo is obtained by superposing the two 
triangular loads q == qox/a and go(a — a:)/a, it can be eoiu'luded 


Table 10.—Numerical Factors a for Deflec’tions of Simply Supported 
Rectangular Plates under Hydrostatic Pressure q - q ^ x/a 
{v = 0.3, 6 < a) 


a/b 


qob* 

W = a-» 

Eh ^ 

y = 0 



X — 0.25a 

X — 0.50a 

X — 0.60a 

X = 0.75a 

00 

0.0355 

0.0711 

0.0853 

0.1066 

5 

0.0355 

0.0708 

0.0850 

0.1054 

4 

0 0355 

0.0700 

0.0820 

0 0908 

3 

0.0350 

0.0688 

0.0756 

0.0772 

2 

0.0315 

0.0553 

0.0592 

0.0537 

1.9 

0.0307 

0.0532 

0.0566 

0.0508 

1.8 

0.0295 

0.0508 

0.0536 

0.0474 

1.7 

0.0285 

0.0482 

0.0506 

0 0441 

1.6 

0.0272 

0.0453 

0.0472 

0.0406 

1.5 

0.0256 

0.0421 

0.0436 

0.0370 

1.4 

0.0238 

0.0385 

0.0397 

0.0332 

1.3 

0.0217 

0.0348' 

0.0355 

0.0294 

1.2 

0.0195 

0.0308 

0.0312 

0 0255 

1.1 

0.0167 

0.0265 

0.0268 

0.0217 

1.0 

0.0143 

0.0221 

0.0220 

0.0177 
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that for corresponding values of h/a the sum ni + of the fac¬ 
tors given in Table 9 multiplied by b/a must equal the correspond¬ 
ing value of n, the last column in Table 5. 

If the relative dimensions of the plate are such that a in 
Fig. 64 is greater than b, (hen more rapidly converging scries 
will be obtained by representing wi and by the following 
expressions: 

■ 3845^^®^' ~ 246^7/2 + 5b*), (r) 


W2 


2 


1 OOS 


(2m — l)7rj/ 


(s) 


The first of th(\se expressions is the deflection of a narrow strip 
parallel to the 7/-axis, supported at +6/2 and carrying a 
uniformly distributed load of intensity qox/a. This expression 
satisfies the differential eejuation (r) and also the boundary con- 


Table 11.— Nttmerical F\('tors /? AND jSi FOR Bbnding Moments in 
Simply Supported Re(tangular Plates under Hydrostatic 
Pressure g = 

{v = 0.3, h < a ) 


a/h 

M: 

t = ph'‘qa, y = 

= 0 

M, 

- = ti\h^qo, y ■■ 

= 0 

X — 

0.25a 

X = 

0.50a 

X = 

0.60a 

X = 

0.75a 

X = 

0.25o 

X — 

0.50a 

X = 

0.60a 

X = 

0.75o 

oo 

0.0094 

0.0187 

0 0225 

0.0281 

0.0312 

0.0625 

0.0750 

0.0937 

6.0 

0 0094 

0.0187 

0 0230 

0.0309 

0.0312 

0.0623 

0.0742 

0.0877 

4.0 

0 0094 

0.0192 

0.0237 

0.0326 

0.0312 

0.0617 

0.0727 

0.0820 

3,0 

0.0096 

0.0202 

0.025G 

0.0345 

0.0309 

0.0594 

0.0678 

0.0715 

2.0 

0.0108 

0.0232 

0.0285 

0.0348 

0.0284 

0.0508 

0.0554 

0.0523 

1.9 

o.oni 

0.0235 

0.028S 

0.0345 

0.0278 

0.0492 

0.0533 

0.0498 

1.8 

0.0115 

0.0239 

0 0291 

0.0341 

0.0269 

0.0474 

0.0509 

0.0470 

1.7 

0.0117 

0.0243 

0.0293 

0.0337 

0.0261 

0.0454 

0.0485 

0.0442 

1.6 

0.0120 

0.0246 

0.0294 

0 0331 

0.0251 

0.0431 

0.0457 

0.0412 

1.5 

0.0123 

0.0249 

0.0294 

0.0324 

0.0239 

0.0406 

0.0428 

0.0381 

1.4 

0.0126 

0.0263 

0.0292 

0.0315 

0.0225 

0.0376 

0.0396 

0.0348 

1.3 

0.0129 

0.0252 

0.0290 

0.0304 

0.0209 

0.0346 

0.0360 

0.0314 

1.2 

0.0131 

0.0250 

0.0284 

0.0291 

0.0192 

0.0313 

0.0323 

0.0279 

1.1 

0.0134 

0.0247 

0.0276 

0.0276 

0.0169 

0 0276 

0.0285 

0.0245 

1.0 

0.0132 

0.0239 

0.0264 

0.0259 

0.0149 

0.0239 

0.0245 

0.0207 
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ditions it? == 0 and d^w/dy^ = 0 at y = ±6/2. Expression (s) 
represents an infinite series each term of which also satisfies the 
conditions at the edges y = ±6/2. The functions X 2 m~i of x 
are chosen in such a manner that each of them satisfies the 
homogeneous equation (e) of the previous article (see page 126) 
and so that expression (a) satisfies the boundary conditions at 
the edges a? = 0 and x = a. Since the method of determining 


Tablb 12 .—Numerical Factors 5 and 6i for Reactions in Simply 
Supported Rectangular Plates under Hydrostatic Pressure q * q^x/a 

{v = 0.3, b < a) 




Reactions 5goa 



Reactions Biq^h 


alh 

X — 0 

X - 

= a 


V = 

±5/2 



y = * 
0 

li 

y ^ 

0 

II 

X == 

0.25o 

X - 

0.50a 

X = 

O.6O0 

X — 

0.75o 

00 





0.125 

0.250 

0.300 

0.375 

5.0 

0.008 

0.006 

0.092 

0.076 

0.125 

0.250 

0.301 

0.379 

4.0 

0.013 

0.010 

0.112 

0.093 

0.125 

0.251 

0.301 

0.377 

3.0 

0.023 

0.018 

0,143 

0.119 

0.125 

0.252 

0.304 

0.368 

2.0 

0,050 

0.038 

0.197 

0.166 

0.127 

0.251 

0.296 

0.337 

1.9 

0.055 

0.041 

0.205 

0.172 

0.127 

0.251 

0.294 

0.331 

'1.8 

0.060 

0.045 

0.213 

0.179 

0.128 

0.249 

0.291 

0.325 

1.7 

0.066 

0.050 

0.221 

0.187 

0.127 

0.248 

0.288 

0.318 

1.6 

0.073 

0.055 

0.230 

0.195 

0.127 

0.245 

0.284 

0.311 

1.5 

0.080 

0.060 

0.240 

0.204 

0.127 

0.243 

0.279 

0.302 

1.4 

0.088 

0.067 

0.250 

0.213 

0.126 

0.239 

0.273 

0.292 

1.3 

0.097 

0.074 

0.260 

0.223 

0.124 

0.234 

0.266 

0.281 

1.2 

0.106 

0.081 

0,271 

0.233 

0.122 

0.227 

0.257 

0.269 

1.1 

0.116 

0.090 

0.282 

0.244 

0.120 

0.220 

0.247 

0.255 

1.0 

0.126 

0.090 

0.294 

0.256 

0.115 

0.210 

0.234 

0.239 


Table 13.—Numerical Factors ni and 712 in Eqb. (g) for Reactive Forces 
Rl AND R2 AT THE CORNERS OP SiMPLY SUPPORTED ReCTANGULAR 
Plates under Hydrostatic Pressure q = qox/a 
(v = 0.3, h < a) 


0/6 

6 

4 

8 

2 

1.9 

1.8 

1.7 

1.6 

1.6 

1.4 

1.8 

1.2 

1.1 

1.0 

ni 

n# 

■ 






0.017 

0.036 


0 . 0 » 

| 0.(»7 

0.021 
jo. 038 

0.083 

o.oto 

L, 

0.084 

0.030 


0.026 

0.089 
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the functions X^m^i is similar to that already used in deter¬ 
mining the functions Ym, we shall limit ourselves to giving only 
the final numerical results wliieh arc represented by Tables 10, 
11, 12 and 13. The notations in those tables are the same as in 
tly previous tables for the hydrostatic pressure. 

Simply Supported Rectangular Plate under a Load in the 
Form of a Triangular Prism. —Assume that the intensity of the 
load is represented by an isoscn^les 
triangle as shown in Fig. 65a. Tlie 
deflection surface can again be repre¬ 
sented in the form 

w = Wi + W 2 y (a) 

in which Wi represents the deflection 
of a simply supported strip parallel to 
the j-axis, and has the same form 
as in the previous article [Eq. (d)]. 

To represent the deflection uh in the 
form of a trigonometric series we 
observe that the deflection produced 
by a concentrated force P applied 
lat a distance { from the left end of a strip is^ ^ 






(a) 



1 


. WTrf , 

sin-sin 

a 


mirx 

a 


m — l 


(b) 


Substituting qd^ for P and using q = 2Q^oJ/a for { < a/2 and 
q = 2qo(a — ()/a for ( > a/2, the deflection of the strip by an 
elemental load is obtained. The deflection produced by the 
total load on the strip is now obtained by integration in the 
following form: 


1 . mrxf . rrnr 


_ 4goo*'* 




m-l 


+ 




8go£^ 

Dir* 


m—l 

(-1) ^ 


. mirx , V 
sm—— (f) 


m-1,3,5, • • • 

\/ ^ See author’s ‘‘Strength of Materials/' vol. 2, p. 419, 1930. 
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Substituting this in Eq. (o) and using Eq. (d) of the previous 
article, we obtain 


w 


_ goO* r8( — 

D 2^ [■ T 


m — 1 

-1)“ 




TO “1,3,5, • 




im . rmx 

— sin- 

a a 


id) 


This expression satisfies Eq. (101) and also the boundary condi¬ 
tions at the edges x = 0 and x = a. The constants Am and Bm 
can be found from the conditions along the edges y = ±5/2, 
which are the same as in the previous article and which give 

TO— 1 

8(-l) 2 






+ Am cosh am + BmOtm sinh am = 0, 


(^) 


i2Bm + Am) cosh am + BmOCm siuh am = 0/ 
where, as before, we use the notation 


imrb 

2a 


Solving Eqs. (e), we find 


A = 4 (2 + am tanh am)( — 1) 

cosh am 


TO— 1 

ir~ 


-B. 


TO—1 

= ^(-1) ^ 

cosh an 


if) 


To obtain the deflection of the plate along the x-axis we put 
^ = 0 in expression (d). Then 


(^) 


* TO—1 

^ r 8(-l) ^ 1 

D [ ,r«m« 


sin 


mirx 

a 


TO-1.3,5, • • 

The maximum deflection is at the center of the plate, where 


Wjn 




m-1,3,6, ' 

It can be represented in the form 
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in which a is a numerical factor depending on the magnitude of 
the ratio 6 /a and on the value of Poisson^s ratio v. Several values 
of this factor are given in Table 14.^ 

Using expression (d) and proceeding as in the previous article, 
we can readily obtain the (expressions for bending moments ilf* 
and My, The maximum values of thes^ moments in this case 
are evidently at the center of the i)late and can be represented in 
the following form: 

The values of the numerical factors ^ and /3i arc also given in 
Table 14. In th(' same table are given also numerical factors 7 , 
7 i, 6 , 61 and n for calculating ( 1 ) shearing forces (Qx)max. = iQody 
(Qj/)iiiax. = 7 i< 7 o 6 at the middle of the sides x = 0 and y = —6/2 


Table 14. —Numerical Factors a, 7, 5, n for ^fmply Supported 
Rectangular Plates under a Load in Form of a Triangular Prism 

{p = 0.3, h > a) 


6/a 

W’max. 

god * 

1 

( JVfj!)ruax. 

(•Af}/)max. 

max. 

(Qy)max. 

( Vx)||i»jc. 

(r^w)max. 

R 

fiqoa ^ 

= 

= yqoa 

= /iyo6 

— dqod 

— Siqob 

*= nqonb 


a 

a 


y 

71 

S 

5 \ 

n 

1.0 

0.0287 

0.0340 

0 0317 

0.199 

0.315 

0.147 

0 250 

0 038 

1.1 

0.0343 

0.0390 

0 0326 

0.212 

0 297 

0.161 

0.232 

0 038 

1.2 

0 0398 

0 0436 { 

0 0330 

0.222 

0 280 

0 173 

0.216 

0.037 

1.3 

0 0449 

0.0479 

0.0332 

0 230 : 

0.265 

0.184 

0.202 

0 036 

1.4 

0 0497 

0 0518 

0 0331 

0 236 

0.250 

0 193 

0.189 

0.035 

1.5 

0.0542. 

0.0554 

0 0329 

0.241 

0.236 

0.202 

0.178 

0 034 

1.6 

0.0582 

0.0586 

0.0325 

0.246 

0.224 

0.208 

0.168 

0.033 

1.7 

0.0619 

0.0615 

0.0321 

0 247 

0.212 

0.214 

0.158 

0.031 

1.8 

0.0652 

0.0641 

0 0316 

0 249 

0.201 

0.220 

0.150 

0 030 

1.9 

0 0682 

0.0664 

0.0311 

0.251 

0 191 

0.224 

0.142 

0.029 

2.0 

0.0709 

0.0685 

0 0306 

0.252 

0.183 

0.228 

0.135 

0.028 

3.0 

ae 

0.0855 

0.0910 

0.0794 

0.0833 

0.0270 

0.0250 

0.253 

0.250 

0.122 

0.245 

0.250 

0.090 

0.019 


of the plate, ( 2 ) reactive forces Vx 



dy / max. 


8qoa, 


Vy = 



dM^ 

dX }masu 


— SjgJ) 


i 


> The tables are taken from the paper by B. G. Galerkin, loc. eit., p. 134. 
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at the same points and (3) concentrated reactions R = nqodb at 
the comers of the plate which are acting downward and prevent 
the corners of the plate from rising. All these values are given 
for h > a. When 6 < a, a better convergency can be obtained 
by taking the portion Wi of the deflection of the plate in the form 
of the deflection of a strip parallel to the ^/-direction. We 
omit the derivations and give only the numerical results 
assembled in Table 15. 

Combining the load shown in Fig. 65a with the uniform load 
of intensity ^o, the load shown in Fig. 66 
is obtained. Information regarding de¬ 
flections and stress(*s in this latter case 
can be obtained by combining the data 
Fig. 66 . of Table 5 with those of Table 14 or 15. 



“T 

qo 


>- 


Table 15.—Numerical Factpors a, 7, 5, n for Simply Supported 
Rectangular Plates under a Load in Form op a Triangular Prism 

(p == 0.3, h < a) 


a/6 


- fiqob* 

“ /9i<J!o6* 

(Q*)ma,x. 

= yqoa 

(yv)ni*x. 

* 71306 

(Vx)raax. 
= 5qoa 

(V,)max. 
=*= 61306 

R 

“ nq^ah 


a 

g 

^1 

7 

71 

a 

61 

n 


0 1422 

0.0375 

0.1250 


0.500 


0 500 


3.0 

0.0968 

0.0387 

0.0922 

0.045 

0.442 

0.027 

0 410 

0 010 

2.0 

0.0749 

0.0392 

0.0707 

0.091 

0.412 

0 057 

0 365 

0.023 

1.9 

0.0716 

0.0392 

0.0681 

0.098 

0.407 

0.062 

0.368 

0 024 

1.8 

0 0681 

0,0391 

0.0651 

0.106 

0.402 

0.098 

0.350 

0 026 

1.7 

0.0642 

0,0390 

0.0609 

0.116 

0.396 

0.074 

0 342 

0 028 

1.6 

0.0600 

0.0388 

0.0585 

0.124 

0.389 

0.081 

0.332 

0 029 

1.5 

0.0655 

0.0386 

0.0548 

0.135 

0.381 

0.090 

0.322 

0.031 

1.4 

0.0507 

0.0382 

0.0508 

0.146 

0.371 

0.099 

0.311 

0.033 

1.3 

0.0466 

0.0376 

0.0464 

0.158 

0.360 i 

0.109 

0.298 

0 035 

1.2 

0 0401 

0.0368 

0 0418 

0.171 

0.347 

0.120 

0.284 

0.036 

1.1 

0.0345 

0.0356 

0.0369 

0.186 

0.332 

0.133 

0.208 

0 037 

1.0 

0.0287 

0.0340 

0.0317 

0.199 

0.315 

0.147 

0.250 

0.038 

1 


32. Partially Loaded Simply Supported Rectangular Plate.— 

Let us consider a plate loaded only over the shaded portion 
prst (Fig. 67), the sides of which are parallel to the x-axis.^ 
Then the differential equation for the loaded portion of the plate 
is 


1 This case was discussed by B. G. Galerkin, Messenger of MaiK^ vol. 66, 
p. 26, 1926. 
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^ d^w d^w q 

dx^ dy^ dy^ D' 

For the unloaded portions we have the equation 

dyo ^ 

dx^ ^d^dy^ ^ ^ 


(a) 


(b) 


The deflection surface of the loaded pod ion of the plate we 
take again in the form 


W — Wi + W2, y (c) 

in which Wi satisfies Eq. (a) and 
W 2 satisfies Eq. (6). Assuming 
that the intensity of the load q 
is a function of x only, we may 
consider the loaded portion prd 
as a strip and take the defleclion 
of the strip for the deflection wi. 
Representing this d('flection by a 
trigonometric series, as was ex¬ 
plained in the previous article', 
we obtain 




w = 1 


. mwx 

sin-; 

a 


(d) 


where are numerical coefficients depending on the load dis¬ 
tribution. For deflections W 2 we take the general expression 
given in Art. 29. Then the total deflections of the loaded portion 
of the plate, represented by Eq. (c), become 

00 

w ~ 2^am + Am cosh + Bm smh 
1 

+ cj^ sirf. « + dJS CO* m) sin (.) 


For the unloaded portion of the plate below the line ts we can 
take the deflection surface in the following form: 
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00 

m-1 


cosh^ + fi^sinh^ + C^sinh 

CL 0, CL 


miry 


> miry 


miry 


+ 


(fl 

^ a a / a 


and, similarly, for the unloaded portion of the plate above the 
line pr we take 


00 

^ + S'- + C=«nh « 

m» 1 

, , miry\ . mirx . . 

+ 2)"-^co.sh-/jmn—. (g) 

Expression (e) satisfies the differential equation (a), and expres¬ 
sions (/) and (g) satisfy the differential equation (b). Moreover, 
all three expressions satisfy the boundary conditions w = 0 and 
d^w/dx^ = 0 for the sides x = 0 and x = a. 

It is necessary now to choose the constants A m, Bmf • • • ? 

DZ in such a manner that the boundary conditions at 2 / = ± b/2 
and the continuity conditions along the lines is and pr are satisfied. 
To represent all these conditions in a simpler form let us introduce 
the following notations: 


- as., - 2 ,., m 

in which rn and 7 J 2 are the distances of the edges of the loaded 
strip from the x-axis. Considering the line ts, we conclude, from 
the continuity conditions along this line, that 

, j dw' dw ... 

w' = w and -:r- = for ^ = ^ 2 . W 

dy dy 

Since there are no concentrated moments or concentrated forces 
applied along the line st^ the bending moments My and shearing 
forces Qy must be continuous at this line. Hence 


d^w _ d^w' , d^w _ d^w' 

dy^ ~ dy^ dy^ dy^ 


y = Vi- U) 


Substituting expressions (e) and (/) into Eqs. (i) and (j) and 
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using notations Qi), we can represent these equations in the 
following form: 

(■^»» ■'^m) cosh 2‘ytn "t" {Bm — -fim) siuh 2'Ym 

+ (Cm — C'^2ym sinh 27 ™ + {Dm — D'^2ym cosh 27 , 

+ o„. = 0, 

{Am — A’m) sinh 27 ™ + (B™ - B'm) cosh 2ym 

+ (Cm — C^(sinh 27 m + 2ym cosh 27 m) . 

+ {Dm — Bm)(c0.sh 27m + 27m sinll 27m) = OA ,,, 
(i4m — A'm) cosh 27m + (Bm — Bm) sillh 27m ' ^ 

+ (Cm — Cm) (2 cosh 27m + 27m SI I ill 27 m) , 

+ {Dm — Bm) (2 sinh 27m + 27m cosh 27m) = 0,' 

(/4 m - A'J sinh 27 m + (Bm — B'„) cosh 27 „ 

+ (Cm — Cm) (3 sinh 27m + 27m cosh 27m) , 

+ {Dm — D'm) (3 cosh 27m + 27m siutl 27m) = 0 J 
From these equations we find 


/4m — Am = am(7m sinh 27m — cosh 27m), 

Bm — Bm = — am(7m cosh 27m “ sinh 27m),I 

Cm - c: = ^ cosh 27m, 

Dm - Bm = - Y 27m. 


(i) 


We obtain four similar equations also for the boundary line pr 
(y = Vi)- Subtracting them from Eqs. ((), we find 

Am — A" = 2am sinh ( 7 ™ — /3m)j^Kinh ( 7 m + ^m) 

7m + d 


2 

7m - /3 


cosh (7m + /8m) 

sinh (7m + /3m) coth ( 7 m — /3m) j, 


B'm — B'm — 2am sinh ( 7 m — fim) — cosh ( 7 m + dm) 


{m) 


+ sinh (7m + dm) 


+ cosh (7m + dm) coth (7m - dm)],' 

Cm - C" = -a„ sinh ( 7 ™ + dm) sinh ( 7 m - dm), 

D'm — D'm — am Sinh (7m — dm) COSh (7m + dm). 
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To these four equations containing eight constants , 

DZ we add four equations representing the boundary conditions 
at the edges y = ±6/2. For y = +6/2 we have t/;' = 0 and 
d^w'ldy^ = 0, since the deflection and the moment My along this 
edge are zero. Substituting expression (/) in these conditions, 
we obtain 


cosh am + sinh sinh a 

+ I^m 

cosh am + Dm «inh am = 


+ D'^am cosh am = 


am = 0,> 

am = 0,j 


(n) 


where, as before. 


nvnh 


Similarly, for the edge y = —6/2 we obtain 

cosh am ~ sinh am + C'^am sinh am \ 

— D^OLm cosh OLm — 0, . 

CJi cosh am - D'' sinh am = 0.1 


(o) 


Equations (o) and (n), together with Eqs. (m), are sufficient to 
determine the eight constants i4m> • • • ? and we find for 
them the following values: 


AL^ 


Om sinh (Tm 0m) 


cosh a 

Twi + 0 m 


sinh (a„ 


+ 0m + 7m) 


cosh (am + 0 m + 7m) 


0 


AZ = 


am sinh ( 7 * 


+ 


cosh a 
7m + 0 
2 

7m 0 


- COth (7m - 0m) sinh (am + 0m + 7m) 

- ^ cosh (7m + 0m) 1 

2 cosh am 


sinh (ofm ym) 


,—^ cosh (a« — /3m — 7 «) 

COth (7m - /8m) sinh («« - 7m - /3m) 

_cosh (7m + /3m)' 

am'~“~“- 


2 cosh am 
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r}> =_ sinh (7m - Sv,)\ _ + Sm + Tm) 

sinh am L 

_|. T” cosh {am + 5™ + Tm) 

2 

^ 7r ~ coth (7m - /3«) si till (ai,« + 0n. + 7m) 

2 

sinh ( tw + 3m) 
~ 2 sinh a» 




^ sinh (u„ - |3„ - 7m) 

sinh a£m ' 

+ cosh («m - ^m - 7m) 

2 

_ X^_r coth (Ttn - 5m) sinh (otw - 5m - Tm) 
2 


— Otn 


sinh t7m + 5m) 
2 sinh am 

rr / __ ^ _ sinh (Tm - 5m) sinh (am + 5m + Tm), 

2 cosh am 

__?!=- - sinh (Tm - 5m) sinh (am - 5m “ Tm), 

2 cosh am 

n' = —3*— sinh (7m - ^«) sinh (a™ + ^m + 7m), 

2 sinh am 

n" =_— sinh (7m - ^m) sinh (a„ - |3m - 7m). 

"* 2 sinh am 

Substituting a;, B'm, Cm and K in Kqs. H), we find 

_ am cosh ( 7m il^) eohh («m - 7m + ^m) 

^ f*osh am L 

_ tanh (7m + ^m) eosh (a™ - 7m + M 

2 


]■ 


+ 


Tm 5fl 


sinh ('>^m_Z-.^ 


I \ Tm 

' sinh (am — Tm + 5m) -T «m- 2 cosh am 

2 

^ am sinh (Tm •4’ 5 m)r gjjj^ — Tm + 5m) 

““ sinh am L 

_ IrL±_% coth (7m + i3m) sinh («« - 7m + ^») 

^ sinh (7 m — ^m) 

^ •Y" ~ P” cosh (am - 7m + ^m) " “m 9 ^ _ ] 
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Dm 


Cm cosh (7m + ^m) ^ ^ 

2 cosh am 

a„ sinh (7m + 0m) „;„i, , ion 

- 2rinh». ' ■ 


Thus all constants entering in expressions (e), (/) and (flf) are 
determined, and we can now calculate the deflection at any point 
of the plate. Since the coefficients in the series (d) diminish 
rapidly as m increases, only a few terms of scries (c), (/) and (g) 
need be calculated to get deflections with a very high degree 
of accuracy. 

As an example of the application of our general solution, let us 

consider the symmetrical case in which 
a uniform load q is distributed over the 
rectangle prst (Fig. 68). The maxi- 
u, mum deflection and the maximum 

- /w 

' ^ bending moment in this case arc at 
the center of tbe plate and are found 
5 *' by using expression (c) for the deflec¬ 
tion of the loaded portion of the plate. 
From symmetry it may be concluded 
that the deflection surface must be an 
even function of y. Hence Bm and Dm 
in expression (c) equal zero, and the deflection surface is 


IT 

I 

^|C>4 

I 

i 


0| 

.Ol <N 
I 



■ 


is 

HH 


e 

m 


i 

1 




Fio. 68. 


2 1 , A 1 ^^2/ . • 1 . mirx 

[ am + Am cosh —~ + Cm —sinli —^ ) sin-; 

\ a a a / a 

1,3,5, • • • 

(p) 

where, from symmetry, m includes only the consecutive odd 
numbers 1, 3, 5, . . . 

Using Eq. (b) of the previous article, we represent the deflec¬ 
tions Wi of the strip [Eq. (6?)] in the following form: 


Wi 


Dr^ ^ 
tn^ 1|3,5, 


1 . mwx 

—2 8111- I 


sin — 
a 


00 


m-1,3,5, 


m — 1 

(- 1 ) ^ 


sin 


mvai 

2a 


sin 


mwx 

a 


(<?) 
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Hence, 


„ _ ^qa*(-l) ^ vnrai 


As a particular case, when ai = a, wi hnve a strip uniformly- 
loaded along its entire length, and its deflection is 


iqa* X? 1 

^ ni^ ■ 


For symmetrical loading, r /2 = —i/i = bi/2, and Eqs. (h) 
become 




wliich gives 


+ Jm sinh (ofr/* — 2ym) + 


(am - 2 ym). 

2 COHh am 


mill 27^1 
2 cosh amj 


Substituting this and expression (?’) in Eq. (/>), we obtain 


( — 1 ) “ . mirai 

- -— sin 

m** 2 a 


l^eosh {am — 2ym) + 7m sinh {am — 27 m) + “”‘ 2~cwf^ ] 

+ (a m - mry) rn^, ^ 29 ) 

2 cosh am a a ) a 

From this equation the deflection at any point of the loaded por¬ 
tion of the plate can be calculated. 

In the particular ca.se where ai = a and 6i = 6 we have, from 
Eq. {t), 7 „ = am/2. Expressions (m) become 

Am =-^ tanh am\ Cm = s—S—J 

cosh am\ 2 / 2 cosh 
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and Eq. (129) coincides with Eq. (126) (page 128) derived for 
a uniformly loaded rectangular plate. 

The maximum deflection of the plate is at the center and is 
obtained by substituting y = 0, x = a/2 in formula (129), 
which gives 




00 

4ga^ 1 niTaA^ 

2 i 


[ 


1,3,5, ■ 


cosh 


cosh (cxm 2'ym) “h Tw sinh (a^ 2'ywt) “f" 


sinh 27 m 11 
""^2 cosh amj/' 


(130) 


As a particular example let us consider the case where Ui = a 
and 6i is very small. This case represents a uniform distribu¬ 
tion of load along the a;-axis. Considering 7 m as small in Eq. 
(130) and retaining only small terms of the first order, we obtain, 
using the notation qbi = go, 






fn» 1,3,5, • 


m-1 

m* \ 


tanh 


cosh-* 


_y 

OLtn ) 


(131) 


For a square plate this equation gives 


= 0.655g^* = 0.0736^*. 


In the general case the maximum deflection can be represented 
in the forms 


^TOMX. - 


goa® - 

= a^3fora 


< 5 


and 


to. 


gab*. 

cc^Jova 


> b. 


Several values of the coefficient a are given in Table 16. 

Returning to the general case where bi is not necessarily small 
and ai may have any value, the expressions for the bending 
moments Af* and My can be derived by using Eq. (129). The 
maximum values of these moments occur at the center of the 
plate and can be represented by the formulas 

(Af*)nu«. = Paibiq = /3P, {My)r^ = Piaibiq ~ /3iP, 

where P = aihiq is the total load. The values of the numerical 
factors 13 for a square plate and for various sizes of the loaded 
rectangle are given in Table 17. The coefficients pi can also be 
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Table 16. —Deflections op Simply Supported Rectanoulab Plates 
Uniformly Loaded along the Axis op Symmetry Parallel to the 

Dimension a 
{y = 0.3) 


qoa ^ 

6/a = 

2 

1.5 

1.4 

1 3 

|l.2 

1.1 

1.0 


a = 

0.1078 

1 

o.oooslo 0963 

0.0922 

0.0872 

0.0810 

0.0736 

qnh ^ 

a/6 * 

1.1 

1.2 1 

1.3 

1.4 

1.5 


oo 


a — 

0.876 


0.11381 


0.1366 

0.1779 

0.2275 


Table 17.— Coefficients ^ for (ilfx)max. in Simply Supported Partially 
T iOADED Square Plates 
(1/ = 0.3) 


-, 

ai/a = 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

i 

0.9 

1 0 

hi/a 

CoefTicients ^ in Eq. (it/r)m». - ^P 

0 

00 

! 1 1 i 

i0.32l|0 2510 209 

0.180 

1 1 

0.158 0.141 

0.125 

0.112 

0.102 

0.092 

0.1 

0.378 0.284 0.232 0.197 

0.170 

|0.150 

0.134 

0.120 

0.108 

0.098 

0.088 

0.2 

0.308 0.254,0.214!o. 184 

0.161| 

0.142 

0.127 

0.114 

0.103 

0.093 

0.084 

P.3 

0.262 

0.225 

0.195,0.168 

0.151 

0.134 

0.120 

0.108 

0.098 

0.088 

0.080 

0.4 

0.232 

0.203 

0.179|0.158 

0.141 

0.126 

0.113 

0.102 

0.092 

0.084 

0.076 

0.5 

0.208 

0.185 

0.164 

0.146 

0.131 

0.116 

0.106 

0.096 

0.087 

0.079 

0.071 

0.6 

0.188 

0.168 

0.150 

0.135 

0.121 

0.109 

0.099j 

0.090 

0.081 

0.074 

0.067 

0.7 1 

0.170 

0.153 

0.137 

0.124 

0.112 

0.101 

0.091; 

0.083 

0.076 

0.069 

0.062 

0.8 

0.155 

0.140 

10.126,0.114 

0.103 

0.094 

0.085 

0.077 

0.070 

0.063 

0.057 

0.9 

0.141 

0.127 

lO.llf, 

0.104 

0.094 

0.086 

0.078 

0.070 

0.064 

0.058 

0.053 

1.0 

0.127 

0.115 

0.105jo.09.5 

0.086|0.078 

0.071 

0.064 

0.058 

0.053 

0.048 


Table 18.—Coeffktents /? and /5i for { Mx ) nua . and ( My ) mmx . IN Par¬ 
tially Loaded Rectangular Plates with b = 1.4o. (v = 0.3) 


oi/a — 

0 





■ 





0.8 

1.0 

hi/a 


1 


~ 0 iP 

0 

00 

0.276 

0.208 

0.163 

0.134 

0.110 

eo 

0.299 

0.230 

0.183 

0.161 

0.125 

0.2 

0.332 

0.239 

0.186 

0.152 

0.125 

0.103 

0.246 

0.208 

0 175 

0.147 

0.124 

0.102 

0.4 

0.261 

0.207 

0.168 

0.138 

0.1150.095 

0.177 

0.157 

0.138 

0.119 

0.101 

0.083 

0.6 

0.219 

0.181 

0.151 

0.126 

0.105 

0.086 

0.138 

0.125 

0.111 

0.097 

0.083 

0.069 

0.8 

0.187 

0.158 

0.134 

0.112 

0 094 

0 078 

0.112 

0.102 

0.091 

0.080 

0.069 

0.058 

1.0 

0.162 

0.139 

0.118 

0,100 

0.084 

0.070 

0.093 

0.085 

0 077 

0.068 

0 058 

0.049 

1.2 

0.141 

0.122 

0.104 

0.089 

0.075 

0.062 

0.079 

0.072 

0.065 

0.058 0.050 

0.042 

1.4 

0.123 

0.106 

i 

0.091 

0.077 

0.065 

0.054 

0.068j0.062 

0.056 

0.050|0.043 

0.036 
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obtained from this table by interchanging the positions of the 
letters ai and 6i. 

The numerical factors and for plates with the ratios 
b = 1.4a and 6 = 2a are given in Tables 18 and 19, respectively. 


Table 19.—Coefficients /3 and fii for (A/a;)max. and ( My ) max . in Par¬ 
tially Loaded Rectangular Plates with h = 2a. (v = 0.3) 


ai/a * 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

0.2 

0.4 

0.6 

-i 

0.8 

1.0 

hi/a 

CooflSoient P in Eq. (Jlfi)niax. 

» PP 

rot'flifieni/9i in Eq. • 

= PiP 

0 

CO 

0.289 

1 

0.220 

0.175 

0.144 

0.118 

00 

0.294 

i 

0.225 

0.179 

0 148 

0.122 

0.2 

0.347 

0.252 

0.199 

0.163 

O.I35I 

0.111 

0.242 

0.203 

0.170 

0.143 

0 120 

0 099 

0.4 

0.275 

0.221 

0.181 

0.150 

0.125 

0.103 

0.172 

0.152 

0.133 

0.114 

0.097 

0 081 

0.6 

0.233 

0.195 

0.164 

0.138 

0.115 

0.095 

0.133 

0.120 

0.106 

0.093 

0 079 

0 06() 

0.8 

0.203 

0 174 

0.148 

0.126 

0.106 

0.088 

0.107 

0 097 

0 087 

0.076 

0.065 

0 054 

1.0 

0.179 

0.155 

0.134 

0.115 

0.097 

0.080 

0.089 

0.081 

0.073 

0.064 

0 055 

0 046 

1.2 

0.161 

0.14ll 

0.122 

0.105 

0.089 

0.074 

0.074 

0.068 

0 061 

0 054 

0 046 

0 039 

1.4 

0.144 

O.I27I 

0.111 

0.096 

0.081 

0.068 

0 064 

0.058 

0.052 

0.046 

0 040 

0 033 

1.6 

0.130 

0.115 

0.101 

0.087 

0.074 

0.062 

0 056 

0 051 

0.046 

0 040 

0 035 

0 029 

1.8 

0.118 

0.104 

0.091 

0.079 

0.067 

0.056 

0.049 

0.045 

0.041 

0 036 0 031 

0 02(> 

2.0 

0.107 

O.OM 

0.083 

0.072 

0.061 

0.051 

0.044 

0.041 

0.037 

0.032j0.028 

0 023 


33. Concentrated Load on a Simply Supported Rectangular 
Plate. —The solution of the previous article can bo used in dis¬ 
cussing the problem of bending of simply 
supported rectangular plates under a concen¬ 
trated load. This kind of loading can b(i 
obtained by making the sides ai and bi of the 
- loaded rectangle of the previous artick^ very 
small^ and taking qaibi = P. Let us begin 
with the simple case in which the load acts at 
a point A on the x-axis, which is the axis of 
'y symmetry (Fig. 69). The deflection of the 

strip along the x-axis in this case is 



Wi 


2Pa^^ 1 . mrc . 

r-jTi / j sin-sin 

Wl — l 


rriTX 

- f 

a 


^ The problem of a concentrated force acting on a rectangular plate has 
been discussed by several authors. See the author’s paper in Bauingenieur, 
p. 51, 1922. See also A. Nadai, Bauingenieur^ p. 11, 1921; and B. G. Galer- 
kin, Zoc. cU.y p. 146. 
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where c is the coordinate of the point of application of the con¬ 
centrated load P and hi is the width of the strip. From this 
we obtain the following (expression for the coefficients in series 
(d) of the previous article: 

. rmrc 
„ sin - - 
_ 2Pa*^ 0 

Substituting this into Eq. (p) of the previous article and using 
(expressions {u) of tiie same article for the constants Am and 
Cm, we obtain the foliovMug (Hpiation for the deflection surface 
of the strip of width b^: 


00 . 'niTTC , miry 

oD 1 — r 


+ sinh (am 27 m) + 


sinh 27 m 
'2 cosh 


—”*7— ri„h ^ o»h (.. - 2r.) 
2a cosh am a 


) . rriTCi 

> sin — 

j a 


In order to obtain the deflection for the case oi a concentrated 
force, hi in this expression must Ik' assumed to be very small. 
Then 7m, given by (expression (0 of the previous article, is also 
very small, and we can put 


cosh (am — 27 m) = eosh am — 2ym sinh am, 
sinh (am — 27 m) = «inh am — 27 m eosh am, 
sin 27 m = 27 m. 


Substituting these in expression (a) and omitting the terms con¬ 
taining 7m to powers higher than the first, we obtain 


. 7 nirc 

sill-1 


» - m'S 1 - «(l - r- tanh .. 

bi Dir*-^ \_ a \ 

Tn*= 1 

+ + T* "“t tonh a.)! d- ^ 

cosh^ a,n/ 2 a a J ^ 


Taking i/ == 0 in this expression, we obtain the deflection of the 
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plate along the x-axis in the following form: 


mwc 




Po* 

2Dir^ 


_^sm-/ 

2^( 


tanh am — 


am 


cosh^ 




Sin 


mirx 

a 


ic) 


This series converges rapidly, and the first few terms give us the 
deflections with sufficient accuracy. In the particular case of a 
load P applied at the center of the plate, the maximum deflec¬ 
tion, which is at the center, is obtained by substituting 
a: == c = a/2 in expression (c), which gives 

ae 

2 “ cosh'^ a„) "" “W 

m-1,3,6, • • • 

Values of the numerical factor a for various values of the ratio 
b/a are given in Table 20. 


Table 20.— Faotor a for Deflection (132) of a Centrally Loaded 
Rectangular Plate 
(p - 0.3) 


h/a 

1.0 

1.1 

1.2 

1.4 

1.6 

1.8 

2.0 

3.0 

00 

a 

0.1265 

0.1381 

00 

d 

0.1621 

0.1714 

0 1769 

1 1 

0.1803 

0.1846 

0.1849 


It is seen that the maximum deflection rapidly approaches that 
of an infinitely long plate^ as the length of the plate increases. 
The comparison of the maximum deflection of a square plate 
with that of a centrally loaded circular plate inscribed in the 
square (see page 73) indicates that the deflection of the circular 
plate is larger than that of the corresponding square plate. This 
result may be attributed to the action of the reactive forces 
concentrated at the corners of the square plate which have the 
tendency to produce deflection of the plate convex upward. 

To determine the bending moments in the loaded portion of 
the plate we calculate the second derivatives of expression (6) 
which, for y = 0, become 

^ The deflection of plates by a concentrated load was investigated experi¬ 
mentally by M. Bergstr&sser; see ForBchungsarheiten, vol. 302, Berlin, 1928. 
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00 . fWirc 


m* 1 

00 . niTC 

P -/ \ 

- 2 ^^ + coiE^a J 

m = 1 


mtrx 
a * 

mwx 

a 


Substituting those derivatives into expressions (99) for the 
bending moments, w(‘ obtain 


. mire 
. sin - - 




P will-- 


m*= 1 


(1 - 


cosh^ 


v)am^ . mwx f 
z — Sin-4 

' am J O \ 


. mwe 
.sin — 


(d) 


(M, 


Sin — r 

fn»l 


+ 


— v) am . mirx 

-rY“— sin- 

•sh^ am a i 


0_ 

cosh^ 


When b is very large in comparison with a, we can put 


Then 


tanh am ~ 1, 


(Xm 

eosh^ am 


0 . 


M, = My 


(1 + v )P 

2 ir 


2 1 . mTC . 

— sin-sm 

m a 


mirx 

a 




This series does not converge rapidly enough for a satisfactory 
calculation of the moments in the vicinity of the point of appli¬ 
cation of the load P, so it is necessary to derive another form of 
representation of the moments near that point. From the 
discussion of bending of a circular plate by a force applied at the 
center (see Art. 19) we know that the shearing forces and bend¬ 
ing moments become infinitely large at the point of application of 
the load. We have similar conditions also in the case of a 
rectangular plate. The stress distribution within a circle of small 
radius with its center at the point of application of the load is sub- 
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stantially the same as that near the center of a centrally loaded 
circular plate. The bending stress at a point within this circle may 
be considered as consisting of two parts, one of which is the same 
as that in the case of a centrally loaded circular plate of radius 
a, while the other represents the difference between the stresses 
in a circular and those in a rectangular plate. As the distance 
r between the point of application of the load and the point 
under consideration becomes smaller and smaller, the first part 
of the stresses varies as log (a/r) and becomes infinite at the 
center, whereas the second part, representing the effect of the 
difference in the boundary conditions of the two plates, remains 
continuous. 

To obtain the expressions for bending moments in th('. vicinity 
of the point of application of the load we use the first of the 
equations (114) (see page 100). In the case under consideration 
the entire surface of the plate, with the exception of the point of 
application of the load P, is free from load, and the equation 
becomes 


dW dm 


(/) 


At the boundary the quantity M = (Mx + My)/{I + v) is zero, 
since the rectilinear edges of the plate are simply supported. 
Thus the problem of determining M reduces to one of finding a 
solution of Eq. (/) which is zero at the boundary and varies as 
log (a/r) at the point of application of the load. This solution is 
known and for an infinitely long plate can be represented in the 
following form: 



cosh cos 

a _ a 

cosh cos 

a a 


(g) 


where C is a constant. By calculating the second derivatives 
dm/dx^ and dm/dy^ it can be shown that expression {g) satisfies 
Eq. (/). It is seen also that for a: = 0 and x = a, i.c., along the 
supported edges of the plate, the expression for which the loga¬ 
rithm is to be taken becomes equal to unity. Hence M is zero 
at the boundary as it should be. For points close to the point of 
application of the load the quantities y and (x — c) are small, and 
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we can take cosh ^ = 1 + cos = 1 — 

a 2a2 a 2a^ 

Expression (g) can then be represenled in the following form: 



in which 


r = \^+ (x - e)“ 

represents Iho dislant'o of a point under (‘onsidoral ion from tiie 
point of application of tlio load P. 

In order to determine the constant C, consider the equilibrium 
of a small circular ('lement cut out from the plate by a cylindrical 
surface of small radius r with its axis along the line of application 
of the load. The shearing force Qr along the boundary of this 
element is found from the condition of equilibrium to be 

2TrrQr — — P, 

from which 



The shearing force Qr (*an also be determined from the equation^ 



^^dr\dx- dyy dr ‘ 


Substituting for M its (expression (h), we find 



O') 


It follows from this equation and from Eq. (^) that C = —P, and 

^This equation coincides with Eq. (102) when the r- and /-directions 
coincide with the a?- and !/-axes. 
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we obtain for points close to the point of application of the load^ 
o o 2a sin — 

2a sin — 
a 

For the other points, by using expression (g), we have 

p cosh — — cos - — 

^ log-(134) 


4t , Ty t{x + c) 
cosh — — cos —- - 


The expressions for the bending moments M* and My can be 
derived by using Eqs. (133) and (134). Wo begin with the 
points along the x-axis. For these points Af, = Myy and by 
using Eq. (134) we obtain 


= _-P(i_±jO 

Stt 


1 — cos 


Tr(x c) 


log 


. t{x + c) 

1 — cos - -- - 


(135) 


In the particular case of the load applied at the center of the 
plate, c = a/2, and we obtain 


1 — sin — 

log- —(136) 

1 + sin — 
a 

To obtain the bending moments at points that are not on the 
a;-axis, let us consider the deflection surface of the plate below that 
axis. The general expression for this surface is given by Eq. (/) 
of the previous article (see page 148). The constants in this 

^ This expression can readily be obtained also by summation of series (c). 
For this purpose we replace the products of sines by the differences of cosines 


and use the series log 2(1 — cos ^) ■» *— cos <p. 

2 m 

1,2,3, • • • 
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equation for an infinitely long plate are obtained from the 
general expressions on pages 160, 151 and can be put in the 
following form: 

= «m(l — Tm COth 2yrn) siuh 2ymj 

— 7m COth 27,„) siph 27m, 

^ ~ Sillh 27 m> 

With these values of the constants and with the assumption that 
7m = niirhi/^a is infinitely small, the required deflection surface 
of the plate becomes 



(137) 


The value of Om given on page 157 has been introduced. By 
forming the second derivatives of these expressions we find 


oo 

Ttjr 1 1 • . mTX 

M = *> ) = ~ sin-e ® 

\dx- dy-/ a a 

m^\ 


We find also 


^ , dM 

2D^.-M + y^, 

2i>?^'- M - 

dy^ dy 


Hence 


(138) 


,, r.[ d^w d^w\ 1 

\jr - i/ A. - 1 

“ ^\dy^ "ax^ / 2 

For points close to the point of application of the load P we can 
substitute for M its expression (133); then 


(1 + v)M — (1 — v)y 
(1 + u)M + (1 - v)y 


dM 

dy 


M, 


M, 


-I 

= i[ 


(1 + .)£ log 


2a sin 


TTC 


2a sin 

(1 + log — 


± 4- (1 ~ 

rr ^ 27rr* J’ 

TTC 

a (1 — v)Py^l 

2irr^ J' 


( 139 ) 
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It is interesting to compare this result with that for a centrally 
loaded, simply supported circular plate (see Art. 19). Taking a 
radius r under an angle a to the a?-axis, we find, from Eqs. (90) 
and (91), for a circular plate 

Mx = Mn cos^ a + Mt sin^ a 

■P /I . \ 1 o. , 

= 5^(1 +.) log 

My = Mn sin^ a + Mt cos- a 

= £a + ^)iog| + (i- 4 ^- 

The first terms of cxpre^ssions (139) and (k) will coincide 
if we take the outer radius of the circular plate equal to 

(2a/ tt) sin (7rc/a). 

Under this condition the moments Mx are the same for both cases. 
The moment My for the long rectangular plate is obtained from 
that of the circular plate by subtraction of the (*onslan( quantity^ 
(1 — v)P/4x. From this it can be concluded that in a long 
rectangular plate the stress distribution around the point of 
application of the load is obtained by superposing on the stresses 
of a centrally loaded circular plate with radius (2a/7r) sin (irc/a) a 
simple bending produced by the moments My = — (1 — v)P/At. 

It may be assumed that the same relation between the moments 
of circular and long rectangular plates also holds in the case of a 
load P uniformly distributed over a circular area of small radius 
e. In such a case, for the center of a circular plate we obtain from 
Eq. (83), by neglecting the term containing 

~ 47r[/^ e 

Hence near the center of the loaded circular area of a long rec¬ 
tangular plate we obtain from Eqs. (139) 
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From this comparison of a long rectangular plate with a circular 
plate it may bo concluded that all information regarding the local 
stresses at the point of a])plication of thf^ load P, derived for a 
circular plate by using the thick plate theory (see Art. 19), can 
also be applied in the case of a long rectnngiilar plate. 

When the plate is not v(‘rv long, Eqs. (d) should be um^d instead 
of Eq. (e) in the calculation of th(' momeiil s Mx and My along the 
a:-axis. Because of tlu^ fact that tanh Um approaches unity 
rapidly and cosh am becorn(‘s a large mim})er when m increases, 
the differences between the sums of series {d) and the sum of 
series (c) can easily be calculated, and the moments Mx and My 
along the x-axis and close to the point of application of the load 
can be represented in th(' following form: 

Mx 


My 


in which 71 and 72 are numerical factors the magnitudes of which 
depend on the ratio h/a. Several values of these factors for the 
case of central application of the load are given in Table 21. 


Table 21.— Factors 71 and 72 in Eqs. (141) 


b/a 

1.0 

1.2 

1.4 

1.6 I 

1.8 

2.0 

00 

71 

72 

-0.565 
-f 0.135 

1 

-0 350 
+0.115 

- 0.211 

+0.085 

i 

-0.125 

+0.057 

-0.073 
+0 037 

-0.042 

+0.023 

0 

0 


Again the stress distribution near the point of application of the 
load is substantially the same as for a centrally loaded circular 
plate of radius ( 2 a/ 7 r) sin (7rc/a). To get the bending moments 


(1 + r)P "^1 1 rmre . mirx . P 

~ — 7 . — > — sin-sin “ + 7 i-.— 

2 ir m a a 4ir 

m — l 

r)/i I \ 2 a sin — „ 

P (1 + j/) , a . P 

” — 4 -kiK- I 7ii— 

4ir ' 47r' 


(1 + v)P'^^ 1 . m-KC . mtrx , 

= -— - > — sin-sm -h y-i 

2 ir m a a • 


OT =1 


P 

Ak 

irc 


-■ 4 , -“r - +’'■S' 


( 141 ) 
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M» and My near the load we have only to superpose on the 
moments of the circular plate the uniform bending by the 
moments = yiP/ir and Jlf' = — (1 — y — y2)P/4ir. Assum- 
, ing that this conclusion holds also when the load P is uniformly 
distributed over a circle of a small radius e, we obtain for the 
center of lAie circle 


M. 

My 


4ir! 

P 


n • ""C 

2a sin — 

(1 + v) log —^ + 1 

2a sin — 

(1 + v) log + 1 

TT C 


, yiP 
+ 47’ 


- (1 - V - y.):^- 


(142) 


If the load P is applied at a point that is not on the axis of 
symmetry, the general expressions (e), (/), and (g) of the previous 
article should be used. As an example, let us determine the 
deflection under a load P applied at a point whose x- and y-coordi- 
nates are c and ry, respectively. The general expressions for the 
constants Amj . . . , -Dm, given on page 151, can be put in 
another form by substituting 


Tm H” — 


mVTJ 

a ^ 


Tm 


— 

”” 2a 


and treating bi as very small. Then omitting all the terms con¬ 
taining 5i to a power higher than the first and making y rj in 
expression (e) of the previous article, we obtain the following 
result for the deflection of the loaded strip (y = t?) : 


00 . TIVJTX . twkc 

^ ~ 977^2- - —8 -^ f cosh® ^^(^tanh a„-^ 

2 Ibr®^ L o \ cosh* a«/ 

m«*l 

— sinh cosh —^(tanh «« — coth am) j. (143) 

By making j/ = 0 in this expression we obtain expression (c) 
which was obtained before for the loEid applied at the axis of 
symmetry. When the plate is very long, tanh am » coth am » 1, 
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and sinh^ am « cosh^ am become very large; and when rj is not 
large in comparison with a, Eq. (143) gives 


Pa^ 

^ ”■ 2Di^. 


.sin 


rmrx . mwc 

- sin- 

a a 


m' 


which can also bo obtained from Eq. (c) for the symmetrically 
loaded plate. 

34. Rectangular Plates of Infinite Length with Simply Sup¬ 
ported Edges. —In onr previous discussions infinitely long plates 
have been considered in several eases. The deflections and 
moments in such jilates were usually obtained from the corre¬ 
sponding solutions for a finite plate by letting the length of the 
plate increase indefinitely. In some cases it is advantageous to 
obtain solutions for an infinitely long plate first and combine 
them in suc'h a way as to obtain the solution 
for a finite plate. Several examples of this | I 

method of solution will be given in this • ' 

article. Webegin with the case of an infinitely _ _ 

long plate of width a loaded along the x-axis 
as shown in Fig. 70. Since the deflection 
surface is symmetrical with respect to the 

x-axis, we need consider only the portion of L- - ^ >1 

the plate corresponding to positive values ^ 

of y in our further discussion. Since the load Fia. 70. 

is distributed only along the x-axis, the 
deflection w of the plate satisfies the equation 



g _, 

dx^ dx^ dy^ dy^ 


(a) 


We take the solution of this equation in the form 


2 -rr • TitirX 

I „ sin (o) 

which satisfies the boundary conditions along the simply sup¬ 
ported longitudinal edges of the plate. To satisfy Eq. (a), func¬ 
tions Ym must be chosen so as to satisfy the equation 
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mSr*, 


rj - = 0. 


Taking the solution of this equation in the form 

miry miry miry ^ miry 

Y„ = AJ “ + » + C„e “ + D„”^e “ (r) 


and observing that the deflections and their derivatives approach 
zero at a large distance from the x-axis, it may be con(*ludod that 
the constants and should be taken equal to zero. Hence 
solution (6) can be represented as follows: 


w 


00 

'^ln _ 1 _ n -”7*' . rmx 

♦n =» 1 


(d) 


From the condition of symmetry we have 

^dn\ 


(: 


32// 


= 0 . 


v=0 


This condition is satisfied by taking Cm = -Dm in expression (d). 
Then 


w 


i 4 +«> 


miry 

“ sin 


vnrx 

a 


(e) 


The constants Cm can be readily calculated in each particular 
case provided the load distribution along the x-axis is given. 

As an example, assume that the load is uniformly distributed 
along the entire width of the plate. The intensity of loading can 
then be represented by the following trigonometric series: 


2 = 


4 

-^0 



1 . 

— sin 
m 


rmx 

a 


m » 1,3,5, • • • 

in which go is the load per unit length. Since the load is equally 
divided between the two halves of the plate, we see that 


{Qy) 






dho 


+ 


d^w \ 



m-1,3,5, 


1 . mvx 

— sm-- 

m a 


if) 
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Substituting expression (c) for w, we obtain 

« 00 

^ . rmrx ^ 2qo 1 . rmrx 

«3 Sin ——- ^ —sill- ) 

® a TT m a 

»»“1 m^l.3.6, ••• 

from which 

‘ “ 

Hence 
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w 



miryy 


micy 

® sin 


mTTX 

a 


(9) 


The deflection is a maxiiuuni at the center of the plate {x = a/2, 
2 / = 0), where 


m ~ 1 



w* 1,3,5, . ‘ • 


irKqoa^ 

^6lZ)‘ 


(h) 


The same result can be obtained by setting tanh = 1 and 
cosh am =00 in Eq. (131) (see page 154). 

As another example of the application of solution (e), consider 
a load of length 26 uniformly distributed along a portion of the 
a--axis (Fig. 70). Representing this load distribution by a 
trigonometric series, we obtain 


9 = 


1 . . rnwb . inirx 

- >,— sin — sin-sm-; 

TT a a a 

w == 1 


where qo is the intensity of the load along the loaded portion of 
the a*-axis. The equation for determining the constants Cm, 
corresponding to Eq. (/), is 


^dy\dx^ dyyy^ 


00 


_ 2qo'\ 

^ 1 ‘ 

mirc . rmrb 

, niTX 


sm 

-sm- 

sm- 

w 

rndm 

a a 

a 


m — 1 


Substituting expression (e) for w, we obtain 


2 Dir®'\n „ 3 . mirx 2qo'^ 1 . 

sin — = —2im 


mirc . niTb . mirx 
sin-sm-sm-> 

CL CL Qt 


*-•1 


w — l 
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from which 


^ goO* . Wire . nvnh 

Cm = -rk—A sm-sm- 

Dm^ a a 


Expression (e) for the deflections then becomes 


1 . . mwb/^ , mvy\ 

= - ~ > —7 sin-sin-11+ ]e ® sm- 

a a \ a J a 


The particular case of a concentrated force applied at a distance 
c from the origin is obtained by making the length 2b of the 
loaded portion of the x-axis infinitely small. Substituting 


2bqQ = P and 


mirb mjrb 


in Eq. (i), we obtain 


00 

' 1 . rrmef ^ , mTryX 

a \ a / 


an expression that coincides with expression (137) of the previous 
article. 

We can obtain various other cases of loading by integrating 
expression (i) for the deflection of a long plate under a load 
distributed along a portion 2b of the x-axis. 

1 As an example, consider the case of a load 

^ of intensity q uniformly distributed over a 

' ’if isectangle with sides equal to 2b and 2d (shown 

d shaded in Fig. 71). Taking an infinitesimal 

^ •>! b -<*1 du* ' element of load of magnitude q2b du at a dis- 

tance u from the a:-axis, the corresponding 
I deflection produced by this load at points 

y " ®.^ with y > u is obtained by substituting qdu 

Fia. 71. y — uioT yin expression (i). ^ The 

deflection produced by the entire load, at 
points for which y ^ d^ is now obtained by integration as 
follows: 
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W 


1 . rm 

= TTFi /1 —A. sin — 


mvc . rmrb . 

sni-sin 

a 


mirx 

a 


eo 


jL 


. mirr . 

sm-sin 

a 


tn *» 1 


mrb 

a 


. niTX 

sin- 

a 




mirf y — d) 
a 




^^r Cy-t- d) "j 

““ } 


(i) 


By a proper change of the limits of integration the deflection 
at points with y < d can also be obtained. Let us consider 
the deflection along the x-axis (Fig. 71). The deflection pro¬ 
duced by the upper half of th(‘ load is obtained from expression 
(i) by substituting the quantity d/2 for y and foi d. By doubling 
the result obtained in this way w(^ also take into account the 
action of the lower half of the load and finally obtain 




rmrc . rmb . mwx 

sin — sin-sin- 

i a a a 


[‘2a (, . 2o\ ,,, 

--( d + “ )c ® . (A*) 

mTT \ mir/ 


When d = 00 , the load, indicated in Fig. 71, is expanded along 
the entire length of the plate; and the deflection surface is a 
cylindrical one. The corresponding deflection, from expression 

(*), is 


, . 1 . 


m = 1 


mire . mirb . mirx 
— sin-sm-- 

CL CL €L 


(0 


Making 6 = c = a/2 in this expression, we obtain 


(«>)„-0 = 


4(?a^ 1 

TT®/) m^ a 

m-1,3,6, • • • 


which represents the deflection curve of a uniformly loaded strip. 
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The following expressions for bending moments produced by 
the load uniformly distributed along a portion 26 of the x-axis are 
readily obtained from expression (i) for deflection w: 


1 . tnirc . mirb . mirx 

Mz = ^ .>1 —o sin-sin-sin- 

a a a 

«i*i 


1 + 1' + 


a - ,)«>-.( 


1 . w^TTC . rnmb . rmrx 

My — sin-sin-sin- 

a a a 


[i+, _ (1 _ ,)^y^ 


These moments have their maximum values on the x-axis, where 

(^M^ff^O = (^My^y^Q 

CO 

goa(l + 1 . rriTC . mvb . mirx , . 




sm-sin-sm — 

a a a 


In the particular case when c = b o/2, i.e., when the load is 
distributed along the entire width of the plate, 


(^Ms^ywmQ - (^My^y^Q - 


qoa(l + v) 


»n» 1,3,5, • 


1 . mwx 

_ sm-• 

a 


The maximum moment is at the center of the plate w^here 


/iiT\ _?oa(l + «') (-1)^ _ ir9oa(l + x) 

TO-1,3,5, • • • 

When 6 is very small, f.e., in the case of a concentrated load, we put 

. mirb mvb j or r» 

sm- «- and 26go = P* 

a a 

Then, from expression (n), we obtain 

to 

fTijr \ fujr \ PO- + 1 . mire . mirx , . 

(Ma,)v-.0 = (My)y«0 = IT IT' 


which coincides with expression (e) of the previous article. 
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In the case of a load q uniformly distributed over the area of a 
rectangle (Fig. 71), the bonding moments for the portion of the 
plate for which y ^ d are obtained by integration of expressions 
(m) as follows: 






. mire . niTh . rmr? 
sin-sm - sin- 


a 


a 




I. 

__ 1 


-hd " 
-d 


du 


tn — l 


1 . mirc . mirh . mrrx 

sm-sin — sm - 

a a a 




mu (tj — d) 




niT 


+ (1 ~ v)(y + d) 


] rri-> y 

e 




. mrc . rnwh . nnrx 
sm - — sin — sm — 
a a a 


st.-ny,' 

m = 1 

- (• -- <«] 


mv{n — d) 


(145; 


~9 „ 1 / 


The moments for the portion of the plate for which y < d can be 
calculated in a similar manner. To obtain the moments along 
the x-axis, we have only to substitute d/2 for d and y in 
formulas (145) and double the results thus obtained. Hence 


/, ^ N 2<7a'Sr^ 1 mwe . mwb . rmrx 




f2a _ 

[— + (1 - 

“I mird\ 

- v)d e “ / 

\m7r 

LmTT 

J ; 


1 . rmrc . mirh . rmrx 


- sm — sm - 


m- 


a 


sm 


m«l 


/2- _ r2L« _ (1 - 

[rm \_mv J ; t 


( 146 ) 
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When d is very small, Eqs. (146) coincide with Eq. {n) if we 
observe that 2qd must be replaced in such a case by When d 
is very large, we have the deflection of the plate to a cylindrical 
surface, and Eqs. (146) become 




mirc . rriTb . mrrx 
-sin-sin- j 

d CL 0/ 


(Af»)y«0 



1 


mire . mirh . mirx 
-sin-sin-- 

CL CL CL 


The expressions for the deflections and bending moments in 
a plate of finite length can be obtained from the corresponding 
quantities in an infinitely long plate by using the method of 
imcLges,^ Let us begin with the case of a concentrated force P 

applied on the axis of symme¬ 
try X of the rectangular plate 
with sides a and h in Fig. 72a. 
If we now imagine the plate 
prolonged in both the positive 
and the negative 2 /-diroctions 
and loaded with a series of forces 
P applied along the line mn at a 
distance b from one another and 
in alternate directions as shown 
in P"ig. 726, the deflections of 
such an infinitely long plate arc 
evidently equal to zero along 
the lines AiBi, AB, CD, 
C\D\j . . . The bending moments along the same lines are also 
zero, and we may consider the given plate A BCD as a portion of 
the infinitely long plate loaded as shown in Fig. 726. Hence the 
deflection and the stresses produced in the given plate at the point 
of application 0 of the concentrated force can be calculated by 
using formulas derived for infinitely long plates. From Eq. (144) 
we find that the deflection produced at the a:-axis of the infi- 

1 This method was used by Dr. A. Nadai, see Z. angew. Math, Mech,y vol. 2, 
p. 1, 1922; and by M. T. Huber, see Z. angew. Math, Mech,y vol. 6, p. 228, 
1926. 
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nitely long plate by the load P applied at the point 0 is 


00 



1 . mire . 

^ sin-sin 

a 


m = i 


rMX 

a 


The two adjacent forces P applied at the distances h from the 
point 0 (Fig. 726) produce at the j*-axis tlu' deflection 


W2 




mirc,. . rriTX 

“(1 + 2a^)r sin —, 


in which, as before, 


_ mirh 
2a 


The forces P at the distance 26 from the point 0 produce at the 
a:-axis the deflection 


Wz 


P^ 

irm 




Sin-(1 + 4:am)e sin- j 

CL CL 


m = 1 


and so on. The total deflection at I he a'-axis will be given by 
the summation 

W = Wi + W2 + IVi + • • • . (p) 

Observing that 

1 — p—2am 

tanh am = - —r-= 1 — 2c"'-“”‘ + 2c"'*""* * ’ * , 

1 + r 

1 __ 4 __ 4£>-2a« 

cosh*-* am ~ (c""* + (1 + 

= 4c"-"’" (1 — 2^"^"”* + 3c"'*"’" — 4c"®"'" + '•*)» 


we can bring expression (p) into coincidence with expression (c) of 
the previous article. 

In calculating the stresses around the point of application of 
the load in the plate of finite length 6 we use Eq. (139) or (140) 
and calculate corrections corresponding to the action of the 
auxiliary forces shown in Fig. 726 by using Eqs. (138). Since 
the values of M entering into these equations diminish rapidly 
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as the distances of the forces from the point 0 increase, it will 
be necessary to consider only the first few forces near the point 0, 
The same method can be us('d when the point of application of 
P is not on the axis of symmetry (Fig. 73a). The deflections and 
moments can be calculated by introducing a system of auxiliary 

forces and using the formulas 
derived for an infinitely long 
plate. If the load is distributed 
over a rectangle, formulas (145) 
and (146) can be used for calcu¬ 
lating the bending moments pro¬ 
duced by actual and auxiliary 
loads. 

36. Thermal Stresses in Sim¬ 
ply Supported Rectangular 
Plates. —^Let us assume that the 
upper surface of a rectangular 
plate is kept at a higher tempera¬ 
ture than the lower surface so that 
the plate has a tendency to bend convexly upward because of non- 
uniform heating. Because of the constraint along the simply 
supported edges of the plate, which prevents the edges from 
leaving the plane of the supports, the non-uniform heating of the 
plate produces certain reactions along the boundary of th(' plate 
and certain bending stresses at a distance from the edges. The 
method described in Art. 24 will be used in calculating these 
stresses.^ We assume first that the edges of the plate are 
clamped. In such a case the non-uniform heating produces 
uniformly distributed bending moments along the boundary 
whose magnitude; is (see page 54) 



Mn 


atD(l + v) 

--, 


(a) 


where t is the difference between the temperatures of the upper 
and the lower surfaces of the plate and a is the coefficient of 
thermal expansion. To get the bending moments and My for 
a simply supported plate (Fig. 61), we must superpose on the 
uniformly distributed moments given by Eq. (a) the moments 
that are produced in a simply supported rectangular plate by the 
‘ See paper by J. L. Maulbetsch, loc, cit», p. 104. 
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moments it/' = —atD(l + v)/h uniformly distributed along the 
edges. We shall use Eqs. (114) (see page 100) in discussing this 
latter problem. Since the curvature in the direction of an edge 
is zero in the case of simply supported edges, we have Jl/J = 
Hence at the boundary 

^ _ M* + My _ + M\ atD{\ + v) 

^ -- -1 +r - h — 


Thus the first of the etpeitions ^114) is satisfied by taking M 
constant along the entire plate and equal to its boundary value 
(b). Then the second of tlie equations (114) gives 


_ 0:^(1 + v ) 

dy- h 


Hence the deflection surface of the plate produced by non-uniform 
heating is the sairu* as that of a uniformly stretched and uniformly 
loaded rectangular membrane and is obtained by finding the 
solution of Eq. (c) that satisfies the condition that za = 0 at the 
boundary. 

Proceeding as before, we take the detlection surface of the plate 
in the form 

w vji + tr 2 , id) 


in which Wi is the deflection of a perfectly flexible string loaded 
uniformly and stretched axially in such a way that the intensity 
of the load dividend by the axial force is equal to —at(l + v)/h. 
In such a case the deflection curve is a parabola which can be 
represented by a trigonometric series as follows: 


Wi = 


cyt(l + r) ^(« — Jr) 
h 2 


at{l + v) 4a- 




sin 


rmrx 

a 


h TT^ 

m »1,3,5, • 


(c) 


This expression satisfi(\s p]q. (c). The deflection which must 
satisfy the equation 
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can be taken in the form of the series 


00 

2 ^ . mvx f V 

YmSin—j (g) 

m-1,3,5, • • ‘ 


in which Ym is a function of y only. Substituting (g) in Eq. (/), 
we find 


Y 


n 

m 


m 

a- 


= 0. 


Hence, 

^ „ sinh cosh (A) 

CL CL 


From the symmetry of the deflection surface with respect to the 
x-axis it may be concluded that Ym must be an even function of 
y. Hence the constant Am in the expression {h) must be taken 
equal to zero, and we finally obtain 


W = Wi + W2 


mwx 

2 


a^(l + v) 4a^ 

h 


+ il„cosh^1- (i) 
a J ^ ' 


This expression satisfies the boundary conditions ic = 0 at the 
edges X = 0 and x = a. To satisfy the same condition at the 
edges 2 / = ±6/2, we must have 


Bm cosh 


rnwh 

Tz 


at(l + v) ^ 4o2 ___ 

h 


Substituting the value of Bm obtained from this equation in 
Eq. (z), we find that 

mTTXi 


at{l + j/)4a* 


sin 


cosh 




1 - 


mTy \ 

a 


1,3,5, 


cosh a„ 


U) 


in which, as before, am = mirbf2a. 

Having this expression for the deflections ic, we can find the 
corresponding values of bending moments; and, combining them 
with the moments (a), we finally obtain 
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■hjT _ OLtD{l + v) d^w , d^w) 

h + ^ 2 ; 


_ 4 :Dat(l — v^) 

irh 


atD{l + v) 


r,/d^W , d^w\ 


^ ai(l - v^)D _ 4Dat(l - p^) 
h irh 


. vnrx , miry 

sin-cosh —- 

a a 

m cosh am I 


. rmx , mTU 

sin-cosh — 

a a 

m cosh am 


The sum of the series that appears in these exjiressions can be 
readily found if we put it in the following form: 


m-1,3,5, - 


. rmrx , miry 

sin-cosh —- 

a a 

m cosh am 


- 2 


, “WTTX , WTTV 

Sin-cosh - 

a a 

m cosh am 


+ 2 


c . mirx 

- sin-• 

me^’” a 


The first series on the right side of this equation converges 
rapidly, since cosh (rrnry/a) and (‘osh a,„ rapidly approach 

miry 

e ® and e®” as m increases. The second series can be represented 
as follows.^ 


a 1 
- = arctan 
A 


tn- 1 , 3 , 5 . < 




^ See W. E. Byerly, “Elementary Treatise on Fourier Series and Spherical, 
Cylindrical and Ellipsoidal Harmonics,” p. 100, Boston, 1893. The result 
can be easily obtained by using the known series 

1 ^ 2a:sin^ , ‘ o . • r . 

- arctan --= a; sin ^ sin 3^ + — sin 5^ H- • • • . 

2 1 - 3 5 
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The bending moments Af* and My have their maximum values 
at the boundary. These values are 


(Afaj) b — (,M y') 
l /«±2 


at{l 


_= Eh^~ 

h 12 


(n) 


It is seen that these moments are obtained by multiplying the 
value of Mn in formula (a) by (1 — j/). The same conclusion is 
reached if we observe that the moments M' which were applied 
along the boundary produce in the perpendicular direction the 
moments 


M[ = i/M; = -v 


atD{l + v) 
h 


which superposed on the moment (a) give the value (n). 

36. Application of Finite Differences Equations to the Bending 
of Simply Supported Rectangular Plates. —In our previous dis¬ 
cussion (see Art. 24) it was shown that the differential equation 
for the bending of plates can be replaced by two equations each 
of which has the form of the equation for the deflection of a 
uniformly stretched membrane. It was mentioned also that this 
latter equation can be solved with suflScient accuracy by replacing 
it by a finite differences equation. To illustrate this method of 
solution let us begin with the case of a uniformly loaded long 
rectangular plate. At a considerable distance from the short 
sides of the plate the deflection surface in this case may be con¬ 
sidered cylindrical. Then, by taking the x-axis parallel to the 
short sides of the plate, the differential equations (114) become 

dm 

dx^ 
d^W 
dx^ 

Both these equations have the same form as the equation for the 
deflection of a stretched and laterally loaded flexible string. 

Let AB (Fig. 74a) represent the deflection curve of a string 
stretched by forces S and uniformly loaded with a vertical load of 
intensity q. In deriving the equation of this curve we consider 
the equilibrium of an infinitesimal element mn. The tensile forces 
at points m and n have the directions of tangents to the deflection 
curve at these points; and, by projecting these forces and also the 
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load g dx on the z-axis, we obtain 


„dw , cfdw , d^w j \ „ 

+ ^*^7 + g da: = 0, 

from which 

d^w __ __Q 
aa-2““g* 


ib) 

(c) 


This equation has the same form as Eqs. (a) derived for an 
mfinitely long plate. The deflection curve is now obtained by 
integrating Eq. (c) which gives the parabolic curve 

4 8 x(a — x) ... 

w =--7 (d) 


satisfying the conditions = 0 at the ends and having a deflec¬ 
tion 8 at the middle. 



The same problem can be solved graphically by replacing the 
uniform load by a system of equidistant concentrated forces 
qAx, Ax being the distance between two adjacent forces, and 
constructing the funicular polygon for these forces. If A (Fig. 
746) is one of the apexes of this funicular polygon and Sk^i and 
Sk are the tensile forces in the two adjacent sides of the polygon, 
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the horizontal projections of these forces are equal to S and the 
sum of their vertical projections is in equilibrium with the load 
q AXf which gives 

+ 9 Ax = 0. (p) 

Ax Ax ^ ^ ^ 

In this equation Wk^i, Wk and Wk+i are the ordinates corresponding 
to the three consecutive apexes of the funicular polygon, and 
{wk — ica;-i)/Ax and {wk+i — 'M?a)/Ax are the slopes of the two 
adjacent sides of the polygon. Equation (e) can be used in 
calculating the consecutive ordinates Wi^ 2 ^) 2 , , Wk-h 

Wk+h . . . , of the funicular polygon. For this purpose let us 
construct Table (/). 


0 

Wo 

Awq 


Ax 

Wi 











AWk-i 

AWk 


{k — l)Aa; 

Wk^l 


kAx 

Wk 

A^Wk 

{k -f 

Wk^l 






1 . 




The abscissas of the consecutive division points of the span are 
entered in the first column of the table. In the second column are 
the consecutive ordinates of the apexes of the polygon. Form¬ 
ing the differences of the consecutive ordinates, such as Wi — iCo, 
• • • , Wk — tCfc-i, Wk+i — Wk, • • • f we obtain the so-called 
first differences denoted by Ait;©, . . . , ^Wk, . . . , which 

we enter in the third column of the table. The second differences 
are obtained by forming the differences between the consecutive 
numbers of the third column. For example, for the point k 
with the abscissa fcAx the second difference is 

Ci^Wk = ^Wk — ^Wk^\ = Wk^i — Wk — {Wk — Wk-.i) 

« Wk^i - 2wk + Wk^i. (g) 
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With this notation Eq. (e) can be written in the following form: 




(h) 


This is a finite differences equation which corresponds to the 
differential equation (c) and approaches it closer and closer as the 
number of division points of th(‘ span increases. 

In a similar manne^r the differential equations (a) can be 
replaced by the following finite differences equations: 

A'^w 

Aj2 



To illustrate the application of these equations in calculating the 
deflections of the plate let us divide the span, ^ay, into eight 
equal parts, i.e., let Ao: = |a. Then Eqs. (i) become 


qa 

64 


A*^w = 


64I>* 


Forming the second differences for the consecutive division points 
Wij W 2 , Ws and in accordance with P]q. (g) and observing 
that in our case iCo = 0 and Mo = 0 and from symmetry wz = 
and Mz = Mb, we obtain the two following groups of linear 
equations: 


M 2 ~ 2Mi = 
Mz - 2M2 + Ml = 
Mi - 2M3 + M2 = 
Mz - 2 Mi + Ms = 


qa^ 

W 2 — 2w;i = 

Mia^ 

64D’ 

qa^ 

64’ 

Wz — 2ic2 + Wi = 

M 20 * 

64i)’i 

qa"' 

Wi — 2wz + W 2 = 

Mad^ 1 

64Z) ’1 

qa^ 

64"’ 

Wz — 2wi Wz = 

64Z)' 


U) 


Solving the first group, we obtain the following values for M: 
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These values coincide exactly with the values of the bending 
moments for a uniformly loaded strip, calculated from the 
known equation 




Substituting the values (k) for the moments in the second group 
of Eqs. (j), we obtain 

Wz — 2wi = 

Wz — 2w2 + Wi = — 6A^, 

Wi — 2w 3 + Wi = 

Wz — 2wi + = —SiV', 

where 


N = 


qa^ 

Wd' 


Solving these equations, wo obtain the following deflections at 
the division points: 

wi = 2\N, Wi = 38.5iV, = 50N, W 4 = 54N, (1) 

The exact values of these deflections as obtained from the known 
equation 


for the deflection of a uniformly loaded strip of length a, for pur¬ 
poses of comparison, are 


= 20.7iV, Wi = 38iNr, Wz = 49.4Ar, W 4 = 53.3iV. 

It is seen that by dividing the span into eight parts, the error 
in the magnitude of the maximum deflection as obtained from the 
finite differences equations (t) is about 1.25 per cent. By increas¬ 
ing the number of division points the accuracy of our calculations 
can be increased; but this will require more work, since the 
number of equations in the system (j) increases as we increase 
the number of divisions. 

Let us consider next a rectangular plate of finite length. In 
this case the deflections are functions of both x and y, and Eqs. (a) 
must be replaced by the general equations (114). In replacing 
these equations by the finite differences equations we have to 
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consider the differences corresponding to the changes of both 
the coordinates x and y. We shall use the following notations 
for the first difference's at a point Amn with coordinates mAx and 
nAy. The notation used in designating adjacent points is shown 
in Fig. 75. 

^x^m-~l,n ^m,n l.nj ^x^in,n ~ ^m+l,n ^m,nj 

Having the first differc'nces, we can form the three kinds of second 
differences as follows: 

Axx^^wn “ ^x^mn AxWm—\,n ~ ^mn 

'^^7n —1 ,t0 ”1” —!,/») 

I^yy^mn ” ^yWmn A^'?/\,i,m—1 ~ rn,n\\ '^mn 

mn —l) mn “1“ '^m,n — 

I^xy'^mn ~ ^y^mn ^tn.n+l 

““ ('W^»n~l,7i+-1 ^m—l,n) ^'m,n | 1 Wmn l.n-fl 

With these notations the difff'rential equations (114) will he 



replaced by the following differences equations: 

Axx'lV AyyW _ M 

Ax^ Ay^ ~ D 

In the case of a simply supported rectangular plate M and w are 
equal to zero at the boundary, and we can solve Eqs. (n) in 
succession without any difficulty. 

To illustrate the process of calculating moments and deflec¬ 
tions let us take the very simple case of a uniformly loaded 
square plate (Fig. 76). A rough approximation for M and w 
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will be obtained by dividing the plate into 16 small squares as 

shown in the figure, and by taking Ax = Ay = ~ in Eqs. (n). 

It is evident from symmetry that the calculations need be extended 
over an area of one-eighth of the plate only, as shown in the 
figure by the shaded triangle. In this area we have to make the 
calculations only for the three points 0, 1, 2, for which M and w 
are different from zero. At the remaining points 3, 4, 5, these 
quantities are zero from the boundary conditions. Beginning 
with the first of the equations (n) and considering the center of 
the plate, point 0, we find the following values of the second dif¬ 
ferences for this point by using Eqs. (m) and the conditions of 
symmetry: 

A*xAfo = 2Mi — 2Mo, 

AyyJkfo = 2Mi — 2Mo, 

in which Mi and Mo are the values of M at points 1 and 0, 
respectively. Similarly for the point 1 we obtain 

A,xAfi = Ms - 2Mi + Jlfo = -2Mi + Mo, 

AvyMi = 2M2 — 2 Mi. 

The second differences at point 2 can be calculated in the same 
way. Substituting these expressions for the second differences 
in the first of the equations (n), we obtain for the points 0, 1 and 
2 the following three equations: 

4Mi - 4Mo 

2 M 2 - 4Mi + Mo 

-4M2 + 2 Mi 

from which we find 


qa^ 

W 

qa^ 

W 

qa^ 

16' 



Ml 


7q^ 

2 64' 


M2 


4 64’ 


Substituting these values of moments in the second of the equa¬ 
tions (w), we obtain the following three equations for calculating 
deflections wq^ wi and W 2 : 
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where 


iwi — 4 m>o = —^N, 
2wi — iw\ + tOo = —\n, 
— 4^2 + 2wi = —^^N, 


Ar = -^-^ . 

16 • 64Z> 


From these equations we find the following values of the deflec¬ 
tions: 

Wo = wi = UN, v\ == UN. 

For the deflection at the center we obtain 


Wq 


= ^Ar = 
16 




= 0.00403^ = 0.0440^ 


16 • 16 • 64D 




D 


Eh^ 


Comparing this with the value 0.()443f/a^/£'/i^ given in Table 5, 
it can be concluded that the error of the calculated maximum 
deflection is less than 1 per cent. For the bending moment at 
the center of the plate we find 


M, = My = - 


+ v) 


1.3 

2 


9 

2 64 


= 0.0457(7a^, 


which is less than the exact value 0.0479^a‘^ by about 4J per cent. 
It can be seen that in this case a small number of subdivisions 
of the plate gives an accuracy sufficient for practical applications. 
By taking twice the number of subdivisions, i.e., by making 
Ax = Ay == luj the value of the bending moment will differ from 
the exact value by less than 1 per cent. 

From this simple example it can be seen that the use of the 
differences equations gives us a satisfactory result in the case of 
simply supported and uniformly loaded rectangular plates and 
may be applied in practical cases.^ 

1 Many numerical examples of this kind may be found in the book by 
Dr. H. Marcus, ‘^Die Theorie elastischer Gewebe,^^ 2d ed., Berlin, 1932; see 
also N. J. Nielsen, ‘^Bestemmelse af spaendinger i Plader,*' Copenhagen, 
1920. A method of successive approximations in using the finite differences 
equation was developed by H. Liebman, “Die angen&hertc Ermittlung 
harmonischer Funktionen und Konformer Abbildungen,^' Sitzungsh., Miinch- 
ener Akad.^ p. 385, 1918. The convergency of this method was discussed 
by F. Wolf, Z. angew. Math. Mech., vol. 6, p. 118, 1926; and by R. Courant, 
Z. angew. Math, Mech., vol. 6, p. 322, 1926. 
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37. Bending of Anisotropic Plates. —In our previous discus¬ 
sions we have assumed that the elastic properties of the material 
of the plate are the same in all directions. There are, however, 
cases in which an anisotropic material must be assumed if we 
wish to bring the theory of plates into agreement with experi¬ 
ments.^ Let us assume that the mater al of the plate has three 
planes of symmetry with respect to its clastic properties. Taking 
these planes as the coordinate planes, the relations between the 
stress and strain components for a case of plane stress in the 
xy-plane can be represented by the following equations: 


a. = + £"€„) 

(Ty = (a) 

Txy = Gyxy. ) 

It is seen that in the case of plane stress, four constants E', 
E" and G arc needed to characterize the elastic properties of a 
material. 

Considering the bending of a plate made of such a material, we 
assume, as before, that linear elements perpendicular to me 
middle plane (j^Z-plane) of the plate before bending remain 
straight and normal to the deflection surface of the plate after 
bending. Hence we can use our previous expressions for the 
components of strain: 


d^w d^w ^ d^w 

The corresponding stress components, from Eqs. (a), are 


(6) 


ax = 

ay = 


Txy = 


-z{f4 








- 2(?2 


d^w 
dx by 


(0 


With these expressions for stress components the bending and 
twisting moments are 


^ The case of a plate of an anisotropic material has been discussed by J. 
Boussinesq, J, maih., 3d series, vol. 5, 1879. See also Saint Venant’f 
translation of the book “Th6orie de r61asticit6 des corps solides,*^ by A. 
Clebsch, note 73, p. 693. 
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M. dz - | 

My = j.ayzdz = 

h 

= -J_,T^zdz = 2D^-^~, 


h 

^ 1 C\7\ 

xTxyZ dz — 2Z-)a;y-r-— 


in which 

I>x ji2 ' 12 ' 'l2 ' l2* 

Substituting expressions (147) in the differential equation of 
equilibrium (98), we obtain the following equation for anisotropic 
plates: 

i,,|| + 2(7). + 2Z>^)^ + p4-^ = ,. 


Introducing the notation 


we obtain 


H = 7)i + 2Dry, 


T^ I orr I 7 


In the particular case of isotropy we have 


jpt _ rpt _ ^ 


1-^2 


2(1 + P)' 


Hence 
Dy = Dy 


i2(f- v^y 


fl . D. + 2D„ - + j-®-) - 


12(1 - v^)' 


and Eq. (148) reduces to our previous Eq. (101). > 

Equation (148) can be used in the investigation of the bending 
of plates of non-homogeneous material, such as reinforced con¬ 
crete slabs, ^ which have different flexural rigidities in two 

^The application of the theory of anisotropic plates to reinforced con¬ 
crete slabs is due to M. T. Huber, who published a series of papers on 
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mutually perpendicular directions. The quantities D», Dy and 
Di can be calculated approximately for a reinforced concrete 
slab by the methods used in investigating the bending of rein¬ 
forced concrete beams, or they can be obtained with greater 
accuracy by experiment. The torsional rigidity D^y can be 
calculated approximately by taking the concrete only into 
account and using its shear modulus G, or a more accurate value 
can be obtained by direct test, as shown in Fig. 25c. 



Fio. 77. 


Equation (148) can also be applied to the gridwork system 
shown in Fig. 77. This consists of two systems of parallel 
beams spaced equal distances apart in the x- and ^/-directions 
and rigidly connected at their points of intersection. The 
beams are supported at the ends, and the load is applied normal 
to the xy-plane. If the distances ai and bi between the beams 
are small in comparison with the dimensions a and b of the 
grid, and if the flexural rigidity of each of the beams parallel 
to the x-axis is equal to Bi and that of each of the beams parallel 
to 2 /-axis is equal to Bzi we can substitute in Eq. (148) 



Dy 


B2 

ai’ 


The quantity Di in this case is zero, and the quantity D^y can 
be expressed in terms of the torsional rigidities Ci and Cz of the 


this subject. See Z. Osterr, Ing, u. Archil, Fcr., p. 667, 1914. The 
principal results are collected in his books: **Teorya Plyt,” Lwow, 1922, 
and ‘^Probleme der Statik technisch wichtiger orthotroper Flatten,** Wars¬ 
zawa, 1929. Abstracts of his papers are given in Camptea rendus v. 
170, pp. 611 and 1306. 1920; and v. 180, p. 1243, 1926. 
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beams parallel to the x- and y-axes, respectively. For this 
purpose we consider the twist of an element as shown in Fig. 
77b and obtain the following relations between the twisting 
moments and the twist d^w/dxdy: 


Mxy 


Cl d^w 
6 i dx dy^ 


Ci d‘*yj 
tt, dx dy 


Substituting these expressions in the equation of equilibrium (/) 
on page 87, we find that in the case of the system represented in 
Fig. 77a the differential equation of the deflection surface is 


hi dx^ \bi ai /dx^ dy^ Ui dy^ 


(148') 


which is of the same form as Eq. 148. 

Equation (148) can be solved by the methods used in the case 
of an isotropic plate. Let us apply the Navier method (sec 
Art. 27) and assume that the plate is uniformly loaded. Taking 
the coordinate axes as shown in Fig. 59 and representing the 
load in the form of a double trigonometric series, the differential 
equation (148) becomes 


d^w d^w 

dx* dx^ dy- "dy* 


16(7^ 

m — 1,3,5, • • • n 


2 


1 . 

— Sin 
mn 


triTX . HTU 

-- sin —, • 

a b 


(g) 


A solution of this equation that satisfies the boundary conditions 
can be taken in the form of the double trigonometrical series 


niTX . nwy 

amn Sin sin -y- {h) 

tn «* 1,3,5, • • • n *■ 1,3,5, • • • 

Substituting this series in Eq. {g), wc find the following expres¬ 
sion for the coefficients amn * 


dmn 


16yo _ 

X* /^*n _L 

mnl-^D, -f 


1 


2mW 

~a^ 


H + 
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Hence the solution of Eq. (gr) is 


w = 


I690 


2 2 


. rmrx . mry 

sm-sin — 

a 0 


in- 1 , 3 , 5 , • • ■ n-1,3,6, • • • 


(^D 

\o^ * 




F®') 


w 


In the case of an isotropic material = Dy = H = Dj and this 
solution coincides with that given on page 118. 

As a second example let us consider an infinitely long plate 
(Fig. 70) and assume that the load is distributed along the x-axis 
following the sinusoidal relation 


. rmrx 
q = qo sm- 


(i) 


In this case Eq. (148) for the unloaded portions of the plate 
becomes 


n ^ 4. 9/7 


- 4 . j) 


= 0. 


(k) 


A solution of this equation, satisfying the boundary conditions 
at the sides parallel to the 2 /-axis, can be taken in the following 
form: 

. niTX 

w = Ym sin-; (Z) 

a ' 


where Ym is a function of y only. Substituting this in Eq. (fc), 
we obtain the following equation for determining the function 




2H~Y» + D~Y„. = 0 . 


( to ) 


The roots of the corresponding characteristic equation are 



We have to consider the following three cases: 

(1) > D,Dy, (2) = DJ)y, (3) m < DJ)y, ( 0 ) 

In the first case all the roots of Eq. (n) are real. Considering 
the part of the plate with positive y and observing that the 
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deflection w and its derivatives must vanish at large distances 
from the load, we can retain only the negative roots. Using the 
notations 


0 = 


a 

1 

. . - \l 


TT 

Ih 

fH^ /)x 

D, ^\Dl 

\ 

Dy yj 

Dl Dy 


a 

1 

- - = \\ 

\h [H^ 

TT 

1 

Iff , , 

[IP D, 

D. yjDi 

>1 

s; + ^| 

Dl Dy 



the integral of Eq. (m) becomes 

my my 

= AmC “ + Bme ^ ; 

and expression (Z) can be represented in the form 
w = {A me “ + Bme ^ ) sin- 

Ctf 

From symmetry we conclude that along the x-axis 

=0 

WA-o 


and we find 


and 


Bm = 

a 


w 


, I -- 0 -~\ . micx 


(P) 


(9) 


The coefficient ^4 „ is obtained from the condition relating to the 
shearing force along the x-axis, which gives 


-M 

dy\ 


n I 


) ao . rmrx 

= —— sin- 

2 a 


Substituting for w its expression (g), we obtain 

_ _ aqoa^ 


Am^ 


2mWy{a^ - 0^) 2T^rrPD^{a^ - 
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and the final expression (q) for the deflection becomes 


w 


—Mi—fae 


my my 


Sin 


rmrx 

a 


(r) 


In the second of the three cases (o) the characteristic equation 
has two double roots, and the function Ym has the same form as 
in the case of an isotropic plate (Art. 34). In the third of the 
cases (o) the roots of the characteristic equation are imaginary, 
and Yfn is expressed by trigonometric functions. 

Having the deflection surface for the sinusoidal load (j), 
the deflection for any other kind of load along the x-axis can be 
obtained by expanding the load in the series 


Q 



sin 


m* 1 


mirx 

a 


and using the solution obtained for the load (j) for each term of 
this series. Hence, for > D^Dy the general solution is 


w = 


a2 - 02)^ 




miry 

■ « - ^e' 


. mwx 
^ ) sin-) 


(«) 


in which a and have the meanings given by Eqs. (p). 

Having this solution, the deflection of the plate by a load 
distributed over a rectangular area can be obtained by integra¬ 
tion, as was shown in the case of an isotropic plate (see Art. 34). 
By applying the method of images the solutions obtained for an 
infinitely long plate can be used in the investigation of the bend¬ 
ing of plates of finite dimensions.^ 


38. Rectangular Plates of Variable Thickness.^ —In deriving the differ¬ 
ential equation of equilibrium of plates of variable thickness, we assume that 
there is no abrupt variation in thickness so that the expressions for bending 
and twisting moments derived for plates of constant thickness apply with 
sufficient accuracy to this case also. Then 


1 Several examples of this kind are worked out in the books by Huber, 
loc, cit.y p. 190. 

* This problem was discussed by R. Gran Olsson, Ingenieur-ArchiVy vol. 5, 
p. 363, 1934; see also M. Eric Beissner, J, Math, Phys,y vol. 16, p. 43, 1937. 
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Substititing these expressions in the differential ef^iiation of ecjuilibrium of 
an element (Eq. {g), page 87), 


aWy 

dx^ dx dy dy^ 


(b) 


and observing that the flexural rigidity D is no longer a constant but a func¬ 
tion of the coordinates x and y, wc obtain 


dD d dD d 

DA Aw + 2- Aw -f 2-Aw; 

dx dx dy dy 


+ AD Aw 


_ (1 _ 

\dx^ 


„ dW dhn 

2 - 

dx dy dx dy 


+ 


dW d^w 
dy^ 


g, (149) 


where, as before, we employ the notation 


A --1- 

dx^ dy^ 

As a particular example of the application of Eq. (149) let us consider the 
case in which the flexural rigidity D is a linear function of y expressed in the 
form 

D = Dq -f- D\y^ (c) 

where /)o and Di are constants. 

In such a case Eq. (149) becomes 


(Do + D\y)AAw + 2Di — Aw; = g, 
dy 


A[(Do 4* Diy)Aw] = q. (150) 



Fig. 78. 


Let us consider the case in which the 
intensity of the load q is proportional to the flexural rigidity D. Wc shall 
assume the deflection of the plate (Fig. 78) in the form 


w; = w’i 4* 


and let Wi equal the deflection of a strip parallel to the aj-axis cut from the 
plate and loaded with a load of intensity 
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This deflection can be represented, as before, by the trigonometnc series 

1 + * * 

\ 1^0^/ 1 . rmrx 4qoa* 1 . wwrx 

(Do + Diy)T^ ** a tt^Dq a 

m»l,3,5, • • • m = l,3,5, • • • 

(e) 

By substitution we can readily show that this expression for Wi satisfies Eq. 
(160). It satisfies also the boundary conditions w ^ 0 and d^w/dx^ == 0 
along the supported edges x = 0 and x = a. 

The deflection W 2 must then satisfy the homogeneous equation 

A[(Do 4- Diy)Aw] = 0. (/) 

We take it in the form of a series 


W2 


00 


2 


__ . mirx 

Ym sin “• 
a 


(g) 


Substituting this series in Eq. (/), we find that the functions Ym satisfy the 
following ordinary differential equation: 


Using the notations 


tations 

( mV \ 

YZ- ^Y^h 


we find, from Eq. (/t), 


= am, 


(h) 

(t) 


Then, from Eq. (t), we obtain 

Y'^ - a^Ym 


AmC^-^V 4 - Bm e-^fnV 

Do + Diy 


The general solution of this equation is 


0 *) 


Ym - Cme^rnv + 4" ^m, (A;) 

in which gm is a particular integral of Eq. (j). To find this particular integral 
we use the Lagrange method of variation of constants; z.c., we assume that 
gm has the form 


gm “ ^mC«-»*' 4- 


(0 
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in which Em and Fm arc functions of y. These functions have to be deter¬ 
mined from the following equations.* 

E'^e^n,v 4- = 0, 

E' - F' c-.. = 

am{D, + l),y) 


from which 


~- 

F' == 


Am 4~ 

2ani(D(i + J)iy) 
__Am(;^n.y + Bm 
2oitn(Do + Diy) 


Integrating these equations, we find 

E 




A« + ^,nC Am. , ^ ^ ^ 

o ' ;7-> ~ T n == o~Tr 'n (^0 + 

2am{Do 4 * J^iy) 2<x„tDi l)i 

— 2am(Do-\-Diy) 

2<ir»Z)o 


Di 


F = - ( -I- H, 

” J 2am(Do + Doj 




? 


Di 


(ll2amiDo + Diy)] 


2arn{D -h/>i2/) 


//'/ ^ l''K 

y) 2a„Di I)i 


2(X,nBi 


^2a„ Dn 
Di 


f 


2am{po \ Diy) 
~Di 


d\2am(Do + Diy)] 


2am {Dq D I 


Sub‘=*tituting these (‘xpre^sioiis in I'xjs. (1) and (k) and using the notations* 
Et{u) = I ^ (In, Et(-u) = I ^ (/ m , 

,/ — ao %J ^ ^ 


we represent functions l'„, in tlie folloiMiig form: 
- ^;{io« + 1>,J) - S 




—^^(2>o+-Dll/) 2ofm 

log -1- I) 


ly) - E, 


2oi,„(7>o + ®i^l\ 

1 ~ Jf "' 


-2am(Do 

~~lh 


+ Cme^mV + Dme-^nfi. (m) 


The four constants of integration A Bj^y C\j are obtained from the 
boundary conditions along the bides y = 0 and y — b. In the case of simply 
supported edges these are 

^ E'yn F'y^ in the&c equations are the derivatives with respect to y of Em 
and Fm. 

* The integral Ei{u) is the so-called exponential integral and is a tabulated 
function; see, for instance, Jahnke-Emdc, “Tables of Functions,” 2d ed., 
p. 83, Berlin, 1933. 
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(»).-.-0, 

* V2/V 


MyJb 


yJb — 0 . 


The numerical results for a simply supported square plate obtained by 
taking only the first two terms of the series {g) arc shown in Fig. 79.^ The 


a1082 -J 

,0.0419 0.0220 

(a07S5) j 

/ 

0.8675 // 

{0.0770) j 

0.593S H 

■n 



(0.1526)// 

! 

0.509511 

(1.1521) jl 

1.4778 1 

(15187)9 ( 

1.6654 

12575) 

0.3270 

1 

(1.5156) j ( 

(I.5II6) |1 

IH 

0.3134] 

02787 


■■ 

t560«\ 1 

1396^\ 

m 



■1 


mjczammmm::' 

ujim. 



Moment My Moment Deflection 
Fig. 79. 


y = ac?/53 

y = 0.175 

y = 0.335 
y «= 0.4H 

0.653 

y = 0.612 

y^ 0.972 


deflections and the moments Mx and My along the line x ^ al2 for the 
plate of variable thickness are shown by full lines; the same quantities calcu¬ 
lated for a plate of constant flexural rigidity D ^ + D\h) are shown by 

dotted lines. It was assumed in the calculation that D\h « 7Do and 
y 0.16. 


1 These results are taken from R. Gran Olsson’s paper, loc. city p. 194* 
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RECTANGULAR PLATES WITH VARIOUS EDGE 
CONDITIONS 


39. Ben ^g of Rectangu l ar Plates bv Moments Distribu ted 
along the Edges. —Let us consider a rectangular 
plate supported along the edges and bent by 
moments distributed along the edges t/ = ±6/2 
(Fig. 80). The deflections w must satisfy the 
homogeneous differential equation 


dho , g d^w ^ 
dx* dy^ 


= 0 


(a) 


and the following boundary conditions. 


0 


1 

jOKS 

1 

f X 



-±~ 

1 

« 

-0|<N 

1 

< - a 

y 

—>. 



Fig. 80. 


ic = 0, 

= 0 for X = 0 and j = o: 
dx^ ^ 

Q>) 


ic = 0 for t/ = ±~; 

(c) 

1 h 

\^y }y-2 


id) 


in which /i and /2 represent the bending moment distributions 
along the edges y = ± 6/2. 

We take the solution of Eq. (a) in the form of the series 


w 




. mirx 

Sin -; 

a 


each term of which satisfies the boundary conditions (6). 
functions Ym we take, as before, in the form 

r, = sinh ^ cosh ^ + Cj^ sinh ^ 


(e) 

The 


+ dJ^ cosh ^ 
a a 


(/) 


which satisfies Eq. (a). 
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To simplify the discussion let us begin with the two particular 
cases: 

1 . The symmetrical case in wliich {My)y^b /2 = 6 / 2 - 

2 . The antisymmetrical case in which = -'{My)y,^/ 2 - 

The general case can be obtained by combining these two particu¬ 
lar cases. 

In the case of symmetry Ym must be an even function of 
and it is necessary to put Am — Dm = 0 in expression (/). 
Then we obtain, from Eq. (e), 



„ . lanl «. co»h M 

\ a a a / a 

m“l 

(h) 

We use the boundary conditions (d) to determine the constants 
Cm- Representing the distribution of bending moments along 
the edges y = ±6/2 by a trigonometric series, we have in the 
case of symmetry 

flO 

= f2(.x) = 2^”* W 

1 

where the coefficients Em can be calculated in the usual way for 
each particular case. For instance, in the case of a uniform 
distribution of the bending moments we have (see page 168) 
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(My) ^6 
V o 




1 . 

— Rin- 

m a 


m-1,3,6, • • • 


Substituting expressions (h) and (^) into (*ondition (d), we obtain 


, . mirx miro^ 

— 2D cosh am sin — = ^.Em sin- 

Cl a ^mmd Q 


from which 


2DmV cosh a„ 


00 . rmrx 

__ sin- 


2 - / 

^ ~ W- Eniam tanh am (•<)sh ^— 

2ir^D^^ cosh \ a 

m=» 1 

(151) 

a a / ^ ' 

In the particular case of uniformly distributed moments of 
intensity Mo we obtain, by using expression (j), 


2Moa^ 


m = l,3,5. 


Tnr cosh am\ a 


rmry . , nnry\ . rmrx 

- sinh ■—^ I sin-- 

a a / a 


The deflection along the axis of sj^mmelry {y = 0) is 

00 

. V 2Moa^ 1 Oim tanh am . rmrx 

(Wy-o = ,- 1 -sin- 

w^D cosh am a 

m = 1,3,5, • • • 

When a is very large in comparison with 6, we can put 


and cosh « 1. Then, by using series (j), wc obtain 


(^)y-O = 


1 . rmrx 1 Moh^ 
^ sin ^ ^ • 


m-1,3,6, 
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This is the deflection at the middle of a strip of length 6 bent 
by two equal and opposite couples applied at the ends. 

When a is small in comparison with b, cosh am is a large 
number, and the deflection of the plate along the x-axis is very- 
small. 

For any given ratio between the length of the sides of the 
rectangle the deflection at the center of the plate, from expression 
(A:), is 

00 

, ^ 2AfoO* 1 a« tanh a™ 

= 2l “ m.-cSSW."- 

W-1.3,5. • •• 

For a square plate we obtain from this series 


(w) 


V“0, X 


0.0368 


Jlfoo* 

D 


It is seen that the deflection of a strip of length a is about three 
and one-half times that of a square plate of dimension o. Having 
expression (151) for deflections, we can obtain the slope of the 
deflection surface at the boundary by differentiation and we 
can calculate the bending moments by forming the second 
derivatives of w. 

Let us consider now the antisymmetrical case in which 


Mx) = -Mx) = ^.gmsin 

m* 1 

In this case the deflection surface is an odd function of y, and 
we must put 5m = Cm = 0 in expression (/). Hence, 

<e 

w^y,(A„ sinh ^ + dJ^ cosh sin 

^mmm (X CL CL ^ CL 

tn*! 

From the boundary conditions (c) it follows that 
Am sinh a„ -f- D„a„ cosh am = 0, 

Dm --^ tanh amAm, 


whence 
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and 

w - =3 - -5- cosh sin ?‘2. 

\ Cl oim a a / a 

m-l 

The constarts are obtained from conditions (d), from which 
it follows that 


, mTX 'cciicx 

sinh am tanli a,;* sm-== >jBmSm- 

am a a 


max 1 


Hence, 


m«= 1 


>4 = ft’_ 


27 r 2 D sinh am tanh a„ 


and 






En 


sinh a 

WIX® 1 


(oLm coth am sinh 
»\ ® 

cosh sin (152) 

a a / a ^ 


We can obtain the deflection surface for the general case 
represented by the boundary conditions (d) from solutions (151) 
and (152) for the symmetrical and the antisymmetrical cases. 
For this purpose we split the given moment distributions into a 
symmetrical moment distribution My and an antisymmetrical 
distribution My, as follows: 

= M/i(:*^) +f 2 {x)], 

(m;') I = -(m;') = §[/i(x) -Mx)i 


These moments can be represented, as before, by the trigono¬ 
metric series 


m-«l 

00 

W* 1 


Sin 


niTX 


sin 


niTX 


a 


(f) 
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and the total deflection is obtained by using expressions (151) 
and (152) and superposing the deflections produced by each of 
the two foregoing moment distributions (i). Hence 


mirx 




rmrx 


m*l 


sinh ^ 1 + . . 
a ^ i 


f-(“- 

in am\ 


coth sinh 


miry 

a 


^eosh^y. 

a n /. 


(153) 


If the bending moments My = Em sin —^ an* distributed 

m 1 

only along the edge y = 5/2, we have/^(r) = 0,Em = E'm = h^m’, 
and the deflection in this case Ix'comes 


w 


“’“-’S' 

m = l 
miry 
a 


Em sin 


VITX 


g r i( 

[cosh a A""* 

-h—(“ 
mh am\ 




tank am f*osh — 


coth am sinh 


rri'Ky 


a 

rmry\] 


cosh —^ I 1 * 
a n / J 


(154) 


Solutions (151) to (154) of this article will be applied in the 
investigation of plates with various edge conditions. 

40. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Clamped. —Assume that 
the edges x = 0 and x = a of the rectangular plate, shown in 
Fig. 80, are simply supported and that the other two edges are 
clamped. The deflection of the plate under any lateral load can 
be obtained by first solving the problem on the assumption that 
all edges are simply supported and then applying bending 
moments along the edges y = ±6/2 of such a magnitude as to 
eliminate the rotations produced along these edges by the action 
of the lateral load. In this manner many problems can be solved 
by combining the solutions given in Chap. V with the solution of 
the previous article. 
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Uniformly Loaded Plates .—^Assuming that the edges of the 
plate are simply supported, the deflection is [see Eq. (126), 
page 128] 


w 


in-1,3.5, 


-i sin 1 - + 2 rr^ 

a \ 2 cosh a 


2 cosh a 


_^/sinh^\ (a) 

a a / ^ ' 


and Ihe slope of the deflection surface along the edge ?/ = 5/2 is 



[am — ianh Q:,n(l + tanh am)l (5) 

To eliminate this slope and thus to satisfy the actual boundary 
conditions wc distribute along the edges y = ±5/2 the bending 
moments My given by the series 


/ \ T-r rmrx , v 

m = 1,3,5, • • 

and we determine the coefficients Em so as to make the slope 
produced by these moments equal and o})posite to that given by 
expression (5). Using ex})ression (151)^ for the deflection 
produced by the moments, we find that the corresponding 
slope along the edge y = 5/2 is 


a 


sin 


mrx 

a 


m 


E,„[tanh tanh am ~ 1) — cxm]. (d) 


m = 1,3,5, • • * 


Equating the negative of this quantity to expression (5), wc 
find that 


B 


^qa"^ am — tanh am(l + o^m ta nh am) ^ 
ttW am — tanh am(«m tanh am — 1) 




^ From the symmetry of the deflection surface produced by the uniform 
load it can be concluded that only odd numbers 1, 3, 5, . . . must be taken 
for m in expression (151). 
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Hence the bending moments along the bui^t-in edges are 




sin- 


_tt w ~ tanh "I- ctm tanh « m) 

am — tanh «»,(«»»tanh 1) 


if) 


m = 1,3,5, 


The maximum numerical value of this moment occurs at the 
middle of the sides, where x = a/2. Series (/) converges rapidly, 

Table 22. —Constants a, pi and P2 for a Rectangular Plate with 

Two Edges Simply Supported and Two Edges Clamped; v « 0.3 

b > a 
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and the maximum moment can be readily calculated in each 
particular case. For example, the first three terms of series 
(f) give — O.OTOga^ as the maximum moment in a square plate. 
In the general case this moment can be represented by the 
formula where is a numerical factor the magnitude of 

which depends on the ratio a/b of the sides of the plate Several 
values of this coefficient are given in Table 22. 

Substituting the values (e) of the coefficients in expression 
(151), we obtain the deflection surface produced by the moments 
My distributed along the edges 


miror 


W\ = 


2qa^ 


sin 


cosh a„ 


m = 1.3.5. 


am — tanh am(l + (Xm tanh am) / mwy 
am ““ tanh oLm^^m tanh am 1) \ ^ ^ 


tanh ( 


cosh 2a). 


(S) 


The deflection at the center is obtained by substituting x = a/2, 
2 / = 0 in expression ijg). Then 


00 m— 1 

/ N ___ 2qa^ ( —1) ^ am ta nh am 

[Wijwmx. ~ 

1.3.5, • • • 

am tanh am(^^ “h otm tanh am') 
am — tanh am{am tanh am — 1) 

This is a very rapidly converging series, and the deflection can be 
obtaiiKid with a high degree of accuracy by taking only a few 
terms. In the case of a square plate, for example, the first term 
alone gives the deflection correct to three significant figures, and 
we obtain, for v = 0.3, 

Wi = 0.0234^,- 


Subtracting this deflection from the deflection produced at the 
center by uniform load (Table 5, page 133), we obtain finally 
for the deflection of a uniformly loaded square plate with two 
simply supported and two clamped edges the value 


w = 0.0209 


qa^ 
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In the general case the deflection at the center can be represented 
by the formula 

qa^ 

y) == -• 

Eh^ 

Several values of the numerical factor a are given in Table 22. 

Substituting expression {g) for deflections in the known 
formulas (99) for the bending moments, we obtain 




My 


Qo . mirx 

sin 

2qa^ _ g OLm ~ tanh ^^(1 + Q?m tanh a m) 

cosh am cim — tanh am{otm tanh am — 1) 

1,3,5, • • • 

1(1 _ 

( a a 

— [2v + (1 — v)otm tanh am] cosh (h) 

a ) 

00 . rmrx 

2qa^ ^ -- tanh am(l H“ OLm tanh am) 

IT® m® cosh am OLm — tailh am{cLm tanh am — 1) 

w» 1,3,5, • • • 

( a a 

+ [2 — (1 — J')am tanh am] cosh (i) 


The values of these moments at the cente^r of the plate are 


Af* = 


m — \ 

(- 1 ) 2 


My = 


2qa?‘ ^__ 

TT® m® cosh am 

m = 1,3,5, • • • 

am — tanh am(l + am tanh am)ro \ \ i. u i 

-+ (1 - ^)«m tanh am , 

am — tanh am(am tanh am — 1) 

00 m—1 

2qa^ ^ _ 

T® m® cosh am 

W=: 1,3,5, •• 

OLm tanh am(l "f" Olm tanh amjrn /<! \ i. U 1 

-—L- 1 -T—V-r\l2 — (1 — v)am tanh am]. 

OLm tanh ami^OLm tailh am 1) 


These series converge rapidly so that sufficiently accurate values 
for the moments are found by taking only the first two terms in 
the series. Superposing these moments on the moments in a 
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simply supported plate (Table 5), the final values of the moments 
at the center of the plate can be represented as follows: 

M, = 0iqa\ My = (j) 

where jSi and P 2 are numerical factors the magnitude of which 
depends on the ratio b/a. Several values of these co(‘fficients 
are given in Table 22. 

Taking the case of a square plate, we find that at the center 
the moments are 

Mx = 0.0244rya‘^ and My = 0 . 0332 ^ 0 ^ 

They are smaller than the moments Mx = My = 0.0479ga2 
at the center of the simply supported square plate. But the 
moments My at the middki of the built-in edges are, as we have 
seen, larger than the vahu' 0.0479^a2. Hence, because of the 
constraint of the two edges, the magnitude of the maximum 
stress in the plate is increasc^d. When the built-in sides of a 
rectangular plate are the longer sides (6 < a), the bending 
moments at the middle of these sides and the deflections at the 
center of the plate rapidly approach the corresponding values 
for a strip with built-in ends as the ratio b/a decreases. 

Plates under Hydrostatic Pressure ,—The deflection surface of 
a simply supported rectangular plate submitted to the action 
of a hydrostatic pressure, as shown in Fig. 64 (Art. 30), is 


w 




(- 1 )" 




2 + am tanh am rmry 

cosh am ® 


, 1 nmy . , miry\ . nvKX 

H-- - sinh —- ) sin- 

cosh am a a / a 


The slope of the deflection surface along the edge y = 6/2 is 


® 

2 m-1 

This slope is eliminated by distributing the moments My given 
by series (c) along the edges y = ±b/2 and determining the 
coefficients Em of that series so as to make the slope produced by 
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the moments equal and opposite to that ^ven by expression 
(fc). In this way we obtain 

I 

^ _ 2 goo’‘( —— tanh a„.(l -4-1 «■» tanh «») 

” ir®m* a„ — tanh a„(am tianh am — 1) 

Substituting this in series (c), the expression for bending moments 
along the built-in edges is found to be 


i^v)ym±i/2 


2qoa^-^ 

m-» 1 


( —sin 


mirx 

a 


OLm tiftnh. OLm Otff^ 

Otm t&nll tftllh Ctm 1) 


The terms in series (i) for which m is even vanish at the middle 
of the built-in sides where x = a/2, and the value of the series, 
as it should, becomes equal to one-half that for a uniformly 
loaded plate [sec Eq. (/)]. The series converges rapidly, and the 
value of the bending moment at any point of the edge can be 
readily obtained. Several values of this moment are given in 
Table 23. 


Table 23.—Bending Moments My along the Built-in Edges 


h/a 

X ** «/4 

X * a/2 

* = 3a/4 

00 

-0.0395oa* 

- 0 0629 oa* 

- 0 . 05590 a* 

2 

- 0 037^oa* 

- 0.0609oa* 

- 0 . 05390 a* 

i 

0.032^oa* 

0 05290 a* 

- 0 . 04890 a* 

1 

- 0 . 02090 a* 

0 03590 a* 

- 0 . 03590 a* 

i 

-O.O 2 I 906 * 

0 041 9 « 6 * 

- 0.0489o6* 

i 

- 0 , 021906 * 

0. W2q(h^ 

-O.O 62906 * 

0 

-0 021906 * 

- 0 . 042906 * 

-O.O 62906 * 


Concentrated Force Acting on the Plate .^—In this case again 
the deflection of the plate ^S/dBtained by superposing on the 
deflection of a simply supported plate (Art. 33) the deflection 
produced by moments distributed along the clamped edges. 
Taking the case of a centrally loaded plate and assuming that 
the edges y = ±h/2 are clamped, we obtain the following 

^ See author's paper, he. cit., p. 166. 
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expression for the deflection under the load 

2 ~ cosh" a™) 

00 

^ I.. _tanh;«„_1 

4 w sinli a:,n eosK «,n + amj ^ 

m = 1.3.r.. * 

The first sum in the parentheses corr(‘sponds lo the deflection of 
a simply supported plate [m*(‘ Eq. (132), page 158], and the 
second represents the deflection due to the action of the moments 
along the clamped edges. Foi* the ratios b/a = 2, 1, ^ and | the 
values of the expression in the parentheses in Eq. (m) are 0.238, 
0.436, 0.448 and 0.449, respectively. 

To obtain the maximum stress under the load we have to 
superpose ( a the stresses calculated for the simply supported plate 
the stresses produced by the following moments: 




My = 


m«e 1,3,5, 


tanh 


4a siiih a,n cosh am + 


[2p + (1 — v)am tanh am],\ 
tanh 


in) 


p ^ _lanh a„ _ 

4a sinh «», cosh + am 

[2 — (1 — v)am tanh a™]. 


m-1,3,5, • • 


For a square plate the.se moments are 

Mx = -0.0505P, = -0.0308P. 

The moment at the middle of the clamped edges of a square 
plate is 

= -0.166P. 

The calculations show that this moment changes only slightly as 
the length of the clamped edges increases and becomes equal to 
-0.168P when a/b = 2. 

41. Per tnngiilar Plates with Three Edges Simnlv Supp orted 
and One Eggn-Built In. —^Let us consider a rectangular plate 
built in along the edge y ~ bl2 and simply supported along the 
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other edges (Fig. 80). The deflection of the plate under any 
lateral load can be obtained by combining the solution for the 
plate with all sides simply supported, with solution (154) for the 
case where bending moments are distributed along one side of 
the plate. 

Uniformly Loaded Plates ,—The slope along the edge y = 6/2 
produced by a uniformly distributed load is 



[am — tanh UmiX + oLm tanh «,„)]• («) 

The moments My = 'LEm sin {micxId) distributed along the side 
y = 6/2 produce the slope^ [see Eq. (154)] 


I = ^ '^^Em(oLm tanh^ am 

h 4irD m a 

^"2 ••• 

— tanh am + oim coth^ am coth am 2am)» (6) 

From the condition of constraint these two slopes are equal in 
magnitude and of opposite signs. Hence, 



E 


8qa^ 

TT^m® 


_ ot m - tanh amjl + am tanh a m) _ 

am tanh^ OLm tanh am “b otm COth^ otm coth am 


2a„ 


(c) 


and the expression for the bending moments along the side 
y = 6/2 is 




b 

2 


8qa^ 2 

»n« 1,3,6, 


1 . mwx 

a 


_ am — tanh am(l + o^m tanh am) _ 

am — tanh am{otm tanh a^ — 1) + am — coth am(am coth am 


“ 1 ) 
(d) 


Taking a square plate, as an example, the magnitude of the 
bending moment at the middle of the built-in edge from expres- 


' Only odd numbers must be taken for m in this symmetrical case. 
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sion {d) is found to be 

{My) 6 „ = -0.084^a2. 

2 /= 2'^“2 

This moment is numerinally laiger than the moment -O.OTOga^ 
which was found in the previous article for ft square plate with 
two edges built in. Sevc^ral valm^s of ihe moment at ih(‘ middle 
of the built-in side for various values of the ratio a/h are given 
in Table 24. 

Table 24 . —Deflections and Bending Moments in a Rectangular 
Plate with One Kdge Built In and the Three Others Simply 

8lPPORTED 

V = 0.3 


h/a 

('Ul)z—«/2)i/“0 

(J/ p) j—o/2>»—6/2 

1 

(A/^ z)x—a/2>y-.0 

i^I y) xmma/2tv^0 

00 

' O.U2qa*/Eh^ 

-0 126qa’ 

0.125ga* 

0.037ga2 

2 

0.101 qa'/Eh^ 

-Q.\22qa’ 

0.094g«2 

0.047ga2 

1.5 

Q.m)qa*/Eh^ 

-0 112g«« 

0.069?rt* 

0 048go2 

1.4 

0.063 qa*/EE> 

-0.109?a* 

0.(X)3gff2 

0.047ga* 

1 3 

0.066 qa*/Eh? 

-0.104ga2 

0 05Gga2 

0.045ga* 

1.2 

0.0^7 qa*/Eh’ 

-0 098ga2 

0 049ga^ 

0.044ga* 

1.1 

0 038 qa’/Eh’ 

-0 092ga2 

0.041ga2 

0 042ga* 

1.0 

0.030 q<i'/Eh’ 

-0 084ga2 

0.034ga2 

0.039ga2 

1/1.1 

0.036 qh*/Eh’ 

-0 091 g6‘- 

0 033g52 

0 043g62 

1/1.2 

0.038 qb*/Eh’ 

-0 098g6* 

0.032g62 

0.047g62 

1/1.3 

0.041 qb*/Eh’ 

-0 103g62 

0 031g62 

0 050g62 

1/1.4 

0.044 q¥/Eh< 

-0.108g62 

0 030g62 

0.052g62 

1/1.5 

0.046 qb*/h:h’ 

-0.ing62 

0.028g62 

0 054g62 

0.5 

0.053 qb*/Eh’ 

-0.122g52 

0.023g62 

0.060g62 

0 

0.057 qb’/Eh’ 

-0.125g52 

0.019g62 

0.062g52 


Substituting (,ho values (c) of the constants Em into expression 
(154), we obtain the deflection surface produced by the moments 
of constraint, from which the deflection at the center of the 
plate is 

00 m—1 

. . a* (-1)'^ Emam t&nh. am f . 

^ '’cosh a™ ' 

For a square plate the first two terms of this series give 
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Subtracting this deflection from the deflection of the simply 
supported square plate (Table 5), we find that the deflection at 
the center of a uniformly loaded square plate with one edge built 
in is 

Values of deflection and bending moment for several other values 
of the ratio a/b obtained in a similar way are given in Table 24. 

Plates under Hydrostatic Pressure .—If the plate is under a 
hydrostatic pressure, as shown in Fig. 64, the slope along the 
edge y = 6/2, in the case of simply supported edges, is (see page 
209) 

00 

(l^) 6 “ 

*'“2 m»l 


The slope produced by bending moments distributed along the 
edge 1 / = 6/2 is 

00 

( dw\ a 1 . mvx^ / X 1 o XI 

-by) , = S„(a„tanh=a„-tanh«„ 

*^*2 »n = l 

+ an, eoth^ an, — coth am — 2am). {g) 

From the condition of constraint along this edge, we find by 
equating expression {g) to expression (/) with negative sign 

^ _ 4goa2 (-!)’”+! 

oin, tanh am(l am tanh am) 
am tanh^ am — tanh am + coth*-* am — coth am 2am 

Hence the expression for the bending moment My along the edge 
y == 6/2 is 

00 

(My) b == —j-* - 1 — sin- 

_ am ~ tanh am(l + am tanh am) _ 

tXm ~ tanh am(am tanh am — 1) + am — coth am(am coth am — 1)* 

ih) 
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This series converges rapidly, and we can readily calculate the 
value of the moment at any point of the built-in edge. Taking, 
for example, a square plate and putting x = a/2, we obtain for 
the moment at the middle of the built-in edge the value 

(My) h a = ~0.042g'oa2. 

This is equal to one-half the value of the moment in Table 24 
for a uniformly loaded square plate, as it should bo. Values of 
the moment {My)y^hn several poinis of the built-in edge and 
for various values of the ratio h/a are given in Table 25. It is 
seen that as the ratio h/a decreases, the value of My along the 
built-in edge rapidly approaches the value —qJb^x/Sa^ which is the 
moment at the built-in end of a strip of length h uniformly 
loaded with a load of intensity q^x/a. 


Table 25 . —Values of the Moment My along the Built-in Edge 

y^h/2 


h/a 

X ~ a/4 

X ~ a/2 

X — \a 

00 

-0,0393oa* 

— 0.062goa2 

-0.0553oa» 

2 

-0.0383(KJ* 

-0.061g(«* 

—0.05390a* 

I 

—0.034goa* 

—0.05690a* 

—0.05090a* 

1 

— 0.0257oa2 

—0.04290a* 

—0.04030O* 

i 

-0.030go5* 

-0.056906* 

-0.060go5» 


-0.031go52 

-0.061906* 

-0.0733o5* 

0 

-0.031go62 

-O.O62906* 

-0.094go6s 

42. Rectangular Plates with 

Two Opposite 

Edees Simplv 


Supporte d^ the E dge Free and the Fourth Ed ge Built In or 
Simply Supported. —Assume that the edges x = 0 and x = a are 



Fig. 81 . 


simply supported (Fig. 81a). The edge 2 / = 6 is free, and the 
edge y = 0 is built in. In such a case the boundary conditions 
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are 


W = Oy 
W = Oy 


d^w 

dx^ 

dw 

dy 


== 0 for X = 0 and x = a] 
= 0 for 2 / = 0; 


(a) 

(b) 


and along the free edge [see Eqs. (106), (107), page 90] 


/ , 
w 


= 0 - 


d^w 

_dy^ 


+ (2 - .) 


d^w 
dx^ dy 


= 0 . 

_ J/mib 


(c) 


Let us consider the particular case of a uniformly distributed 
load. In such a case we proceed as in Art. 29 and assume that 
the total deflection consists of two parts, as follows: 


W = Wl + W2y 


where represents the deflection of a uniformly loaded and 
simply supported strip of length a which can be expressed by the 
series 


Wi = 


iqa ^ 

ir^D 


y - 


. rmx 
sin-> 


m-1,3,5, • • 

and W 2 is represented by the series 


(d) 


2 ,, . imx 

sm 

m-1.3,5, • • • 

where 

cosh ^ sinh ^ 

D\ a a a 

+ C„ sinh ^ + dJ^ cosh 

a a a / 


ic) 


if) 


Series (d) and (e) satisfy the boundary conditions (a), and the 
four constants in expression (/) must be determined so as to 
satisfy the boundary conditions (6) and (c). Using the condi¬ 
tions (b)y we obtain 


4 

jr‘TO«’ 


(ff) 


A. 


Cm = -I>«. 
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From the remaining two conditions (c) we find 


Bm = 


(3 + i')(l — v) cosh^ + 2v cosh Pm 

_ “1 ( 1 _ “ 

(3 + >')(! ~ p) cosh^ Pm+ {i — v)^Pi + (1 + pY 

4 


(3 + v){l — v) sinh pm cosh pm + *^<,1 + p) siiih pm ] 

_ 7 — P)Pm cosh pm — (1 —JPYfim 

(3 + v){l - v) cosh^ P~+{\- vYPl + (1 + vY 


where pm = mirbla. 

Substituting the constants (g) and (h) in Eq. (/) and using 
series (e) and (d), we obtain the expression for the deflection 
surface. The maximum deflection occurs in this case at the 
middle of the unsupport('d edge. If th(' length b is very large 
in comparison with a, f.c., if the free edge is far away from the 
built-in edge, the deflection of the free edge is the same as that 
of a uniformly loaded and simply supported strip of length a 
multiplied by the constant factor (3 — j/)(l •+• v)/(3 + v). 
Owing to the presence of this factor, the maximum deflection 
is larger than that of the strip by 6 4 per cent for v = 0.3. This 
fact can be readily explained if w^e observe that near the free 
edge the plate has an anticlastic deflection surface. 

Taking another extreme case, when a is very large in com¬ 
parison with bj the maximum deflection of th(» plate evidently is 
the same as for a uniformly loaded strip of length b built in at 
one end and free at the other. Several values of the maximum 
deflection calculated^ for various values of the ratio b/a are 
given in Table 26. In the same table are given also the maximum 
values of bending moments which can be readily calculated from 
the expression for the deflection surface. The calculations show 
that (M*)max. occurs at the middle of the unsupported edge. 
The numerical maximum of the moment My occurs at the middle 
of the built-in edge. 

If the plate is bent by a load distributed along the free edge, 
instead of by a load distributed over the surface, the second 
of the boundary conditions (c) must be modified by putting the 


^ This table was calculated by Boobnov, loc, ci^., p. 3. 
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intensity of the load distributed along the free edge instead of 
zero on the right side of the equation. The particular case of a 
concentrated force applied at the free edge of a very long plate 
was investigated (Fig. 816).^ It was found that the deflection 

Table 26.—Deflections and Bending Moments for a Uniformly 
Loaded Plate with Two Opposite Edges Simply Supported, the 
Third Edge Free and the Fourth Built In 
v = 0.3 


b/a 

Wrmu . 

1 X = a/2, 2/ = 6 

ii 

11 

o 



0 

1 37 qb^/E¥ 

0 

-0.6OO952 

i 

l.(i3qb*/Eh’> 

0.0078ga2 

Cl 

00 

0 

1 

i 

0 635 qb*/Eh» 

0 0293ga2 

-0 319g62 

i 

0.366 qb*/Eh^ 

0 0558ga2 

-0 22796* 

1 

0.123 qb*/Eh^ 

0 0972ga* 

j ~0 n9qb^ 

f 

0.154 qa*/Eh> 

0 123ga2 

-0.1249a2 

2 

0.164 qa*/Eh’‘ 

0 mqa ^ 

-0.1259a* 

3 

0.166 qa*/Eh’‘ 

0.133ga2 

-0.1259a* 

00 

0.mqa*/E¥ 

0.133ga2 

-0.1259a* 


along the free edge can be represented by the formula 

Ph^ 

(.W)y^ = k^- 

The factor k rapidly diminishes as the distance from the point 
A of application of the load increases. Several values of this 
factor are given in Table 27. 


Table 27 


X 

0 

5/4 

bl2 

5 

25 

k 

0.527 

0,470 

0.380 

0.213 

0.050 


The bending moment My along the built-in edge is a maximum 
at 0 where its numerical value is = — 0.508P. 

The case of a uniformly loaded rectangular plate simply 
supported along three edges and free along the edge y — b (Fig. 

^See C. W. MacGregor, Mech, Engineering^ vol. 67, p. 225, 1935; also 
D. L. Roll, J. Awl MecK vol. 4, p. 8, 1937. 
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81a) can be treated in the same manner as the previous case in 
which the edge 2 / = 0 was built in. It is necessary only to 
replace the second of the boundary conditions (6) by the condition 

[(^)+<5S)L - »• 

Omitting the derivations, we give here only the final numerical 
results obtained for this case. The maximum deflection occurs 
at the middle of the free t'dge. At the same point the maximum 
bending moment Mx ta.k(‘S place. These values of deflections 
Wmmx. and are given in t,he second and third columns 

of Table 28.^ The last two columns give the bending moments 
at the center of the plate. 

Table 28.— DEFLErTioNs and Rending Moments in Uniformly Loadf'j 
Rectangular Plates with Three Kdges Simply Supported and 
THE Fourth Edge P'ree 
1 / - 0.3 


b/a 

X = a/2, 7/ = 6 

X == a/2, y = b/2 

'U^nuut. 

(3/*),nax. 


My 

X 

2 

0.077!) ga*/Eh’> 

0.OGOga* 

0.039ga2 

0.022ga2 

7 

3 

0.1057 qa*/Eh^ 

0.083ga2 

0.055ga2 

0.030ga* 

1 / 1.4 

O.U\7 q(i*/Eh^ 

0 . 0889 a’ 

0.059ga* 

0.032ga2 

1 / 1.3 

0.1102 qa*/Eh^ 

0.094ga® 

0.064gtt2 

0.034ga* 

1/12 

0.1205 qa*/E¥ 

O.lOOga* 

0.069ga® 

0.036ga* 

in.i 

0.1345 qa*/Eh^ 

0.107ga2 

0.074ga2 

0.037ga* 

1 

0.1404 qa*/Eh^ 

0 . 1129 a’ 

0.080ga* 

0 . 03990 * 

1.1 

0.1404 qa*/Eh^ 

0.117go2 

0 . 08590 ’ 

0.040ga* 

1.2 

0.1511 qa*/Eh>, 

().121ga2 

0 . 0909 a’ 

0.041go* 

1.3 

0.1547 qa*/E¥ 

0.124ga* 

0.09490’ 

0.042ga* 

1.4 

0.1575 9aVB/t* 

0.126ga2 

0 . 09890 ’ 

0.042ga* 

1.5 

0.1596 9(1 

0.128ga2 

O.lOlgo* 

0.042ga» 

2 

0.1646 9aVBfc» 

0.132ga2 

0 . 11390 ’ 

0.041ga2 

3 

0.1660 9a VBA’ 

0.133ga2 

0 . 12290 ’ 

0.039ga* 

00 

0.1662 9a VBA’ 

0.133ga2 

0 . 12590 ’ 

0.037ga* 


43. Rectangular Plate s w ith T wo Fdges Rimply 

Supported'anffTne Other Two^Edges Suppoi±ed_Elastically.— 

' This table was calculated by B. G. Galerkin; see BulL Polytech, InsLy 
voL 26, p. 124, St. Petersburg, 1915. 
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Let us consider the case where the edges a; = 0 and x ^ a 
(Fig. 80) are simply supported and the other two edges are sup¬ 
ported by elastic beams. Assuming that the load is uniformly 
distributed and that the beams are identical, the deflection 
surface of the plate will be symmetrical with respect to the 
x-axis, and we have to consider only the conditions along the 
side y = 6/2. Assuming that the beams resist bending in 
vertical planes only and do not resist torsion, the boundary 
conditions along the edge y = 6/2, by using Eq. (108), are 



where El denotes the flexural rigidity of the supporting beams. 
Proceeding as in the previous article, we take the deflection 
surface in the form 


where 


W = Wi + W2^ 


ib) 


and 


Wi 




m 


2 


1 . mwx 

—; sin- 

a 


(r) 


“a - (^'O 

m-1,3,6, • • 

From symmetry it can be concluded that in expression (/) of the 
previous article we must put Cm = Dm = 0 and take 

cosh ^ sinh ic) 

D\ a a a / ^' 

The remaining two constants Am and Bm are found from the 
boundary conditions (o) from which, using the notations 

mtrb _ El _ ^ 

2o “ o5 “ 
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we obtain 

-4m(l — )/) cosh dm + Bm[2 cosh a!„ + (1 — v)am sinh «„] = 

—4m[(l — v) sinh + mn\ cosh a™] + 5m[(l + i') sinh Om 
— (1 — v)am cosh dm — rnirXdm sinh £*„] = 


Solving these equations, we find 


II 

4 







Kl + 

v) sinh 

Otm 

Ki 

- p)am cosh 

am — mic\{2 cosh am 








+ am sinh am) 


(3T^ 

Ofi - » 

0 sinh 

OLm 

cosh OLm — 

(1 

— v)'^am 

U / 







+ 2m7rX cosh^ am 


R 

4 


Kl 

— v) sinh 


+ mTrX cosh Om 

(a'^ 

J-*m 

mV® 

(3 + . 

')(! 

— v) sinh 

Otm 

cosh ~ (1 — vYom' 


+ 2niv\ cosh* dm 


The deflection surface of the plate is found by substituting these 
values of the constants in the expression 


W = Wi + Wi 


D ^ 

m-1,3,5, 



+ cosh ^ 
a 

^ sinh ^ sin 
a a / 


rrnrx 

a 


(h) 


If the supporting beams are absolutely rigid, X == oo in expres¬ 
sions (/) and {g) and Am and Bm assume the same value as in 
Art. 29 for a plate all four sides of which are supported on rigid 
supports. 

Substituting X = 0 in expressions (/) and (gr), we obtain the 
values of the constants in series (A) for the case where two sides 
of the plate are simply supported and the other two are free. 

The maximum deflection and the maximum bending moments 
are at the center of the plate. Several values of these quantities 
calculated for a square plate and for various values of X are given 
in Table 29.^ 


^ The table was calculated for the writer by K. A. Cali^ev, Mem. Inst. 
Engineers of Ways of Communication j St. Petersburg, 1914. More recently 
the problem was discussed by K. Muller, Ingemeur-Archiv^ vol. 2, 1932, 
p. 606. The tables for non-symmetrical cases are calculated in this paper 
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Table 29.— Deflections and Bending Moments at the Center of a 
Uniformly Loaded Square Plate with Two Edges Simply Sup¬ 
ported and the Other Two Supported by Elastic Beams 

V = 0.3 


X « EIlaD 

^maz. 



00 

0.0443 ga*/Eh> 

0.0479go* 

0 0479ga* 

100 

0.0447 qa*/Eh> 

0.0481^0* 

0 . 04773 a* 

30 

0.0454 qa*/Eh> 

0.0486go» 

0 . 047330 * 

10 

0.0474 

0.0500ga® 

0.046530* 

6 

0.0495 qa*/Eh> 

0.0514ga2 

0 . 04553 a* 

4 

0.0515 qa*/E¥ 

0.0528ga* 

0 . 04473 a* 

2 

0.0578 qa*/Eh> 

0.0571ga2 

0.041930* 

1 

0.0681 qa*/Eh> 

0.0643ga2 

0 037630 * 

0.5 

0.0826 qa*/E¥ 

0.0744ga2 

0 03153 a* 

0 

0.1430 qa*/Eh^ 

0.1IGOgo^ 

0 . 00573 a* 


Rectangular Plates with all Edges Buil t In.^ —In discussing 
this problem, we use the sanie method as in the cases considered 
previously. We start with the solution 
of the problem for a simply supported 
rectangular plate and superpose on the 
deflection of such a plate the deflection of 
the plate by moments distributed along 
the edges (see Art. 39). These moments 
we adjust in such a manner as to satisfy 
the condition dic/dn = 0 at the boundary 
of the clamped plate. The method can be applied to any kind of 
lateral loading. To simplify our discussion we begin with the case 
of a uniformly distributed load. The deflections and the moments 

1 For the mathematical literature on this subject see “Encyklopadie der 
Mathematischen Wissenschaften,” vol. 4, art. 25 (Tedone-Tirape), pp. 165 
and 186. The recent references on the same subject are given in the paper 
by A. E. H. Love, Proc. London Math, Soc., vol. 29, p. 189. The first numer¬ 
ical results for calculating stresses and deflections in clamped rectangular 
plates were obtained by B. M. Kojalovich in his doctor^s dissertation, St. 
Petersburg, 1902. Further progress was made by J. G. Boobnov, who 
calculated the tables for defiections and moments in uniformly loaded 
rectangular plates with clamped edges; see Boobnov^s ‘^Theory of Struc¬ 
tures of Ships,*^ vol, 2, p. 465, St. Petersburg, 1914. The same problem was 
discussed also by H. Hencky in his dissertation “Der Spannungszustand in 
rechteckigen Flatten,“ Miinich, 1913. Hencky’s method was recently used 
by I. A. Wojtaszak, J, Appl Mech., vol. 4, p. 173, 1937. The numerical 
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Fig. 82. 
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in this case will be symmetrical with respect to the coordinate axes 
shown in Fig. 82. The deflection of a simply supported plate, as 
given by Eq. (126) (page 128), is represented for the new coordi¬ 
nates in the following form: 


Aqa* 


00 

"SJ ( — 1) ^ wir.f/ am tanh£>:„ +2 , nviry 

wt° a \ 2 cosh am a 


m-1,3,5, 


+ 


1 


2 cosh am a 


a / 


(a) 


where am = inTbl2a. The rotation at the edge y = 6/2 of the 
plate is 



tt^D 



rriTX 

cos- 

a 


m* 1,3,6, 


[am — tanh am(l + otm tanh am)] 

m_— I 

(-1)“^'' 


nr 


cos 


rmrx/ am 
a Vcosh^ am 


tanh am 




(b) 


Let us consider now the deflection of the plate by the moments 
distributed along the edges y = ±6/2. From considerations of 
symmetry we conclude that the moments can be represented 
by the following series: 


(M„),.i‘= 2 (-D^^'^^cos^. (c) 

m= 1,3,5, ••• 

The corresponding deflection Wi is obtained from expression (151) 
by substituting x + a/2 for x and taking m = 1, 3, 5, • • * . 


results obtained by Wojtaszak in this way for a uniformly loaded plate 
coincide with the values given in Boobnov's table. Our further discussion 
makes use of the method that was developed in the writer's paper, Proc, 
5th Intern. Cong. Appl. Mech., Cambridge, Mass., 1938; the method is more 
general than those previously mentioned; it can be applied to any kind of 
loading, including the case of a concentrated load. 
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Then 


Wi = — 


TO —1 


2t»2> 


( — 1 ) 2 

EmAr—^ - COS 


TO-1,3,5, • 


mwx/ mwy . , rmry 

« ^ -1 —- Sinn —- 

cosh Om a \ a a 

— Om tanh am cosh 


(d) 


The rotation at the edge y = 6/2, corresponding to this deflec¬ 
tion, is 



2kD 


E„. 


TO— 1 
■ 1 ) 2 


m 


cos 


-1.3,5, • 


mKx(, , 

-Itanh 

a V 




+ 


Otm 

cosh^ a 



(c) 


In our further discussion wc shall need also the rotation at the 
edges parallel to the 2 /-axis. Forming the derivative of the 
expression (d) with respect to x and putting x ^ al2j we obtain 


fe') » 2 E. -' 

\dx/x^l 2 tD m cosh am\ a a 

00 

n7ry \ ^_ 1_ ^ _ Em _ 

a / 42) cosh^ am 

TO-1,3,5, • • • 

^6 sinh am cosh — 2y cosh am sinh (/) 


TO-1,3,5, • 


— am tanh am cosh 


The expression in parentheses is an even function of y which 
vanishes at the edges y = ±6/2. Such a function can be repre¬ 
sented by the series 


2 


iry 


i cos -y (g) 

<-1,3,6, • •• 

in which the coefficients Ai are calculated by using the formula 

, h 


Ai = IJ* j^^6 sinh cosh 


2y cosh a„ sinh cos 
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from which it follows that 


At =-r—r-5 -2 -^"5 COSh^ am- 

mV /h^ 2*2 Y 

\a^ rny 

Substituting this in expressions (g) and (/), we obtain 



In a similar manner expressions can be obtained for the deflec¬ 
tions W 2 and for the rotation at edges for the case where moments 
Mx are distributed along the edges x = ±a/2. Assuming a 
symmetrical distribution and taking 


(iWx)*-±“= 2 (t) 

m = 1,3,5, • ♦ 

we find for this eas(', by using expressions (e) and (/i), that 


00 m — l 


\dx 

b 

2rD 

2 

-1) 

m 

cos^^^^tanh j3m 




“1,3,5, • • • 








. \ 
^ cosh® /3„/ 

O') 

where 

1 

II 

and that 




( dw^ 
\dy/v-l 

_ 4a^ 

w^Db 

oo 

rn^ 

00 

2 

1-1 

z'( —1) ^ ixx 

(a^- a • 

(fc) 


m 

«1,3,5, • • 1 = 

= 1 • • 

\b® m®) 



When the moments (c) and (i) act simultaneously, the rotation 
at the edges of the plate is obtained by the method of superposi¬ 
tion. Taking, for example, the edge y = b/2, we find 
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00 

(^ 4. _rr 

\dy ^ dy)y.\ 2 kD Za 

^ in-1.3,5, • •• 


*n —1 

(- 1 ) ^ 
m 


cos 


rmrx 

a 


( 


tanh an, + 


Otm 


-) 


4a^ 

wWb 




cosh® am/ 

i-l 

t-(-l) 2 


m» 1,3,5, • 


t“ 1,3,5, 


(t + ilV 

\b^ ^ my 


cos 


nrx 


(0 


Having expressions (6) and (Z), we can now derive the equations 
for calculating the constants Em and Fm in series (c) and {i) which 
represent the mome^nts acting along the edges of a clamped 
plate. In the case of a clamped plate the edges do not rotate. 
Hence, for the edges y = ±6/2, we obtain 


'dw\ , I 


= 0 . 


(m) 


In a similar manner, for the edges x = ±a/2, we find 


'dw\ / dm , dwA 

Vax 


= 0. 


(n) 


If we substitute expressions (6) and (Z) in Eq. (m) and groups 
together the terms that contain the same cos (wx/a) as a factor 
and then observe that Eq. (m) holds for any value of x, we can 
conclude that the coefficient by which cos (tVx/o) is multiplied 
must be equal to zero for each value of i. In this manner we 
obtain a system that consists of an infinite number of linear 
equations for calculating the coefficients Ei and F* as follows: 


4ga^ 


TT® i 


K: 


— tanh oi 
cosh^ ai 


) 


^ \ cosh^ ai/ irb 

m-1,3,5, • 


rrv 




= 0. (o) 


A similar system of equations is obtained also from Eq. (n). 
The constants Ei, Ez, , Fi, Fz, . . . can be determined in 

^ It is assumed that the order of summation in expression (Z) is inter¬ 
changeable. 
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each particular case from these two systems of equations by the 
method of successive approximations. 

To illustrate this method let us consider the case of a square 
plate. In such a cas(‘ the distribution of the bending moments 
along all sides of the square is the sanm*. Hence Ex = and 
the two systems of equations, numtioned above, are identical. 
The form of the equations is 



Substituting the numerical values of the coefficients in th^sf 
equations and considering only the first four coefficients, we 
obtain the following system of four equations with four unknown 
Elf Ezf and Et\ 


l.S0S3E^\+0.07&4Es +0M88E, +0.0071J?7 = 0.667715: 
0.0764£i +0.4045A’3l +0.0330£6 +0.01 .WSt = 0.01 232X . , 

0 . 0188^^1 +0.i)33()Ez +0.2255£.m +0.0163^:7 = 0.00160X 
0.0071J51 +0.0159£^3 +0.0163^5 +0.1558£;7 = 0.00042ii:, 


where K = —Aqa-lwK It may be seen that the terms along the 
diagonal have the largest coefficients. Hence we obtain the first 
approximations of the constants Ei, , . . , Ej hy considering 
on the left sides of Eqs. (p) only the terms to the left of the heavy 
line. In such a way we obtain from the first of the equations 
El = 0.3700ii. Substituting this in the second equation, we 
obtain Ez = — 0.0395ii. Substituting the values of Ei and Ez 
in the third equation, we find Es = —0.01801^. From the last 
equation we then obtain Ej = —0.0083IT. Substituting these 
first* approximations in th(' terms to the right of the heavy 
line in Eqs. (p), we can calculate the second approximations, 
which are Ei = 0.372215:, Ez = -0.038015:, Ez = -0.017815:, 
Ef = — 0.00851f. Repeating the calculations again, we shall 
obtain the third approximation, and so on. 

Substituting the calculated values of the coefficients E\f 
Ezf , , , in series (r), we obtain the bending moments along 
the clamped edges of the plate. The maximum of the absolute 
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value of these moments is at the middle of the sides of the square. 
With the four Eqs. (p) taken, this value is 

\My\^^h ,^o = 1^1 -Ez + E,- E^l = 0.0517ffa2. 

The comparison of this result with Boobnov’s tabic, calculated 
with a much larger number of equations similar to Eqs. (p), 
shows that the error in the maximum bending moment, by taking 
only four Eqs. (p), is less than 1 per cent. It may be seen that wo 
obtain for the moment a series wdth alternating signs, and the 
magnitude of the error depends on the magnitude of the last 
of the calculated coefficients Ei, E'a, . . . . 

Substituting the values of Ei, ^^ 3 , . . • in expression (d), we 
obtain the deflection of the plate produced by the momc'iits 
distributed along the edges y = ±h/2. For the center of the 
plate (x = y = 0) this deflection is 




2ir^D ^ m^cosh'a.. 


m-l.3,5, ••• 


-0.0153 


qa* 

Efv^' 


Doubling this result, to take into account tlie action of the 
moments distributed along the sides x = ±a/2; and adding 


Table 30. —Deflections and Bending Moments in a Uniformly 
Loaded Rectangular Plate with Built-in Edges 
= 0.3 


h/a 

(U?)x-0.i,-0 

(ill x}xwma/2,Um.O 

(_]^f y)xmmO-Vm»h/2 

{M V-O 

{My)^ «(> j;_0 

1.0 

0.0138 qa^/Eh^ 

-0.0513ga* 

- 0 . 05135 a* 



1.1 

0.0164 9o<7M5 

-0.0581ga2 

- 0 . 05385 a* 

0.026450* 

0 . 02315 a* 

1.2 i 

0.0188 

-0.0339ga* 

— 0 . 055450 * 

0.0299ga* 

0 . 02283 a* 

1.3 

0.0209gaViS//»’ 

-0.0687ga* 

—0.056350* 

0.0327ga‘ 

0 . 022230 * 

1.4 

0.0226 qa^/Eh^ 

~0.0726ga2 

— 0 . 056850 * 

0.0349go’ 

0 . 021230 * 

1.5 

0.0240 

-0.0757^a* 




1.6 

0.0251 

-0.0780ga2 

- 0 . 05715 a* 

0.0381?o* 

0 . 019330 * 

1.7 

0.0260 

-0.0799ga* 

- 0 . 05715 a* 

0.0392ga» 

O.OI 8230 * 

1.8 

0.0267 

-0.0812ga* 

-O.O 57 I 50 * 

0. 04013 a* 

0 . 01743 a* 

1.9 

Q.m2qa^/Eh? 

-0.0822ga* 

-O.O 57 I 50 * 

0.0407ga» 

0.01653a* 

2.0 

0.0277 qa*/Eh^ 

-0.082950* 

- 0 . 05715 a* 
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to the deflection of the nimply supported square plate (Table 6 ), 
we obtain for the deflection at the center of a uniformly loaded 
square plate with clamped edges 

= (0.0443 - 0.0306)^“', = 0.0137^,- ( 3 ) 

Similar calculations can be made for any ratio of the sides 
of a rectangular plate. The results of these calculations are 
given in Table 30.^ 

As a second example let us consider bending of a rectangular 
plate with clamped edges by a load P concentrated at the center. 
Wc begin again with tlu^ case of a simply supported rectangular 
plate. Using the results of Art. 32, wc find from expression (/) 
(see page 148) for the unloaded portion of the plate and for > 0 


w 


- 2('‘- »»'■ "l- +»- »"'■ T + ’‘"'I' T 

m*=»l 

?7rw\ . mwx f V 

—- ) sin-(r) 

a ) a 




When the plate is loaded along a narrow strip of the width hi 
extended along the x-axis, the constants AJ,,, . . . , calculated 

from the general expressions on page 150, are 


I' = 


rrmhiOm 


u 


BL= - 


4a cosh am\ 
Tnwbiarn 


si nil 


Oim 


4a 


C' = - 


cosh 
mwb idfn 

4a 


am}' 


tanh 


DL = 


mirbiOm 
4a ' 


where, for a concentrated load P at the c,enter of the plate, 


m— 1 

^ 2Po»(-l) 


Substituting into expression (r), we find 

^ The table was calculated by T. H. Evans; see /. Appl. Meek., vol. 6, 
p. A-7, 1939. 
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W = 


Po* 

27 r»Z) 


w — l 

(- 1 ) " 


sin 


mTX 




sinh 


m-1,3,5, 


cosh 


a Lcosh am\ 

'l cosh 53! - sinh S! - 22? tanh a. rinh ^ 
a a a a 


+ ^-2/^osh (s) 

a O' j 


Taking the coordinate axis as shown in Fig. 82, we must substitute 
X + a/2 for x in expression (s), and we obtain 


w 


QO 

Pa^ 1 rmx\ (. , 

= crm “5 cos- I tanh 

2v^D rn? a L\ 

,) 


dm 


m*1.3.5. • ■ 


dm 

cosh^ < 


, miry . , mvy 
cosh —- — sinh —- 
a a 


^ tanh sinh ^ cosh 

a a a 


^1 

a J' 


The angle of rotation along the edge y = 6/2 is 


00 

_ Pa ^ 




cos 


1,3,5, • 


r mrx a m tanh Om 
a cosh Om 


(0 


To calculate the bending moments along the clamped edges we 
proceed as in the previous case and obtain the same two systems 
of Eqs. (m) and (n). The expressions for wi and are the same 
as in the previous case, and it will be necessary to change only 
the first term of these equations by substituting expression (<), 


instead of 


sion for 


\^yl 

\dx). 


a/2 


in Eq. (to), and also a corresponding expres- 


in Eq. (n). 


For the particular case of a square plate, limiting ourselves to 
four equations, we find that the left side of the equations will be 
the same as in Eq. (p). The right sides will be obtained from the 
expression (<), and we find 
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1.8033JSi+ 0.0764^:3+ 0.0188J?5 + 0.0071J5?7 = “0.1828P, 

0.0764JS7i + 0.4045^^3 + * O.OSSO^b + 0.0159iS?7 = +0.00299P, 

0.0188jE;i + O.O 33 OJB 3 + O. 2255 P 5 + 0.0163P7 = ~0.000081P, 

O.OO 7 IB 1 + O.OI 59 P 3 + 0.0163^5 + 0.1558^7 = +0.000005P. 

Solving this system of equations by successive approximations, 
as before, we find 

El = -0.1025P, Ez = 0.0263P, Pg = 0.0042P, 

P 7 == 0.0015P. 

Substituting these values in expression (c), the bending moment 
for the middle of the side y = 5/2 can be obtained. A more 
accurate calculation^ gives 

{My) 5 ^ - ~0.1257P. 

Comparing this result with that for the uniformly loaded square 
plate, we conclude that the uniform load produces moments at 
the middle of the sides that are less than half of that which the 
same load produces if concentrated at the center. 

Having the moments along the clamped edges, we can calculate 
the corresponding deflections by using Eq. (d). Superposing 

Table 31 . —Bending Moments at the Middle of Longer Sides and 
Deflections at the Center of a Rectangular Plate Loaded at 

THE Center 
V = 0.3 


h/a - 

1 

1.2 

1.4 

1.6 

1.8 

2 

M - 

~0.12''i7P 

-0.1490P 

-0.1604P 

-~0.1C51P 

-0.1607P 

-0.1C74P 

w « 

PaS 

0.0611^, 

Pa^ 

0.0700^, 

Pa* 

0.0755^3 

Pa* 

0-0777^,ra 

Pa* 

0 0786^3 



deflections produced by the moments on the deflections of a 
simply supported plate, we obtain the deflections of the plate 
with built-in edges. By the same method of superposition the 
other information regarding deflection of plates with built-in 

^In this calculation seven equations, instead of four equations taken 
above, were used. 
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edges under a central concentrated load can be obtained. Some 
results of such calculations are given in Table 31.* 

It is seen that the moment and the deflection approach 
rapidly constant values, corresponding to 6/o = «, as the ratio 
b/a increases. 

45. Continuous Rectangular Plates. —A rectangular plate of 
width b and length = Ui + 02 + os supported along the edges 
and also along the intermediate lines ss and tt, as shown in Fig. 83, 
forms a simply supported continuous plate. The bending of 
each span of such a plate can be readily investigated by combining 





(W 


Fia. 83. 


Ti 


the known solutions for laterally loaded, simply supported 
rectangular plates with those for rectangular plates bent by 
moments distributed along the edges. 

Let us begin with the symmetrical case in which 


dl = (12 “ ~ Ct 

and the middle span is uniformly loaded while the side spans are 
without load (Fig. 836). Considering the middle span as a 
simply supported rectangular plate and using expression (6) of 
the previous article (see page 223), we conclude that the slope of 
the deflection surface along the edge X 2 = a/2 is 

1 The table was calculated by Dana Young, J, Appl Mech.^ vol. 6, p. 
A-114, 1939. To obtain the moments with the four correct figures it was 
necessary to use in this calculation seven coefficients E and seven coefficients 
F in Eqs. (m) and (n). 
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where /3m = mvafOb. Owing to the continuity of the plate, 
bending moments Mx arc distributed along the edges X 2 = ±a/2. 
From symmetry it is seen that these moments can be represented 
by the following series: 

00 

2 (b) 

m = 1,3,5. 

The deflections Wi produced by these moments can be obtained 
from Eq. (151), and the corresponding slope along the edge 
X 2 = a/2 [see Eq. (e), page 224] is 


00 m — 1 

_L 'S? F (-iUT 

2tD ^ m 

^ m=“l,3,5, • • 

c» ^(tanh A. + (») 

From the condition of continuity we conclude that the sum of 
expressions (a) and (c) representing the slope of the plate along 
the line X 2 = a/2 must be equal to the slope along the same line 
of the deflection surface of the plate in the adjacent span. Con¬ 
sidering this latter span as a simply supported rectangular plate 
bent by the moments (b) distributed along the edge Xs = —a/2, 
we find the corresponding deflection W 2 of the plate by using 
Eq. (154) (see page 204) from which follows 


W2 


^62 ^ 
4ir^D 


Er. 


cos 


m—l 

mry (-1) ^ 
b m? 


m-l.S.S, • • • 

- “‘I-w 
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The corresponding slope along the edge Xz = —a/2 is 
00 

Vax,A.._| ~4Ti) ^ 

* m*> 1,3,5, • • • 

cMh^(tanhS. + cothA, + j^--(.) 
The equation for calculating the coefficients Em is 
( «_ / 

\dX2/xa*-^ \to2/xa-| \^^3/j-a“—^ 

Since this equation holds for any value of y, we obtain for each 
value of m the following equation 


2qb^ l( 0^ 
m^xcosh^ 

b Em( 

4tD m\ 
from which 


tanh ^ J 2^^ + cosh” /3„ 


tanh pm + coth pm + 


cosh^ p^ sinh^ j8« 


_ Pm - tanh P m eosh^ Pm _, v 

’ 3 tanh Pm cosh^ pm + coth Pm cosh^ p^ + ZPm — Pm coth^ ft 

It is seen that Em decreases rapidly as m increases and approaches 
the value —2qb^lTr^m^, Having the coefficients Em calculated 
from (g), we obtain the values of the bending moments Mx along 
the line tt from expression (6). The value of this moment at 
y = 0, i.e,, at the middle of the width of the plate, is 




m* 1,3,6, • • • 

Taking, as an example, 6 = a, we have pm = mv/2^ and the 
formula (g) gives 

= _?£^ o . 1555 , Ei = -^ 0 . 0092 , 


E, - -522^.0020, 

lS.,-0- -O-OSSllia’. 
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If a side span is uniformly loaded, as shown in Fig. 83c, the 
deflection surface is no longer symmetrical with respect to the 
vertical axis of symmetry of the plate, and the bending moment 

distributions along the lines ss and tt are not identical. Let 

00 

2 fn — i 

(-1) 2 E„ cos 

m » 1,3,r>, . . 

30 

2 -F,„cos^- 

m - 1 3,5» • • ■ 

To calculate the coefficients Em and Fm wo derive two systems 
of equations from the conditions of eontinuity of the deflection 
surface of the plate along the lines ss and tt. Considering the 
loaded span and using expressions (a) and (c), we find that the 
slope of the deflection surface at the points oi the support ss, 
for ai = 02 = as = o, is 



00 jn- 1 

/^\ ^ ^ ^ rnwy/ pm 

tt^D b \cosh^ 

2 m-1,3,5, ••• 

oo m - 1 

— tanh ^ eJ- — cosh ’^^^tanh 

m = l,3.r>. • • • 

Considering now the middle span as a rectangular plate bent by 
the moments Mx distributed along the lines ss and tt and given 
by the series (h), we find, by using ICq. (153) (see page 204), 




j_'s iziyj-.cos^ 

4irD m ‘ 5 . 

m* 1,3,5, • • • 




+ ^’m) 






cosh* A 

+ {E„ - 


+ tanh iS, 


■) 


coth j8„-r 


J8™ 


sinh* /3, 


:)} « 


From expressions (i) and (j) we obtain the following system of 
equations for calculating coefficients Em and 
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+ Em(Bm + Cm) = — Bm(Em + •f’m) 
where the following notations are used: 


CmiEm - Fm), (fc) 


= —fe -5 -tanh /3«, 

cosh* /3„ 

Cm = 


B. 


| 3 tn 


sinh* |8„ 


\cosh* /3„ 
— coth /3„. 


+ tanh /3, 




(0 


The slope of the deflection surface of the middle span at the sup¬ 
porting line tty by using expression O’), is 






h 


m 


+ F^) 


c 


/3« 


2 

*n» 1,3,5, • • • 

tanh + {F i 


- Em){i 




coth /3m — 




:)]■ 


^cosh2/3,n • sinh^iS^ 

This slope must be equal to the slope in the adjacent unloaded 
span which is obtained from expression (c) by substituting F^ for 
Em. In this way we find the second system of equations which, 
using notations (Z), can be written in the following form: 

Bm{Em + Fm) + Cm{Fm ^ Em) ^ ^ {Bm + Cm)Fm 
From this equation we obtain 

rp _ jp _ ^f n _Bm 

^ - ^^”^2iBm + Cm) 

Substituting in Eqs. (ifc), we find 

Sqa^ 2(Bm + Cm) 


(m) 

(n) 


Em — An 


(o) 

their 


Vm^ {Cm - Bm)^ - HBm + Cm)^ 

Substituting in each particular case for Amt Bm and Ct 
numerical values, obtained from Eqs. (Z), we find the coefficients 
Em and Fm] and then, from expressions (h), we obtain the bending 
moments along the lines ss and it. Take, as an example, 6 = a. 
Then Pm = mir/2, and we find from Eqs. (Z) 

Ai = -0.6677, Bi = -1.1667, Ci = -0.7936, 

Az = -0.9983, Bz = -1.0013, Cz = -0.9987. 

For m larger than 3 we can take with sufficient accuracy 

Am — Bm — Cm — 1 • 

Substituting these values in Eq. (o), we obtain 
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8ga‘ 


0.1720, Ei 


-^^^0.2496, 


- 


^5^ 


).2500. 


The moment at the middle of the support ss is 




= {El — Ez + Ez * ' ) “ —0.0424^a^. 


For the middle of the support U we obtain 

(Mx) a = (Fi - Fa + ■ 


) = 0.00429a2. 




__ 

1 1 

IS 

— 1 — 


1 [ 

1 

1 

(N 

( I op 

_ 1 0^+, 

1 

_♦ 

) 1 

XI 1 



1 1 

y Is 

y j 

-Q|<N 


i+r 


Having the bending monu nts along the lines of support, the 
deflections of the plate in each span can readily be obtained by 
superposing on the d(‘fleetions 
produced by the lateral load the 
deflections due to the moments 
at the supports. 

The equations obtained for 
throe spans can readily be gen¬ 
eralized and expanded for the 
case of any number of spans. In 
this w^ay an equation similar to 
the three moments equations of 
continuous beams will bo ob¬ 
tained.^ Let us consider two 
adjacent spans i and z + 1 of the length at and ai+i, respectively 
(Fig. 84). The corresponding values of the functions (Z) are 
denoted by Ai,, BU, CU and Ai+\ Cjfb The bending 

moments along the three consecutive lines of support can be 
represented by the series 


Ic - a: -->lc-c 

(a) 






(b) 
Fiq. 84. 


m-1,3,5, • • • 

00 

m-1,3,5, • • • 

00 

Tfl 1 

m*» 1,3,5, • • • 

^This problem in a somewhat different way was discussed by B. G. 
Galerkin, “Elastic Thin Plates,” Moscow, 1933. Continuous plates on 
elastic beams were considered by N. M. Newmark, BvXl* Univ, 84,1938* 
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Considering the span t + 1 and using expressions (o) and O'), we 
find 

00 TO—1 


/ atp \ 




h 


ir^D 

m-1.3.5. 
m —1 

(- 1 ) * 


m* 


^ cos 


m=> 1,3,6. 


- (E'J-^ + Ei)Cit^. (p) 

In the same manner, considering the span i, we obtain 


00 


m — 1 




m-1.3.5. • 


m* 


m — 1 


+ 1 S 2 


m-1,3,5, • 


+ {Ei - E\r^)CU. (?) 

From the condition of continuity we conclude that 



Substituting expressions (p) and (q) in this equation and observing 
that it must be satisfied for any value of y, we obtain the following 
equation for calculating and El;t'- 

- CU) + El(BU + CU + + Cj^-0 

+ Eti-^(Bi+^ - C'+^) = -(155) 

TT TTl 


Equations (k) and (m), which we obtained previously, are par¬ 
ticular cases of this equation. We can write as many Eqs. (155) 
as there are intermediate supports, and there is no difficulty in 
calculating the moments at the intermediate supports if the ends 
of the plate are simply supported. The left side of Eq. (155) 
holds not only for uniform load but also for any type of loading 
that is symmetrical in each span with respect to the x- and 
y-axes. The right side of Eq. (155), however, has a different 
value for each type of loading as in the three moments equation 
for beams. 
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46. Bending of Plates Supported by Rows of Equidistant 
Columns* —If the dimensions of the plate are large in comparison 
with the distances a and b betw’^cen the columns (Fig. 85) and the 
lateral load is uniformly dis^ ributed, it can be concluded that the 
bending in all panels, whic h are not clc'-c to the boundary of 
the plate, may be assumed to be idc^ntical, so that we can limit the 
problem to the l)ending of one paiuJ only. Taking the coordinate 
axes parallel to the rows of columns and the origin at the center 
of a panel, we may consuler this panel as a uniformly loaded 
rectangular plate with sid< ^ a and h From symmetry we con- 



(c) 

Fig. 85 


elude that the deflection surface of the plaie is as shown by the 
dotted lines in Fig. 856. The maximum deflection is at Ihe center 
of the plate, and the deflection at the corners is zero. To sim¬ 
plify the problem we assume that the crosvs-sectional dimensions 
of the columns are small and can be neglected in so far as deflec¬ 
tion and moments at the center of the plate are concerned.^ We 
then have a uniformly loaded rectangular plate supported at the 
corners, and we conclude from symmetry that the slope of the 
deflection surface in the direction of the normal to the boundary 
and the shearing force are zero at all points along the edges of the 
plate except the corners.^ 

' In this simplified form the problem was diseussed by several authors; 
see, for example, A. Nadai, ‘‘Uber die Biegung durchlaufender Flatten/^ 
Z. angew. Math. Mech.y vol. 2, p. 1, 1922; and the book by B. G. Galerkin, 
‘^Thin Elastic Plates,Moscow, 1933. 

* The equating to zero of ihe twisting moment Mxy along the boundary 
follows from the fact that the slope in the direction of the normal to the 
boundary is zero. 
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Proceeding as in the case of a simply supported plate (Art. 29), 
we take the total deflection w in the form 


where 


W = Wi + W2f 


Wi 


Qb* _ VV 

ZMD\ 6 * / 


(a) 

ib) 


represents the deflection of a uniformly loaded strip clamped at 
the ends y = ±6/2 and satisfies the differential equation (101) 
of the plate as well as the boundary conditions 





' *2 


^ 3 / d'^Wi 3*Wi\ 

dx\ dx^ dy^ /i - ±“ 


The deflection wt is taken in the form of tlie series 


= 0 . 

(c) 


= 2 ^"'"COS^ id) 

m-2.4,6, • • • 

each term of which satisfies the conditions (c). The functions 
Ym must be chosen so as to satisfy the homogeneous equation 

AAic 2 = 0 (c) 

and so as to make w satisfy the boundary conditions at the 
edges y = ±6/2. Equation (c) and the conditions of symmetry 
are satisfied by taking series (d) in the form 


(t i CL 

m-2,4,6, • • • 

if) 

where the constants Ao, Am and Bm arc to be determined from the 
boundary conditions along the edge y = 6/2. h’rom the condition 
concerning the slope, viz., that 


( 4- _ n 

\dy ^ ’ 


we readily find that 


Bm = 


tanh 


OCfn 


"am + tanh Om 


(s) 
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in which, as before, 


WMrb 


ih) 


Considering now the boundary condition <*onrerning the shearing 
force, we see that on a normal section ?m (Fig. 856) of the plate 
infinitcjly close to the boundary y - 6/2, the shearing force Qy is 
equal to zero at all points except those which are close to the 
column, and at these point** Qy must be infinitely large in order to 
transmit the finite load to the column (Fig. 85c) along an 
infinitely small distance between x = a/2 — c and x = a/2 + c. 
Representing Qy by a trigonometric series which, from symmetry, 
has the form 


Qy = Co + ^ Cm cos (i) 

(X 

m*2,4,0, • • • 

and observing that 

Qy = 0 for 0 < a- < ^ — c, and that 


a 



we find, by applying the usual method of calculation, that 


and 


qah „ _ -F 
2a 2a 


--f 

ajo 


2 mwx^ P. -v2 

Qy cos- ax -- [ — 

a a 


where P = qab is the total load on one panel of the plate. Sub¬ 
stituting these values of the (*oefficients Co and Cm in series (i), 
the required boundary condition takes the following form: 


iQ.\ 


b 

2 


-Z)(: 


d^W 

flj/S 


+ 


d^w \ 
dx^ dyjy^l 


-I 2 


COS 


rmx 

a 


P^^ 

2a 


m« 2,4,6. 
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Substituting expression (a) for w and observing that the second 
term in parentheses vanishes, on account of the boundary condi¬ 
tion dwidy = 0, we obtain 




.. ~ mirx 

1)2 cos- i 

a 


2.4,6, • 


from which, by using expression (/), we find that 
D^{{An. + 35«.) sinh + B,na^ cosh a„l = (j. 

Solving Eqs. {g) and (j) for the constants Am and Bmy wo 
obtain: 

. __ + tanh 

2mVD^ ^ sinh am tanh am 


Pa^ - 1 

D ~ ^ ^ ( _ 1 2 _ ^_ 

“ 2mVD^ ’ sinha„ 


(fc) 


The deflection of the plate takes the form 

_ ^ 

>\ ft’* 


w — 


384i)\ 


:*Y-b 4 «+^ 

7 


( — 1)2 COS 


rmx 

a 


m-2,4,6, • • 


m® sinh am tanh am 


[ tanh am sinh — {am + tanh am) cosh 

L a a a J 


(0 


The constant Aq can now be determined from the condition that 
the deflection vanishes at the corners of the plate. Hence 


{w) a 0 , 


and 


. _ qd^h 1 / am + tanh am\ 

“ 2«-»Z) ^ TO»\“" tanh* / 

mx" 2,4,6, • • • 


( to ) 


The deflection at any point of the plate can be calculated by using 
expressions (0 and (m). The maximum deflection is evidently 
at the center of the plate, at which point we have 
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_ 90*6 X? (- 1 )^ a« + tanha„ 

^ 3841 ) 2irW ^ m* Hinh «„ tanh 

m-2.4,6, •• 

oc 

qa% 1 / ofm f taiih a„A . . 

tanh^a. "/ 

m« 2.4.6, • • • 

Values of this deflection calculated for several values of the ratio 
h/a are given in Table 32. Values of bending moments 
{Mx)x^o,v^o and (M|,)x«o.i/-o calculated by using formulas (99) and 
expression (1) for deflec^^ion are also given. It is seen that for 


Table 32.—Deflec tions A^D MoME^Ts at the Center op a Panel 

= 0.3 


b/a 

= 

1 

1 1 

1 

1.2 

1 3 

1*4 

1 ‘ 

2.0 

00 

qh* 

W = a-— 

Eh^ 

a -- 

0 0634 

0.0532 

0 0467 

0 0423 

0.0391 

0.0368^ 

1 

0 0319 

0 0284 

Ms - dqb^ 

= 

0.0359 

0.0292 

0 0243 

0 021 o|o 0186 

0.0169 0 0133 

0.0125 

My == iSiqb^ 

/3i « 

0 0359 

0.0372 

0.0377 

0 0385|0 0392 

0 0393jo 0412 

0.0417 


b > a the maximum bending moment at the center of the plate 
does not differ much from the moment at the middle of a uni¬ 
formly loaded strip of length 6 clamped 
at the ends. 

At the points of support of the plate 
there are concentrated reactions 
acting, and the moments calculated 
from expression (Z) become infinitely 
large. To obtain the actual stresses 
in the portions of the plate near the 
columns, the cross-sectional dimen¬ 
sions of the columns should be considered. Let us begin with 
the case of a circular column. The calculation of the bend¬ 
ing moments, using expression (Z), shows^ that in the case of a 
square panel (a = b) the bending moments in the radial direction 
practically vanish along a circle of radius e = 0.22a (Fig. 85a) so 
that the portion of the plate around the column and inside such a 

^Such calculations were made by A. Nadai; see his book “Elastische 
Flatten,p. 155, Berlin, 1925. 
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circle is in the state of a simply supported plate. Hence the 
conditions of bending around a column are as shown in Fig. 86, 
and the maximum stress is readily obtained by using formulas 

(75) previously derived for circular 
plates (s(;e page 67) and combining 
cases 3 and 8 in Fig. 36. 

The bending moments corresponding 
to the centers of columns of rectangular 
cross section can be calculated by 
assuming that the reactions are uni¬ 
formly distributed over the rectangles, 
shown shaded in Fig. 87, that n'present 
the cross sections of the columns.^ In 
the case of square panels and square 
columns we have c/a = rf/b = fc, and the moments at the centers 
of the columns and at the centers of the panels arc given by the 
following formulas: 



(M.) a = (My)^ 


(1 + 




(1 - fc )(2 - k ) 
12 


1 iw .1 iivn IV , nvn rv j , , 

+ >. r -- * «inh ♦ cosh — - sin mirk 

sinh rmr 

m= 1 

(Jl^x)x=By=>0 (■^l^y)a;»«l/-s=0 


mirk 

2 


m7r(2 — k) . 


j; (") 


_ (1 + v) qa^\ 1 - 

4 L 12 ’ 


sinh mwk sin mirk^ 
sinh mir 


ip) 


The values of these moments, calculated for various values of k 
and for v = 0.3, are given in Table 33. 

It is seen that the moments at the columns arc much larger than 
the moments at the panel center and that their magnitude 
depends very much on the cross-sectional dimensions of the 
columns. The moments at the panel center remain practically 
constant for ratios up to fc = 0.2. Hence the previous solution, 
obtained on the assumption that the reactions are concentrated 

^This case was investigated by S. Woinowsky-Krieger, sec Z. angew. 
Math. Mech.f vol. 14, p. 13, 1934; see also the papers by V. Lewe, Bauin- 
genieuTf vol. 1, p. 631, 1920; and by K. Frey, Bauin^enieurt vol. 7, p. 21, 
19^6. 
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at the panel corners, is sufficiently accurate for the central portion 
of the panel. 


Table 33. —Moments at the Center and at the Corners of a Square 
Panel of a Uniformly Loaded Plate 
y 0.3 


c/a * k 

k « 

0 

0.1 

0 2 

03 

04 

0.5 

(M)x^v~a/2 * fiqa^ 

Qmax = "Yao 

0 - 
01 = 

— 00 

0 035*1 

-0 206 

0 03.^ 
2 73 

-0 142 
^ 0 0348 

i 

-0 101 

0 0334 
0 842 

-0 0735 
0 0313 

-0 0528 
0 0287 
0 419 


The sh('ariiig forces liave their maximum value at the middle 
of the sides of the columns, a 1 points m in Fig. 87. This value, 



iiuiniiiiimiiim ;-j 

( 6 ) 

(c) 

2 


Fia. 88. 


for the case of square panels, depends on the value of the ratio k 
and can be represented by the formula Q = yqa^. Several 
numerical values of the factor 7 are given in Table 33. It is 
interesting to note that there is a difference of only about 10 per 
cent between these values and the average values obtained by 
dividing the total column load qa^(l — k^) by the perimeter 4ka 
of the cross section of the column. 
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Uniform loading of the entire plate gives the most unfavorable 
condition at the columns. To get the maximum bending moment 
at the center of a panel, the load must be distributed as shown by 

the shaded areas in Fig. 88a. The solu¬ 
tion for this case is readily obtained by 
combining the uniform load distribution 
of intensity q/2 shown in Fig. 886 with 
the load q/2 alternating in sign in con¬ 
secutive spans shown in Fig. 88c. The 
deflection surface for the latter case is 
evidently the same as that for a uniformly 
loaded strip of length a simply supported 
at the ends. ^ Taking, as an example, the 
case of square panels and using the values in Table 32, we find for 
the center of a panel (Fig. 88a): 
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Fig. 89. 







0.1028 


qa* 

Eh^' 


= k • 0.0359O* + = 0.0805go*, 

= ^7 • 0.0359a2 + = 0.03675’a*. 


The case in which one panel is uniformly loaded while the four 
adjacent panels are not loaded is obtained by superposing on a 
uniform load q/2 the load q/2, the sign of which alternates as 
shown in Fig. 89. In this latter case each panel is in the same 
condition as a simply supported plate, and all necessary informa¬ 
tion regarding bending can l>e taken from Table 5. Taking the 
case of a square panel, we find for the center of a panel that 

- \q ■ 0 0634^^-3 + ^ • 0.0443^3 = 

= {My)^o = k ■ 0.0359a* + k ' 0.0479o* = 0.04199a*. 

The case of bending of a long rectangular plate supported only 
by the two parallel rows of equidistant columns (Fig. 90) can also 
be solved without any difficulty for several types of loading. We 
begin with the case in which the plate is bent by the moments My 
represented by the series 

^ It is assumed that the columns are not rigidly connected with the plate 
and can produce only vertical reactions. 
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(My) . = ilfo+ 5 E„cos~ (q) 

2/“®±rt Q, 

m-2,4,6, ••• 

Since there is no lateral load, the deflection surface of the plate 
can be taken in the form of the series 


ID = Ao + Ai^i/2 - 
00 

+ 2 (.1. cosh + cos (r) 

■ \ Cl CL CL / CL 

ffi B 2|4,(i, • 

the coefficients of which are to be determined from the following 
boundary conditions: 



d^w 

dif 


. d^w\ 

+ -aF<),. 


= Mo + 




E„ 




m-» 2,4,6, • • 


^ + (2--) 


dy^ 


d^w 
dy dx^ 


Jl/-±o 



(s) 


and from the condition that the deflection vanishes at the 
columns. Substituting series (r) in Eqs. (s), we find that 




2& 


a^Em (1 + v) sinhofm — (1 — >^)amCOsha,n 
ir’^rn^D (3 + j')(1 — v) sinh Om cosh am — OmO- ““ 

a^Em _ sinh am _ 

ir^rri^D (3 + v) sinh am cosh Om — OmiX ““ *') 



(0 


Combining this solution with solution (Z), we can investigate the 
bending of the plate shown in Fig. 90a under the action of a uni¬ 
formly distributed load. For this purpose we calculate the 
bending moments My from expression (Z) by using formula (99) 
and obtain 
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q¥ 

12 


gab sp (-l)^T 1 + V 

2 x m [tanh Om 

m-2.4,6, ••• 

_ OmCl — rriTX 

sinh'“ om J a 


(m) 


Equating this moment to the moment ( 7 ) taken with the nega¬ 
tive sign, we obtain the values of ilfo and Em which are to bo 
substituted in Eqs. (t) for the constants A^, Am and Bm in expres¬ 
sion (r). Adding expression (r) with these values of the con¬ 
stants to expression ( 1 ), we obtain the desired solution for the 
uniformly loaded plate shown in Fig. 90a. 



± 


t 


1 


TTTTTl^rnTTlWT^ 


fb) 

Fio. 90. 


Combining this solution with that for a uniformly loaded and 
simply supported strip of length b which is giv(ui by the equation 

we obtain the solution for the ease in which the plate is bent by 
the load uniformly distributed along the edges of the plate as 
shown in Fig. 906. 

47. Bending of Plates on Elastic Foundation.— A laterally 
loaded plate may rest on an elastic foundation as in the case of a 
concrete road or foundation slab which is supported by the 
reactions of the subgrade. A plate resting on an elastic founda¬ 
tion may also be supported along its boundary. An example of 
this is shown in Fig. 91 where a beam of rectangular tubular 
cross section is pressed into an elastic foundation by the loads P. 
The bottom plate of the beam, loaded by the elastic reactions 
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of the foundation, is supported by the vertical sides of the tube 
and by the vertical transverse diaphragms indicated in the figure 
by dotted lines. It is usually assumed in discussing bending of 
plates of this kind that the intensity of the reaction of the elastic 
foundation at any point is proportional to the deflection w at that 
point. ^ With this simplifying assump¬ 
tion the differential equation for the 
deflection of a plate on an elastic founda¬ 
tion becomes 


d^w 

dx^ 


+ 2 




dx^ dy^ 


+ 


d*W 

W 


1 

D 


kw 

'D' 


(a) 


<— a 

1 

-Q1<n 


iT’ 

1 

-OlcN 


where 7 , as before, is the intensity of the 
lateral load, and kw is the reaction of the 
foundation, k being expressed usually in 
pounds per square inch per inch of deflec¬ 
tion. Sometimes this quantity is called 
the modulus of the foundation. 

Let us begin with the case shown in 
Fig. 91. If Wq denotes the deflection of 
the edges of the bottom plate, and w the 
deflection of this plate with n^spect to the plane of its boundary, 
the intensity of the reaction of the foundation at any point is 
k{wQ — w)j and Eq. (a) becomes 


;/Wo 


k 

AAw = -^{wo — w). 


(b) 


Taking the coordinate axes as shown in the figure and assuming 
that the edges of the plate parallel to the 2 /-axis are simply 
supported and the other two edges are clamped, the boundary 
conditions are 



^ An example of a more rigorous treatment of the problem in which the 
foundation is considered as a semi-infinite elastic body and the general 
equations of elasticity are used to determine the reactions is given in a 
recent paper by A. H. A. Hogg, Phil. Mag.^ vol. 25, p. 576, 1938. 





260 THEORY OF PLATES AND SHELLS 

The deflection w can be taken in the form of a series: 



Ym sin 


mwx 

a 


ie) 


The first series on the right side is a particular solution of 
Eq. (6) representing the deflection of a simply supported strip 
resting on an elastic foundation. The second series is the solu¬ 
tion of the homogeneous equation 


AAw + -^w = 0. 


(/) 


Hence the functions Ym have to satisfy the ordinary differential 
equation 



Using notations 

mv k .. 

— = ^ ^ ^ y W 

+ nl, 2yi = VATV* - ^ (i) 

and taking the solution of Eq. (g) in the form we obtain for 
r the following four roots: 

r = /3 + iy, —/3 + iy, P — h, — h- 

The corresponding four independent particular solutions of 
Eq. (g) are 

cos y„y, er^mv cos y^y, sin 7 „j/, sin y„y, 

(i) 

which can be taken also in the following form: 

cosh P^y cos ymy, sinh 0„y cos y„y, cosh fi„y sin y^y, 

sinh 0„y sin y„y. (k) 

From symmetry it can be concluded that in our case is an 
even function of y. Hence, by using integrals (k), we obtain 

Ym = Am cosh Pmy COS y^y + B„ sinh P„y sin 
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and the deflection of the plate is 


w 


- 2 

m*-1,3,5, - 


Sin 


rmrx 


a 


4/biyo 

Dtt 


+ Afi 


i) 


cosh cos ymV + Bm sinh pmV sin ymy]- (1) 


This expression satisfies the boundary conditions (c). To satisfy 
the conditions (d) we must choose the constants Am and Bm so as 
to satisfy the equations 


4kwo 

Dtt 


/ m 


+ cosh ^ cos ^ 


m 


+ B„ sinh 

+ B„y„) sinh ^ cos ^ 

i^Arnym Bm^m^ COSh 


0mh 


Pmb 



(m) 


Substituting these values of Am and Bm in expression (1), we 
obtain the required deflection of the plate. 

The problem of the plate w'ith all four edges simply supported 
can be solved in a similar manner. The Navier solution can 
be used in this case also. Taking the coordinate axes as shown 
in Fig. 59 (page 113), the deflection of the plate is 


. mwx . niry . . 

^ ^ sm — sm • (n) 

tn — 1 n*l 

As an example, let us consider the deflection of the plate by a 
force P concentrated at a point (f,??). Using the energy method 
(see Art. 28), the strain energy of bending of the plate from 
Eq. (124) is found to be 



i»«« 1 n»* 1 


The strain energy of the elastic foundation is 



252 


THEORY OF PLATES AND SHELLS 


We use the principle of virtual displacements to determine the 
coefficients Amn from which it follows that 


. . rWTrf . riTrj 

PBAtnn sm-sm -i— 


dA, 


-(V + Vi)dA. 


Hence, 




Afnn 


, „ . mir^ . mryj 
4P sm — sin - j— 
a b 




Substituting those values of the coefficients in series (n), we 
obtain the deflection 


w 


ab 


. . nwrj 

sin- sm —T- 

a b 


m= 1 n = 1 




. rrnrx . niry 

„ sin-sm — 

2 a b 

+ /c 


(q) 


Having the deflection of the plate produced by a concentrated 
force, the deflection produced by any kind of lateral loading is 
obtained by the method of superposition. Take, as an example, 
the case of a uniformly distributed load of the intensity q. 
Substituting qd^dri for P in expression (q) and integrating between 
the limits 0 and a and between 0 and 6, we obtain 



1,3,5, 


. mirx . niry 

sm-sm - 

a b 


• n* 1,3,5, • • -mn 




(r) 


When k is equal to zero, this deflection reduces to that given in 
Navier solution (122) for the deflection of a uniformly loaded 
plate. 

Let us consider now the case represented in Fig. 92. A large 
plate which rests on an elastic foundation is loaded at equidistant 
points along the x-axis by forces P.^ We shall take the coordinate 


1 This problem has been discussed by H. M. Westergaard; see Ingenifiren, 
vol. 32, p. 513, 1923. Practical applications of the solution of this problem 
in concrete road design are discussed by H. M. Westergaard in the journal 
Public Roads, vol. 7, p. 25, 1926; vol. 10, p. 65, 1929; and vol. 14, p. 185, 
1933. 
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axes as shown in the figure and use Eq. (/), since there is no 
distributed lateral load. Let us consider a solution of this 
equation in the form of the series 


w = Wo + 

in which the first term 
PX 


Ym COS 


mirx 

- j 

a 


m-2,4,6, • 


-Xy 


Wo = 


^ N^fcos + sin 

2\^ak \ \/2 ^/2/ 


(s) 


(0 


represents the deflection of an infinitely long strip of unit width 
parallel to the y-axis loaded at i/ = 0 by a load P/a.^ The other 
terms of the series satisfy the requirement of symmetry that the 



tangent to the deflection surfa(*e in the a*-direction shall have 
a slope of zero at the loaded i)oints and at the points midway 
between the loads. We tak(‘ for functions the particular 
integrals (j) which vanish for infinite values of y. Hence, 

Ym = cos ymy + sin 7 ^ 1 /. 


To satisfy the symmetry condition 
in this expression 





7m 


= 0 we must take 


Hence, by introducing the new constants = Amlym, we 
represent the deflections (s) in the following form: 


w 


1 ^ Af R 

^ Wo + ^ cos cos y^y 

+ sin 7 «. 2 /). iu) 


m-2,4,6, • 


1 See Eq. 237, p. 396. 
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In order to express the constants A'^ in terms of the magnitude of 
the loads P, we consider the shearing force Qy acting along the 
normal section of the plate through the x-axis. From symmetry 
we conclude that this force vanishes at all points except the 
points of application of the loads P at which points the shearing 
forces must give resultants equal to —PI2. It was shown in 
the discussion of a similar distribution of shearing forces in the 
previous article (see page 241) that the shear forces can be 
represented by the series 


Qy - - 


IP 

2a 


- y 

a ^ 


m 

(- 1 )^ 


cos 


mirx 

a 


The shearing force, as calculated from expression (u), is 


Qy- 


n—( 4- 


2,4,6, • • • 


Comparing these two expressions for the shearing force, we find 


2aDfi„yUPi + yi) 
or, by using notations (z), 

m 

_ 

Substituting this in expression (w), we finally obtain 


00 



m-2,4,6, 


(-iP 

.Vx^ + mJ. 


cos 


TTVKX 

a 


e'-^mV{y 


m 


cos ymV 


+ Pm sin 7m2/). (v) 


The maximum deflection is evidently under the loads P and is 
obtained by substituting x = a/2, y = 0 in expression (t;), 
which gives 
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2V2ak ak 2^ 

2,4,6. 


ym 

yxH^’ 


(156) 


The deflection in the particular case of one isolated load P 
acting on an infinitely large plate ^ can also be obtained V)y setting 
a = 00 , in formula (156). In such a case the first term in the 
formula vanishes, and by using notations {i) we obtain 




PX» 

2 V^xfc 


2 ?!!: /\/X^~ +4 - ^ 

a\ + 


7^*2,4, 6 , • 


Using the substitution 


PX^ 

2V2irk, 


J. V- Xf + ^ ■ 


^ _ __ 1 _ ^ 

2w\/u^+ 1 

we find 

PX^ r- 1 du _ PX* 

2V2^A:Jo V2’l+w* ’ 8^' 


(157) 


With this magnitude of the deflection, the maximum pressure 
on the clastic foundation is 


(p)max. 


kWa 


P\^ _ P I'k 

8 8 \/z)‘ 


(158) 


The maximum tensile stress is at the bottom of the plate under 
the point of application of the load. The theory developed 
above gives an infinite value for the bending moment at this 
point, and recourse should be made to the theory of thick plates 
(see Art. 25). In the above-mentioned investigation by Wester- 
gaard the following formula for calculating maximum tensile 
stress at the bottom of the plate is established by using the thick- 
plate theory: 

(<r,)n». = 0.275(1 + .)p logic {w) 

Here h denotes the thickness of the plate, and 


^ This case was considered by H. Herz, Wiedemann*s Annalen der 
Physik und Chemie, vol. 22, p. 449, 1884; see also his '^Gesammelte Werke,*' 
vol. 1, p. 288, 1895. 
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b = vTGcM^^ — 0.675/i, when c < 1.724A, 
b c, when c > 1.724A, 

where c is the radius of the circle over the area of which the 
load P is assumed to be uniformly distributed. For c = 0 the 

case of the concentrated force is 
obtained. 

The case of equidistant loads 
P applied along the edge of a 
semi-infinite plate, as shown in 
Fig. 93, can also be treated in a 
similar way. The final formula for the maximum tensile stress 
at the bottom of the plate under the load when the distance a 
is large is 

(On-.. = 0.529(1 + 0.54.)p[logic - 0.71 ], (x) 

where b is calculated as in the previous case, and c is the radius 
of the semicircle over the area of wdiich the load P is assumed to 
be uniformly distributed. Formulas (w) and (x) have proved 
very useful in the design of concrete roads, in which case the circle 
of radius c represents the area of contact of the w^heel tire with 
the road surface. 

The case of a rectangular plate of finite dimensions resting 
on an clastic foundation and submitted to the action of a con¬ 
centrated load has been discussed by H. Happel.^ The Ritz 
method (see page 124) was used to determine the deflections of 
this plate, and it was shown in the particular example of a cen¬ 
trally loaded square plate that the series representing the 
deflection converges rapidly and that the deflection can be cal¬ 
culated with sufficient accuracy by taking only the few first 
terms of the series.^ The case of an infinite plate supported by 
an elastic foundation and loaded by equidistant equal loads 
was discussed by V. Lewe.^ 

1H APPEL, H., Math. Z.f vol. 6, p. 203,1920. 

* The problem of a square plate on an elastic foundation has also been 
investigated experimentally; see the paper by J. Vint and W. N. Elgood, 
Phil. Mag.f 7th Ser., vol. 19, p. 1, 1935; and that by G. Murphy, Bull. Iowa 
Eng. Exper. Sta. 135, 1937. 

* Lbwb, V., Bauingenieur^ vol. 3, p. 453, 1923. 
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48. Equations of Bending of Plates in Polar Coordinates.— 

In the dLseusvsioii of symmetrical bending of circular plates polar 
coordinates were used (Chap. III). The same coordinates can 
also be used to advantage in the general case of bending of cir¬ 
cular plates. 



X 



If the r and 0 coordinates are taken, as shown in Fig. 94a, 
the relation between the polar and Cartesian coordinates is 
given by the equations 

1*2 _ ^2 ^2^ Q — 

from which it follows that. 


dr 

bx 

bx 


= - = cos d, 
r 


y 

->.2 


sill 6 


dr y . . 

— = ^ = sin d, 
by r 

^ = • 
by j 


cos 6 


(j>) 


Using these expressions, we obtain the slope of the deflection 
surface of a plate in the x-direction as 


bw 

bx 


bw ^ . bw ^ 
br bx bB bx 


bw « \ bw , ^ 

= -^cosfl---^8in e. 


(c) 


A similar expression can be written for the slope in the ^/-direction. 
To obtain the expression for curvature in polar coordinates the 
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second derivatives are required. Repeating twice the opera¬ 
tion indicated in expression (c), we find 


dhv 


(d - \ . d\(dw 1dw . A 

o /» ft sin 6 cos 6 , dw sin^ $ 

= _cos*fl-2^^-T +^“r 

^dw sin 6 cos 6 d^w siii^ 6 

"W r 2 ^ Te^ '"7^'* 


{d) 


In a similar manner we obtain 

d^w d^w . o /» I ft sin 6 cos 0 , dw cos^ 6 

_ = ^ * + VTr-T” + * ““ 

sin 6 cos 0 , d^w cos^ 0 
~ ^ W~r^’ 

d^w d'^w . . . , cos 29 dw cos 26 

dx dy dr^ dr dS r dd 


dw sin 6 cos 6 
dr r 


d'^w sin 6 cos 6 
dB'^ ~~ 


ie) 


—• (/) 


With this transformation of coordinates we obtain 


. d^w . d'^w 

Aiy == “5 + -r -2 

dx^ dy^ 


d^w 1 ate 1 d'^w 

df^ r dr 7‘^ dO^ 


(g) 


Repeating this operation twice, the differential equation (101) 
for the deflection surface of a laterally loaded plate transforms 
in polar coordinates to the following form: 


AAw 


= J. 1 A 4 - 1 , 

\dr^ r dr r^ ddy\dr^ 


1 dw 
r dr 

. 1 d^w\ 



(159) 


When the load is symmetrically distributed with respect to the 
center of the plate, the deflection w is independent of d, and 
Eq. (169) coincides with Eq. (58) (see page 68) which was 
obtained in the case of symmetrically loaded circular plates. 

Let us consider an element cut out of the plate by two adjacent 
axial planes forming an angle dd and by two cylindrical surfaces 
of radii r and r + dr, respectively (Fig. 946). We denote the 
bending and twisting moments acting on the element per unit 
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length by Mr, Mt and Mrt and take their positive directions as 
shown in the figure. To express these moments by the deflec¬ 
tion w of the plate we assume that the ar-axis coincides with the 
radius r. The moments Mr, Mt and Mrt then have the same 
values as the moments Mx, My and Mxy at the same point, and 
by substituting ^ = 0 in expressions (d), (e) and (/) we obtain 


_ . /1 dw , 1 d^w d^w\ I 

\r ~d7 /( 

M.. - (1 - .)C(5^>),.. 


(160) 


In a similar manner, from formulas (102) and (103), we obtain 
the expressions for the shearing forces 


Or = -D^(AU’) and Qi = (161) 

where Aw is given by expression (g). 

In the case of a clamped edge the boundary conditions of a 
circular plate of radius a arc 



In the case of a simply supported edge 

(ly)r-a = 0, (Mr)r-a = 0. (t) 

In the case of a free edge (see page 94) 

The general solution of Eq. (159) can be taken, as before, in 
the form of a sum 

w = Wo + Wi, (k) 
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in which u’o is a particular solution of Eq. (169) and Wi is the 
solution of the homogeneous equation 


1 a , 1 . i awi , i d^w\ _ „ 

Va75 + r ^ + r* aeVV^ ^ + P 

This latter solution we take in the form of the following series:* 


Wi = Ro + ^Rm cos md -\- "^Rm sin md, (163) 

m“l m=l 

in which 72o, -Bi, • • • ? BJ, Bj, . . . are functions of the radial 
distance r only. Substituting this series in Eq. (162), we obtain 
for each of these functions an ordinary differential equation of 
the following kind: 

/ 1 d _ m^V d^Rm , 1 dRm _ ^ ^ 

\dr^ r dr / \ dr^ r dr r’^ ) 

The general solution of this equation for m > 1 is 

Bm = AmT'^ + (Z) 

For m = 0 and m = 1 the solutions are 

Bo = Ao + Bor^ + Co log r + D^r^ log r\ 
and / (m) 

Bi = i4ir + Bir^ -j- Cir~^ + Dir log r. ) 

Similar expressions can be written for the functions BJ„. Sub¬ 
stituting these expressions for the functions Rm and B^ in 
series (163), we obtain the general solution of Eq. (162). The 
constants , D„t in each particular case must be 

determined so as to satisfy the boundary conditions. The 
solution Bo, which is independent of the angle 6, represents 
symmetrical bending of circular plates. S(‘veral particular 
cases of this kind have already been discussed in Chap. III. 

49. Circular Plates under a Linearly Varjring Load. —If a 
circular plate is acted upon by a load distributed as shown 
in Fig. 95, this load can always be divided into two parts: (1) 
a uniformly distributed load of intensity i(p 2 + Pi) and (2) 
a linearly varying load having zero intensity along the diameter 


^This solution was given by A. Clebsch in his ‘‘Theorie der Elasticitat 
fester Korper,^^ 1862. 
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CD of the plate and the intensities —p and +p at the ends A 
and B of the diameter AB, The case of uniform load has already 
been discussed in Chap. III. We have to consider here only the 
non-uniform load represented in the figure by the two shaded 
triangles.^ 

The intensity of the load q at any 
point with coordinates r and B is 


<1 = 


pr cos 6 


(a) 


The particular solution of Eq. (159) 
can thus be taken in the following 
form: 


Wo 




This, after substitution in Eq. (159), 
gives 

1 



Hence, 


192/) 


pr^ cos 6 
= l^)2aD 


Flo. 95. 


(&) 


As the solution of the homogeneous equation (162) we take only 
the term of s(*ries (163) that contains the function and assume 

tvi = (/li?’ + BiT^ + Cir“^ + Dir log r) cos 6. (r) 

Since it is advantageous to work with dimensionless quantities, 
we introduce, in place of r, the ratio 

r 

^ a 

With this new notation the deflection of the plate becomes 

w = Wo + Wi = + Ap + Bp^ + Cp-i 

+ Dp log p) cos 0, (d) 

^ This problem has been discussed by W. Flugge, Bauingenicur^ vol. 10, 
p. 221, 1929. 
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where p varies from zero to unity. The constants yl, 5, . . .in 
this expression must now be determined from the boundary 
conditions. 

Let us begin with the case of a simply supported plate (Fig. 
95). In this case the deflection w and the bending moment 
Mr at the boundary vanish, and we obtain 

= 0, (Afr)p_i = 0. (e) 

At the center of the plate (p = 0) the deflection w and the 
moment Mr must be finite. From this it follows at once that 
the constants C and D in expression (d) are equal to zero. The 
remaining two constants A and B will now be found from Eqs. 
(e) which give 

{w)p^i = + a + fi) cos ^ = 0, 

+ v) + 2(3 + v)B] cos e = 0. 

Since these equations must be fulfilled for any value of the 
factors before cos 6 must vanish. This gives 

1 + A + B = 0, 

4(5 + v)+ 2(3 + y)B = 0, 

and we obtain 

2(5 + .) . 7 + v 

D — -o" , ^ o" 1- 

3 + . 3 + . 

Substituting these values in (‘X])ression (d), we obtain the deflec¬ 
tion w of the plate in the following form: 

+ v - (3 + v)p^] cos e. (/) 

For calculating the Iw-iiding moments and the shearing forces 
we substitute expression (f) in Eqs. (160) and (161), from 
which 

Mr = ^(5 -f v)p(l — cos e, 

— (1 + 5r)(3 + j')p*] cos 6, 


(g) 
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Qr = 24 ( 3 -^- + »') - 9(3 + »')p“] cos 6, 




p[2(5 + v) - 3(3 + v)p^] sin 


— 24(3 + ^ *' 

It is seen that (Mr)max. occurs at p = 1 /a/ 3 and is equal to 


('^l^r)niax. ~ 


pa^(5 + v) 

”'72vr~* 


The maximum value of Mt occurs at 

p = \/(5'+ j;K 1'+“3»0/V3(l + 50(3 + 
and is equal to 


(MOiuax. = 


(5 + 0( 1 + 30 

72 ‘ 3 + V 


The value of the intcmsity of the vertical reaction at the boundary 


T-r ^ , dMrt pa 

-«' + 7a« -T™”"' 

The moment of this reaction with respect to the diameter CD of 
the plate (Fig. 95) is 


4 r ^ cosd cos 6 (is = 

Jo 4 - 4 

This moment balances the moment of the load distributed over 
the plate with respect to the same diameter. 

As a second example let us (‘onsider the case of a circular 
plate with a free boundary. Such 
a condition is encountered in the 
case of a circular foundation slab 
supporting a chimney. As the -p 
result of wind pressure, a moment ^ 

M will be transmitted to the slab 
(Fig. 96). Assuming that the reactions corresponding to this 
moment are distributed following a linear law as shown in the 
figure, we obtain the same kind of loading as in the previous 
case; and the general solution can be taken in the same form (d) 
^ The reaction in the upward direction is taken positive. 



Fig. 96. 
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as before. The boundary conditions at the outer boundary of 
the plate, which is free from forces, are 

= 0, (F),.x = (q. - = 0. (f) 

The inner portion of the plate of radius b is considered absolutely 
rigid. It is also assumed that the edge of the plate is clamped 
along the circle of radius h. Hence for p = h/a = jS the following 
boundary condition must be satisfied: 



O') 


Substituting expression (d) in Eqs. {i) and (J), we obtain the 
following equations for the determination of the constants: 

4(5 + I-) + 2(3 + v)B + 2(1 - v)C + (1 + v)D = 0, 

4(17 + c) + 2(3 + v)B + 2(1 - v)C - (3 - v)D = 0, 

4(8^ + 2/3'*B - 2/3-26’ + D = 0. 

From these equations 


B = -2 


,4(2 + .-) + (1 - 002(3 + 


C = -2 


(3 + 0 + (1 ~ 

,4(2 + - (3 + O0“(3 + 0^) 


(3 + 0 + (1 - 0 ^ 


D = 12. 




(a) 




Substituting these values in expression (d) and using Eqs. (160) 

and (161), we can obtain lh(' values of 
the moments and of the shearing 
forces. The constant A does not 
appear in these equations. The cor¬ 
responding term in expression (d) 
represents the rotation of the i)late as 
a rigid body with respect to the diam¬ 
eter perpendicular to the plane of Fig. 
96. Provided the modulus of the 
foundation is known, the angle of rota¬ 
tion can be calculated from the condi¬ 
tion of equilibrium of th(‘ given 
moment M and the reactions of the 
foundation. 

Using expression (d), the case of a simply supported circular 
plate loaded by a moment M at the center (Fig. 97a) can be 
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readily solved. In this case we have to omit the term containing 
p® which represents the distributed load. The constant C must 
be taken equal to zero to eliminate an infinitely large deflection 
at the center. Expression (d) thus reduces to 

w = (Ap + Bp^ + Dp log p) cos B. (fc) 

The three constants A, B and D will now be determined from 
the following boundary conditions: 

(m>)p-i = 0, (Afr)p_i = 0, ) 

- a sin e (le + cos9de + M = 0.^ 

The first two of these equations represent the conditions at a 
simply supported edge; the last states the condition of equilib¬ 
rium of the forces and moments acting at the boundary of the 
plate and the external moment M, From Eqs. (Z) we obtain 

1 + V Ma 7 ) _ _ 

3 + 8tD^ AjtD 

p^) -f- 2(3 -f- z') log p] cos B. (m) 

Because of the presence of the logarithmic term in the brackets, 
the slope of the deflection surface as calculated from expression 
(m) becomes infinitely large. To eliminate this dififtculty the 
central portion of radius b of the plate may be considered as 
absolutely rigid.^ Assuming the plate to be clamped along this 
inner boundary, which rotates under the action of the moment M 
(Fig. 976), we find 

^ ^ 87rD[(3'+ v) + (T - + t-) + (1 - 

+ (1 + .)(1 - /3*)=p + 2[(3 +,) + (!- v)^]p log p 

- /3n(l + - (3 + v)]p-i} cos 9, in) 

where p = b/a. When p is equal to zero, Eq. (n) reduces to 
Eq. (m) previously obtained. By substituting expression (n) 
in Eq. (160) the bending moments Mr and Mt can be calculated. 

^ Experiments with such plates were made by R. J. Roark, Bull, Univ, 
Wt8, 74, 1932. 


1 + V Ma 
^-~r+~y8irD’ 
Hence, 
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The case in which the outer boundary of the plate is clamped 
(Fig. 97c) can be discussed in a similar manner. This case is of 
practical interest in design of elastic couplings of shafts.^ The 
maximum radial stresses at the inner and at the outer boundaries 
and the angle of rotation <p of the central rigid portion for this 
case are 

h> h 

((rr)f-6 = a-E(Py (<Tr)r^a = OLi~E(p, 

Of Of 

M 

’’ a'iEh^' 

where the constants a, a\ and have the values given in 
Table 34. 


Table 34 


= h/a 

a 

ai 

a2 

0.5 

14.17 

7.10 

12.40 

0.6 

19.54 

12.85 

28.48 

0.7 

36.25 

25.65 

77.90 

0.8 

82.26 

66.50 

314.00 


60. Circular Plates under a Concentrated Load. —The case of a 
load applied at the center of the plate has already been dis¬ 
cussed in Art. 19. Here we shall assume that the load P is 
applied at point A at distance h from the center 0 of the plate 
(Fig. 98).2 Dividing the plate into two parts by the cylindrical 
section of radius h as shown in the figure by the dotted line, we 
can apply solution (163) for each of these portions of the plate. 
If the angle B is measured from the radius OA, only the terms con¬ 
taining cos mB should be retained. Hence for the outer part of 
the plate we obtain 


u? = JBo + 2) cos mBy (a) 

m = 1 

Rbissner, H., Ingenieur-ArchiVj vol. 1, p. 72, 1929. 

* This problem was solved by Clebsch, he. cit., p. 260. See also A. Foppl, 
Sitzungah, hayer, Akad. WUs.j Jahrg., p. 155, 1912. The discussion of the 
same problem by using bipolar coordinates was given by E. Melan, Eisenbau, 
p. 190, 1920; and by W. Flugge, ‘'Die Strenge Berechnung von Kreisplatten 
unter Einzellasten,” Berlin, 1928. See also the paper by H. Schmidt, 
Ingenieur-ArchiVf vol. 1, p. 147, 1930. 






PLATES OF VARIOUS SHAPES 


267 


where 

Bo = Ao + + Co log r + Dor^ log r, 

Bi = Air + Bir® + Cir“^ + D\r log r, 


= An.r- + B^r-- + C^r-+2 + 

Similar expressions can also be written for the functions BJ, 
Bi, B^j corresponding to the inner portion of the plate. Using 
the symbols A^, . . . instead of Aw, Bm, ... for the con¬ 

stants of the latter portion of the plate, 
from the condition that the deflection, the 
slope and the moments must be finite at 
the center of the plate, we obtain 

C' = ly, = 0, 

= D[ = 0, 


B' = Dl== 0. 

Hence for each term of series (a) we have -►Ip ^ 

to determine four constants for the outer ^ I 

portion of the plate and two for the inner Fig. 98. 

portion. 

The six equations necessary for this determination can be 
obtained from the boundary conditions at the edge of the plate 
and from the continuity conditions along the circle of radius h. 
If the outer edge of the plate is assumed to be clamped, the 
corresponding boundary conditions are 

- 0. - 0. (c) 

Denoting the deflection of the inner portion of the plate by Wi 
and observing that there are no external moments applied along 
the circle of radius 6, we write the continuity conditions along 
that circle as 




w = Wi, 


dw __ dvh 
Ir ~ dr’ 


d^W _ d^Wi 
dr^ dr^ ^ 


r = 6. (d) 


The last equation is obtained from a consideration of the shearing 
force Qr along the dividing circle. This force is continuous at 
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all points of the circle except point A, where it has a discon¬ 
tinuity due to concentrated force P. Using for this force the 
representation in form of the series^ 

ao 

1 

and for the shearing force the first of the expressions (161), 
we obtain 

00 

D^(Aw)r^ - D^{AWi)r^ = + 2 ”'®)- 

w = 1 

From the six Eqs. (c). (d) and (/), the six constants can be cal¬ 
culated, and the functions Rn, and R^^ can be represented in the 
following form: 


SttD 

R’ - ^ 

~ 8^Z)1 




Si - 

K - 

Rm = 

RL = 


P¥ 1 1 2(a2 - h^)r (2a^ - h^)r^ 4r 

aV ' " 6““’® 


16irZ> 

l&rD 

Pb 




2(a2 - ¥)r , (o* - 6=) V* 4r , a 

- + — - - ,.2 7 


8m(m — l)7rl> 


Pb” 


Sm{m — l)7rZ> 

+ 


_ - 1)^1 , 1/^2 _ 

m + 1 J ‘ r”\ m + 1 / j 

- 1)6* - ma* + 


m + lo* m + lW Jj 

Using these functions, we obtain the deflection under the 
load as 




_ P (O* - 6*)* 


(164) 


* This series is analogous to the series that was used in the case of rec¬ 
tangular plates., see p. 241. 
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For 6 = 0 this formula coincides with formula (92) for a centrally 
loaded plate. The case of the plate with simply supported edge 
can be treated in a similar manner. 

The problem in which a circular ring plate is clamped along 
the inner edge (r = b) and loaded by a concentrated force P 
at the outer boundary (Fig. 99) can also 
be solved by using series (a). In this 
case the boundary conditions for the 
clamped inner boundary are 

For the outer boundary, which is loaded only in one point, the 
conditions are 

00 

{Mr)r-a = 0 , (Qr)r-a = (^) 

m= 1 

Calculations made for a particular case h/a = | show^ that the 
5 

4 

3 

2 

2TTr^ 
p 


0 

Fig. 100. 

largest bending moment Mr at the inner boundary is 

(Afr)r-6.9-0 = —4.45^- 

The variation of the moment along the inner edge and also along 
^ Rbissnbr, H.y he. cit.^ p. 266. 




Fig. 99. 
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a circle of radius r = 6a/6 is shown in Fig. 100. It can be seen 
that this moment diminishes rapidly as the angle measured 
from the point of application of the load, increases. 

51. Circular Plates Suppoited at Several Points along the Boundary.— 

Considering the case of a load symmetrically distributed with respect to the 
center of the plate, we take the general expression for the deflection surface 
in the following form:^ 

w ^ Wq wif (a) 

in which Wo is the deflection of a plate simply supported along the entire 
boundary, and Wi satisfies the homogeneous differential equation 

AAwi = 0. (6) 

Denoting the concentrated reactions at the points of support 1, 2, 3, ... by 
Nif N 2 t . . . , Nx and using series (h) of the previous article for represen¬ 
tation of concentrated forces, we have for each reaction Ni the expression 


N 

rra 


00 

m — l 


(c) 


where 


Ox ^ 0 — 7»i 


7 < being the angle defining the position of the support i (Fig. 101). The 

intensity of the reactive forces at any point of 
the boundary is then given by the expression 





(d) 


in which the summation is extended over all 
the concentrated reactions (c). 

The general solution of the homogeneous 
equation (6) is given by expression (163) (page 
260). Assuming that the plate is solid and omitting the terms that give 
infinite deflections and moments at the center, we obtain from expression 
(163) 


Wt 


Ao + “b 




+ Cmr”»+*) cos mB 


+ 2) sin me. (e) 

m*® 1 

^ Several problems of this kind were discussed by A. Nadai, Z. Physik 
vol. 23, p. 366, 1922. 
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For determining the constants we have the following conditions at the 
boundary: 

r^r 1 /1 \ 

(iW^r)r—a — 0\ - “I" I'l - H-# I 0. I 

[dr^ ^ \r dr r* * I 

(D- - (q. - - -2^0+2”**')] 

1 ?n»» 1 / 

in which Mrt and Qr are given by Eqs. (160) and (161). 

Let us consider a particular case m which the plate is supported at two 
points which are the ends of a di.imeter. Wo shall measure $ from this 
diameter. Then 71 = 0, 72 =* tt, and we obtain 


Pa^ ( 1 + p/ ttA 

eo 

2 r___ 2(1 -f p ) _1 ^ 

Lw(w — 1) (1 — v)(m — l)m® m(m-{-l)y 


_ _ 2(1 -f p ) _ p^ 

1) (1 — v)(m — l)m® 


p”* cos md >» {g) 


in which wo is the deflection of the simply supported and symmetrically 
loaded plate, P is the total load on the plate and p = r/a. When the load 
is applied at the center, we obtain from expression (^), by assuming p « 0.25, 

Pa* 

(u?)p-o = 1-31—» 


- 1.33— 

For a uniformly loaded plate we obtain 

(u;)p_o = 0.269^*1 

= 0.371^. 

By combining two solutions of the type (gr), the case shown in Fig. 102 can 
also be obtained. 

When a circular plate is supported at three -- ~7\ 

points 120 deg. apart, the deflection produced Ih -- 

at the center of the plate, when the load is ^ — / _ 

applied at the center, is | 

Pa* ' 

(«;)p_o = 0.764—• Fio. 102 . 


When the load is uniformly distributed, the deflection at the center is 

Pa* 

= 0.307—. 


where P «« ira*g. 
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The case of a circular plate supported at three points was investigated by 
experiments with glass plates. These experiments showed a very satis¬ 
factory agreement with the theory.^ 

G2. Plates in the Form of a Sector.—The general solution developed for 
circular plates (Art. 48) can also be adapted for a plate in the form of a 
sector, the straight edges of which are simply supported.* Take, as an 
example, a plate in the form of a semicircle simply supported along the 

diameter AB and uniformly loaded 
(Fig. 103). The deflection of this plate 
is evidently the same as that of the 
circular plate indicated by the dotted 
line and loaded as shown in Fig. 1036. 
The distributed load is represented 
in such a case by the series 



(b) 


Q = 


= 2 


m = 1,3,5, • 


and the differential equation of the deflection surface is 

2 


AAw 


81 n mO. 


4q 

— sin me, (a) 

niTT 


(b) 


m “ 1,3,5, 


The particular solution of this equation that satisfies the boundary con¬ 
ditions along the diameter AB is 


Wo 


4gr* 


m = 1,3,5, ■ 


7rm(16 — w*)(4 — m^)D 


sin me. 


(c) 


The solution of the homogeneous diffcjrential equation (162) that satisfies 
the conditions along the diameter A/? is 


Wi = (Amr^ + J5mr”+*) sin me. (d) 

m« 1,3,6, • • • 

Combining expressions (c) and (d), we obtain the complete expression for 
the deflection ta of a semicircular plate. The constants Am and Bm are 
determined in each particular case from the conditions along the circular 
boundary of the plate. 

^ These experiments were made by Nadai, loc. dt., p. 270. 

* Problems of this kind were discussed by A. Nadai, Z. Ver, deut. Ing., 
vol. 69, p. 169, 1915. See also the book by Galerkin, loc, cU,, p. 237, in 
which numerical tables for such cases are given. 
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In the case of a simply supported plate we have 


(l«)r-a = 0 , 

B^W /\Bw 1 

Br^ \r Br 


= 0 . 


(e) 


Substituting the sum of series (r) and (d) for w in these equations, we obtain 
the following equations for calculating Am and Bmi 


Ama”^ + 


iqa^ 

wirtlf) — m*)(4 — m'^)D 


Ama^\rn{m — 1) — vm{m — 1)] + \)[m + 2 v{2 — m)] 


From these equations, 


4ga^[12 -f y(4 - m^)] 
m7r(16 — ?n®)(4 — m*)Z) 


qa^{m 5 i- p) 

a”*m7r(16 — m^){2 + m)[m -f 4(1 + v)]D 
qa*{m 3 -f- 

^m-4 2^^(4 4 . m)(4i — m^)[m -f 1(1 -h p)]D 


With these values of the constaiits the expression for deflection of the plate 
becomes 


w 


qa^ (4r^ 1 

D ?/?7r(16 ~ m*)(4 — m^) 

m-1,3,5,- • 





m ^ p 

m7r(16 — m^){2 + m)[m + 1(1 + v)] 


_j_ 3 y 

flmf 2^,^(4 .j. fn){4 — in^)[m + 4(1 + p)] 


sin me. 


With this expression for the deflection, the bending moments arc readily 
obtained from Kqs. (160). 

In a similar manner we can obtain the solution for any sector with an 
angle tt/A;, k being a given integer. The final expressions for the deflections 
and bending moments at a given point can be represented in each particular 
case by the following formulas: 


qa^ 

w * ot ~y Mr = fiqa^t Mt = (/) 

Jbn'* 

in which a, and j8i are numerical factors. Several values of these factors 
for points taken on the axis of symmetry of a sector are given in Table 35. 



274 


THEORY OF PLATES AND SHELLS 


Table 35. —Values op the Factors a, /3 and /3i for Various Angles w/k 
OF A Sector Simply Supported at the Boundary 
p = 0.3 


7r/k 

r/a - i 

r/a « i 

r/a - i 

r/a 

- 1 














a 

|8 

01 

a 

0 

0i 

a 

0 


a 

0 

01 

ir/4 





0.0069 

0.0183 

0.0053 

0.0161 

0.0169 

0 

0 

0.0025 

ir/3 



0.0177 


0.0149 

0.0255 

0 0101 

0.0243 


0 

0 

0.0044 

ir/2 

0.0101 


0.0319 

0.0246 


0.0352 

0.0222 

0.0381 

0.0286 

o 

o 

0.0088 

IT 

0.0643 

0.0692 

0.0357 

0.0886 

■1 

0.0515 

0.0612 

0.0617 

0.0468 

0 

0 

0.0221 


The case in which a plate in the form of a sector is clamped along the 
circular boundary and simply supported along the straight edges can be 
treated by the same method of solution as that used in the previous case. 
The values of the coefficients a and ^ for the points taken along the axis of 
symmetry of the sector are given in Table 36. 

Table 36.— Values op the Coefficients a and jS for Various Angles 
v/k op a Sector Clamped along the Circular Boundary and 
Simply Supported along the Straight Edges 
V = 0.3 


irfk 

r/a = 1 

r/a 

_ 1 
~ 2 

r/a ■ 

_ 3 

- 4 

r/a = 1 

a 

^ 1 

a 

1 

a 


a 


r/4 

0.0005 

-O.OOOSj 

0.0028 

0.0087 

0.0031 

0.0107 

0 

-0.0250 

t/Z 

0.0019 

-0,0006 

0.0062 

0.0143 

0.0051 

0.0123 

0 

-0.0340 

7r/2 

0.0069 

0.0068j 

0.0144 

0.0272 

0.0089 

0.0113 

0 

-0.0488 

X 

0.0320 

0.0473 

0.0368 

0.0446 

0.0167 

0.0016 

0 

-0.0756 


It can be seen that in this case the maximum bending stress occurs at the 
mid-point of the circular edge of the sector. 

If the circular edge of a uniformly loaded plate having the form of a 
sector is entirely free, the maximum deflection occurs at the mid-point of the 
unsupported circular edge. For the case when w/k * ?r/2 we obtain 

«w. - 


The bending moment at the same point is 


M, - 0.133l9a>. 
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53. Bending of Circular Plates Resting on an Elastic Foun¬ 
dation. —We shall consider here only the ease in which the load is 
symmetrically distributed with respect to the center of the plate. 
We shall also assume that the intensity of the reaction of the 
foundation at each point of the bottom surface of the plate is 
proportional to the deflection of the plate at that point. In 
such a case the deflection is independent of the angle 6 (Fig. 94), 
and the differential equation (159) for the deflection of the plate 
reduces to the equation 



(165) 


In this equation q is the intensity of lateral load, and k is the 
modulus of foundation. Thus kw represents the intensity of 
the reaction at each point on the bottom surface of the plate. 

Let us first consider the particular case of a plate loaded at the 
center with a load P.^ In this case q is equal to zero over the 
entire surface of the plate except at the center. By intro¬ 
ducing the notation 


k 1 


D ~ P' 


(a) 


Eq. (165) becomes 



+ 


1^\ 
r dr ) 


+ = 0. 


( 6 ) 


Since k is measured in pounds per cubic inch and D in pound 
inches, the quantity I has the dimension of a length. To 
simplify our further discussion it is advantageous to introduce 
dimensionless quantities by using the following notations: 


w 

1 


2 , 


Then Eq. (6) becomes 


r 

I 


X, 


( 


Using the symbol 


4 . 1 + 

rfx* X (te/\dx* X 


1 

X dx) 


+ 2 = 0 . 




A f ““ t ^ ^ 

dx® X dx 


(c) 


(d) 


* This problem was discussed by Hertz, he. ail., p. 255. See also A. 
Fdppl, “ Vorlesungen uber technische Mechanik,” vol. 5, p. 103, 1022. 
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we then write 

AA2 + = 0. (e) 

This is a linear differential equation of the fourth order, the 
general solution of which can bo represented in the following 
form: 

2 = AX,{x) + BX^{x) + CX^{x) + DX,{x), (/) 

where A, . . . , D are constants of integration and the functions 
Xi, . . . , X 4 are four independent solutions of Eq. (e). 

We shall now try to find a solution of Eq. (c) in the form of a 
power series. Let anX”' be a term of this scries. Then by 
differentiation we find 


A{anX^) = n(n — l)anX^-^ + nanX^~^ = 

and 

AA{anX^) = n^(n — 2yanX^''^. 

To satisfy Eq. (e) it is necessary that to each term UnX^ in the 
series corresponds a term an-.iX^~^ such that 

n^{n — 2yanX^-^ + an- 4 a’”“'* = 0. (g) 

Following this condition, all terms can(*el when the series is sub¬ 
stituted in Eq. (e); hence the series, if it is a convergent one, 
represents a particular solution of the equation. From Eq. 
(g) it follows that 

Observing also that 

AA(ao) = 0 and AA(a 2 a: 2 ) = 0, (i) 

we can conclude that there are two series satisfying Eq. (e), viz., 


Xi{x) = 1 - 

and 

X2(a;) - 



U) 
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It may be seen from the notations (c) that for small values of the 
distance r, i.e., for points that are close to the point of applica¬ 
tion of the load P, the quantity x is small and series (j) are 
rapidly convergent. It may be seen also that the consecutive 
derivatives of series (j) remain finite at the point of application 
of the load (a; = 0 ). This indicates that these series alone are 
not sufficient to represent the stress conditions at the point of 
application of the load where, as we know from previously dis¬ 
cussed cases, the bending moments become infinitely large. 

For this reason the particular solution Xz of Eq. (e) will be 
taken in the following form: 

X 3 = log a: + P 3 (t), (k) 

in which Fz(x) is a function of a* which can again be represented 
by a power series. By differentiation we find 

AAXi = ^ 4- log X AAXi + AAFs(x); 

and substitui ing X 3 for z in Eq. (e), we obtain 

J ^ + log a'CAAXi -b Zi) + AAP 3 (x) + Fz(x) = 0. 

Since Xi satisfies Eq. (0 and is reprcs(uited by the first of the 
series (j), we obtain the following equation for determining 
Fz(x): 

aalw N , I. / ^ J 2-3 *4 

AA^ 3 (a:) + PaCa^) X dx^ \ 22-42 

6-710 • 11-12-x* 

+ 22-42-62-82 22 - 42 - 02 - 82 • 102 • 122 + ‘ ’ * 

Taking Fz{x) in the form of the series 

Fz{x) =- + hzx^ + 612 x 12 + . . . (rn) 

and substituting this series in Eq. (Z), we determine the coeffi¬ 
cients 64, hz, 612 , ... so that the resulting equation will be 
satisfied. Observing that 

AA(64x0 = 42.22. 

we find, by equating to zero the sum of the terms that do not 
contain x, that 
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or 


hi — 


2 • 3 • 4^ 
24.44 


A 

128’ 


Equating to zero the sum of the terms containing x*, we find 


._^25 

t m>f\ A 


1 , 769,472 

In general, we find 

i _/ 1 Fi. I w(n - l)(n - 2) I 

'■ n=*(n - 2)“F 2“ • 42 • • • • ■ 

Thus the third particular solution of Eq. (e) is 


log X + 1 7 e 9 ^ 472 -^'' + • • • . (n) 

The fourth particular integral X 4 of Eq. (c) is obtained in a 
similar manner by taking 

Xi = Xi log X + Fi(x) = X, log X + 4^|^®x« 

+ • • • • («) 

By substituting the particular solutions (j), (n) and ( 0 ) in 
expression (/) we obtain the general solution of Eq. (e) in the 
following form: 


1 / 4-5*6 10*9*8 

102 . 82 ^^^ • 44. 04 42.02 . . . . 


- '<0 - 2 ^ 


+ 


42 ' 2'^ . 42.02.82 


+ c[(l 

25 


+ 5(*^-42T 


) 


+ 


rlO 


+ 


02 • 42.02.82.102 


22.42 * 22 • 42 • 62 • 82 


1,769,472' 


^ logx 




) 


) 


log X + 


128 


+ 


rtO 


3456^“ 442,368 


6 * 4 * • 6 * • 8 * • 10 * 

a;io + . . . 1. (p) 


It remains now to determine in each particular case the con¬ 
stants of integration . . • , D so as to satisfy the boundary 
conditions. 
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Let us consider the case in which the edge of the circular 
plate of radius a is entirely free, the boundary conditions for 
such a case being given by Eqs. (j), Art. 48 (sec page 259). 
Using for the moments Mr and shearing forces Qr the first of the 
equations (160) and the first of the equations f 161), respectively, 
we write the boundary conditions as 

/ d^w 1 dw\ 

\dr2 dr/r,:.a 

^(d'^w 1 dtt;\ 

dr\dr^ ^ r dr/r^a 

In addition to these two conditions we have two more conditions 
ohat hold at the center of the plate; viz., the deflection at the 
center of the plate must be finite, and the sum of the shearing 
forces distributed over the lateral surface of an infinitesimal 
circular cylinder cut out of the plate at its center must balance 
the concentrated force P. From the first of these two condi¬ 
tions it follows that the constant C in the general solution (p) 
vanishes. The second condition gives 



or, by using notation (a), 




(s) 


where e is the radius of the infinitesimal cylinder. Substituting 
h for w in this equation and using for z expression (p), we find 
that for an infinitely small value of x equal to e/Z the equation 
reduces to 


from which 




47) 


2w€ + P = 0, 



(0 


Having the values of the constants C and Z), the remaining two 
constants A and B can be found from Eqs. (q). For given 
dimensions of the plate and given moduli of the plate and of the 
foundation these equations furnish two linear equations in A 
and B. 
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Let us take, as an example, a plate of radius a = 5 in. and of such rigidity 
that 




We apply at the center a load P such that 




Using this value of D and substituting Iz for Wy wo find, by using expression (p) 
and taking x — a/l — 1, that Eqs. (q) give 

0.500A + 0.250B = 4.062D = 4.062 • 102 • 10-^ 

0.687A - 8.483B = 11.09Z> = 11.09 ‘ 102 • lO'K 


These equations give 

A = 86 • 10~S B = -64 ‘ 10-*. 


Substituting these values in expression (p) and retaining only the terms 
that contain a; to a power not larger than the fourth, we obtain the following 
expression for the deflection: 


w = Iz 



\ 

22.42/ 


64 • 10--"a;2 -f 102 • lO-'^a:* log x 




The deflection at the center (x = 0) is then 


(tc)max = 43 • 10~3 in., 

and the deflection at the boundary (x 1) is 

{w)xnin = 39.1 • 10“'' in. 


The difference of these deflections is comparatively small, and the pressure 
distribution over the foundation differs only slightly from a uniform 
distribution. 

If we take the radius of the plate two times larger (a = 10 in.) and retain 
the previous values for the rigidities of the plate, x becomes equal to 2 at the 
boundary, and Eqs. (q) reduce to 

0.826A + 1.980B = 1.208D, 

2.665A - 5.745B = 16.371). 

These equations give 


A = 3.93D = 400 • 10“«, B = -1.03D = -105 • 10“S. (w) 

The deflection is obtained from expression (p) as 


w — h 



- ^ ^ - 105 • 

2« • 4V \ 676/ 
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The deflections at the center and at the boundary of the plate are, 
respectively, 

WnxRx. = 2.10’*’' in. and Wnun. = 0.88 • lO"^ in. 


It is thus seen that, if the radius of the plate is twice as large as the quantity ?, 
the distribution of pressure over the foundation is alr^'ady very far from a 
uniform one. 

If we take an infinitely large plate which was considered by H. Hertz 
(see page 255), the deflection under the load is, from Eq. (157), 


XVjXiKX. 


P 

SkP 


= tID = 3, 14 • 5 • 102 ‘ 10”^ = 1.60 • lO'^ in. 


Having an expression for the deflections the bending moments are 
obtained from Eqs. (160). At the point of application of the load these 
moments become infinitely large, and the results obtained by using the thick 
plate theory (see page 255) must be applied in calculating stresses at that 
point. 

The general solution (/) of Eq. (c) can also be represented by Bessel 
functions for which there are numerical tables.^ In this manner the dis¬ 
cussion of various cases of bending of circular plates resting on an elastic 
foundation can be considerably simplified.^ 

The strain energy melhod also can be used for calculating the deflection 
of a circular plate resting on an elastic foundation. For (*xample, to obtain 
a rough approximation for the case in which the deflection at the center does 
not differ much from the deflection at the boundary, we take for the deflec¬ 
tion the expression 

w — A Br^j [v) 

where A and B are two constants to be determined from the condition that 
the total energy of the system in stable equilibrium is a minimum (see 
Art. 28). From expression (v) we conclude that the deflection surface has 
a constant curvature equal to 2B. Hence the strain energy of the plate of 
radius o, as given by Eq. (47) (page 50), is 

Vi = 4B2 Dira^il + *'). 

The strain energy of the deformed elastic foundation is 

/i 1 1 \ 

Vi = I I —r dr de = xfcl + -ABo* + -B*o* I. 

Jo Jo 2 \2 2 6 / 

The total potential energy of the system for the case of a load P applied at 
the center is 


V * 4P* Lhra^il +p) + irkiiA^a^ + iABa^ + iP*a«) - PA. 

' See, for example, Jahnke-Emde, ‘‘Tables of Functions,” Berlin, 1933. 

® See paper by F. Schleicher, “Festschrift zur Hundertjahrfeier der 
Technischen Hochschule Karlsruhe,” 1925; and J. J. Koch, Ingenieur, No. 6, 
1925. 
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Taking the derivatives of this expression with respect to constants A and B 
and equating them to zero, we obtain 


[3 ^ ka* \ ' 


^+Ba«l3 + - — 

A + = -f-- 

2 Trka^ 


Taking the previous numerical example (page 280) in which 


I a. 


D 


= 1, 


we find 


ka* ' STrka^ 

A = lenutt. = 41.8 • 10“® in. 


= 102 • 10 - 6 , 


This result is about 3 per cent less than the value 43 • 10“* in. previously 
obtained. To obtain a better accuracy more terms should be taken in 
expression (v). 

When the deflection and the reactions of the foundation are found by the 
energy method, the calculation of stresses can be made by considering the 
given plate to be a circular one symmetrically loaded by the calculated 
reactions (see Chap. III). In this way a better accuracy will be obtained 
than if an approximate expression, such as expression (v), were used in 
calculating curvatures and bending moments. 

If the foundations are assumed to be a semi-infinite elastic body instead 
of conforming with the simplifying assumption regarding reactions made in 
our previous discussion, the problem of bending of circular plates supported 
by an elastic foundation becomes more complicated. This problem has 
been discussed by D. L. Holl.^ 

54. Circular Plates of Non-uniform Thickness.—Circular plates of non- 
uniform thickness are sometimes encountered in the design of machine parts, 
such as diaphragms of steam turbines and pistons of reciprocating engines. 
The thickness of such plates is usually a function of the radial distance, and 
the acting load is symmetrical with respect to the center of the plate. We 
shall limit our further discussion to this symmetrical case. 

Proceeding as was explained in Art. 15 and using the notations of that 
article, from the condition of equilibrium of an element as shown in Fig. 28 
(page 66) we derive the following equation: 


Mr -f -J-V — Mt 4- Or = 0, (a) 

ar 

in which, as before. 



^ Proc. blh Intern. Cong. AppL Mech., Cambridge, Mass., 1938. 


(W 
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where 


ip a 


dw 

dr 


(c) 


and Q is the shearing force per unit length of a (‘ircular section of radius r. 
In the case of a solid plate, Q is given by the equation 


Q 


2TrJ() 


q 2'nr dr. 


(d) 


in which q is the intensity of the lateral load. 

Substituting expressions (fe), (,c) and (d) in Eq. (o) and observing that the 
flexural rigidity D is no longer constant but varies with the radial distance r, 
we obtain the following equation: 



ie) 


Thus the problem of bending of circular symmetrically loaded plates reduces 
to the solution of a dilTerential equation (c) of the second order with variable 
coefficients. To represent the equation in dimensionless form we introduce 
the following notations: 

a is the outer radius of the plate. 
h is the thickness of the plate at any point. 
ho is the thickness of the plate at the center. 


r 


- ^ x; 
a 



(/) 


We also assume that the load is uniformly distributed. Using the notation 


6(1 - v^)a^ 

p = -- 

Eq. (c) then becomes 

^ fi _L d log _ _ __ 

dx^ \a; dx )dx \x^ x dx 


Ehl 

/1 V d log y\ px 


ig) 


(166) 


In many cases the variation of the plate thickness can be represented with 
sufficient accuracy by the equation^ 

y = e ® , (fc) 

1 The first investigation of bending of circular plates of non-uniform thick¬ 
ness was made by H. Holzer, Z. ges. Turhinenweaen, vol. 15, p. 21, 1918. 
The results given in this article are taken from O. Pichler’s doctor^s disserta¬ 
tion, *‘Die Biegung kreissymmetrischer Flatten von veraderlicher Dicke," 
Berlin, 1928. See also the paper by R. Gran Olsson, Ingenieur-Archiv, 
vol. 8, p. 81, 1937. 
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in which is a constant that must be chosen in each particular case so as to 
approximate as closely as possible the actual proportions of the plate. The 
variation of thickness along a diameter of a plate corresponding to various 



Fia. 104. 


values of the constant ^ is shown in Fig. 104. Substituting expression (h) 
in Eq. (166), wc find 




—pxe ^ . 


It can be readily verified that 

^0 = — 




(3 - 


xe 


(t) 

U) 


is a particular sohition of Eq. (t). One of the two solutions of the homo¬ 
geneous equation corresponding to Eq. (t) can be taken in the form of a 
power series; 


^1 



n = l 


i8"(l + p)(3 4- ^) . . . (2n - 1 + >>) 
2-4*4-6-6 • • • 2n • 2n(2n + 2) ^ 


(k) 


in which ai is an arbitrary constant. The second solution of the same equa¬ 
tion becomes infinitely large at the center of the plate, t.e., for a; = 0, and 
therefore should not be considered in the case of a plate without a hole at 
the center. If solutions (j) and (k) are combined, the general solution of 
Eq. (i) for a solid plate can be put in the following form: 

= (1) 

The constant C in each particular case must be determined from the con¬ 
dition at the boundary of the plate. Since series (k) is uniformly convergent, 
it can be differentiated, and the expressions for the bending moments can 
be obtained by substitution in Eqs. (6). The deflections can be obtained 
from Eq. (c). 

In the case of a plate clamped at the edge, the boundary conditions are 

(w)*-i 0, (^)x-i = 0, (m) 
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and the constant C in solution (J.) is 

0 

To get the numerical value of C for a given value < >i hich defines the shape 
of the diametrical section of the plate vsee Fig 104), the sum of series {k) 
must be calculated for x == 1 . '^I'he results of such calculations are given 
in the abov(‘-m(*ntione(l paper by Pichler. Tins paper also gives the 
numerical values for the denvati\e and for tlie inb'gral of series {k) by the 
use of which the moments and the deflections of a plate can be calculated. 
The deflection of the plate at the ct liter can be represented by the formula 

6(1 - v^)a^q 

l^inax — Ctdp — <X. j > (o) 

in which a is a numerical factor depending on th(‘ value of the constant 
Several values of this factor, calculated for p — 0.3, are given in the second 
line of Table 37. 


Table 37.—Numerk’al Factors a ani> a' for ('alculatino Deflections 
AT THE C^ENTEU OF ChRl’ULAU PlATES OP VARIABLE ''fHK’KNEhS 

= 03 



4 

3 

2 

1 

0 

-1 

-2 

~3 

-4 

a 

0 0801 

0 0639 

0 0505 

0 0398 

0 0313 

0 0246 

0 0192 

0 0152 

0 01195 

a ' 

0 2233 

0 1944 

0 1692 

0 1471 

0 1273 

0 1098j 

0.0937 

0 0791 

0.06605 


The maximum bending stresses at various radial distances can be repre¬ 
sented by the formulas 

(‘^r;inax. = ± T » (<^dn.ax = ' (p) 

The values of the numerical factors 7 and 71 for various proportions of the 
plate and for various values of a; = r/a are given by the curves in Figs. 105 
and 106, respectively. For /3 - 0 these curves give the same values of 
stresses as were previously obtained for plates of uniform thickness (see 
Fig. 29, page 61). 

In the case of a plate simply supported along the edge, the boundary 
conditions are 

« 0 , (Mr)x^i = 0 . iq) 

Investigation shows that the deflections and maximum stresses can be 
represented again by equations analogous to Eqs. (o) and (p). The nota¬ 
tions a', 7 ' and 7 I will be used for constants in this case, instead of a, 7 and 71 
as used for clamped plates. The values of a' are given in the last line of 


















PLATES OF VARIOUS SHAPES 


287 


Table 37, and the values of 7 ' and y[ are represented graphically in Figs. 
107 and 108, respectively. 

To calculate the deflections and stresses in a given plate of variable 
thickness we begin by choosing tlte proper value for the constant f-i as given 
by the curves in Fig. 104. When the value of fi has boon determined and 
the conditions at the boundary are known, we CcUi use the values of Table 
37 to calculate the deflection at the cenb'r and thci curves in Figs. 105, 106 
or 107, 108 to calculate the maximum stress. If the shape of the diametrical 
section of the given plate cannot be represented with satisfactory accuracy 
by one of the curves in Fig. 104, an approximate method of solving the 
problem can always be used. 'Phis method consists of dividing the plate 
by concentric circles into several rings and using for each ring formulas 

00 02 0.4 0.6 0.8 1 . 0 ^^ 


0.2 


0.4 


0.6 



developed for a ring plate of constant thickness. The procedure of calcu¬ 
lation is then similar to that proposed by R. Grammcl for calculating stresses 
in rotating disks. ^ 

66. Non-linear Problems in Bending of Circular Plates.— 

From the theory of bending of bars it is known that, if the con¬ 
ditions at the supports of a bar or the loading conditions are 
changing with the deflection of the bar, this deflection will no 
longer be proportional to the load, and the principle of super¬ 
position cannot be applied.^ Similar problems are also encoun¬ 
tered in the case of bending of plates.® A simple example of this 

^ Gbammel, R., Dinglers Polytech. J.f vol. 338, p. 217,1923. The analogy 
existing between the problem of a rotating disk and the problem of lateral 
bending of a circular plate of variable thickness was indicated by L. Foppl, 
Z. angew. Math. Mech.y vol. 2, p. 92, 1922. Non-symmetrical bending of 
circular plates of non-uniform thickness is discussed by G. Olsson, Ingenieur~ 
ArchiVf vol. 10, p. 14, 1939. 

* An example of such problems is discussed in the author’s “Strength of 
Materials,” vol. 1 , p. 157, 1930. 

* See K. Girkman, Der Stahlhau, vol. 18, 1931. Several examples of such 
problems are discussed also in a paper by R. Hofmann, Z, angew. Math, 
Meeh,, vol. 18, p. 226, 1938. 
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kind is shown in Fig. 109. A circular plate of radius a is pressed 
by a uniform load q against an absolutely rigid horizontal 
foundation. If moments of an intensity Ma are applied along 
the edge of the plate, a ring-shaped portion of the plate may be 
bent as shown in the figure, whereas a middle portion of radius b 
may remain flat. Such conditions prevail, for example, in the 
bending of the bottom plate of a circular cylindrical container 
filled with liquid. The moments Ma represent in this case the 
action of the cylindrical wall of the container, which undergoes 
a local bending at the bottom. Applying to the ring-shaped 



Fig. 109. 


portion of the bottom plate the known solution for a uniformly 
loaded circular plate [see expression (m) in Art. 48], we obtain 
the deflection 

w ^ Cl + C 2 logr + Czr^ + log r + (a) 

For determining the constants of integration Ci, . . . , C 4 we 
have the following boundary conditions at the outer edge: 

Mr-o = 0, (ilfr)r«a = -Ma. (&) 

Along the circle of radius b the deflection and the slope are zero. 
The bending moment Mr also must be zero along this circle, 
since the inner portion of the plate remains flat. Hence the con¬ 
ditions at the circle of radius b are 

(W)r^ = 0, (J) = 0, = 0. (c) 

By applying conditions ( 6 ) and (c) to expression (o) we obtain 
the five following equations: 
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Cl + C 2 log a + CW + Cia~ log a = 

Cl + C 2 log b + C^b^ + Cib-^ log 
Ci —;;;2 - 1 - Cz2{v + 1 ) 

+ 04(3 + 2 log a + 2v log a + v) — + »') + 

C 2 -h Cd2{v + 1) 

+ C4(3 + 2 log 6 + 2v log 6 + ..) = - + u), 

C.^ + Cz2b + CM2 log 6 + 1) = — 


id) 


By eliminating the constants Ci, . . . ,64 from these equations 
we obtain an equation connecting Ma and the ratio 6 /a, from 


which the radius 6 of the flat por¬ 
tion of th(* plate can hv calculated 
for each given value of Ma- With 
this value of 6 the constants of 
integration can be evaluated, and 
the expression for the deflc'ction of 
the plate can be obtained from 
ICq. (a). Repr(\s(mting the mo¬ 
ment Ma and the angle of rotation 
(Pa of the edge of the plate by the 
equations 

.„d 

w 



^^_I 

0 1 2 3 4 5 6 


a 

Fig. 110. 


and repeating the above-mentioned calculations for several values 
of the moment May we can represent the relation between the 
constant factors a and P graphically, as shown in Fig. 110, for the 
particular case^ r = 0. It is seen from this figure that does 
not vary in proportion to a and that the resistance to rotation 
of the edge of the plate decreases as the ratio 6 /a decreases. This 
condition holds up to the value a = 5 at which value = 1 , 
6 /a = 0 , and the plate touches the foundation only at the 
^ This case is discussed in the paper by Hofmann, loc. cit., p. 287. 
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center, as shown in Fig. 109b. For larger values of a, f.e., for 
moments larger than Ma = 5qa^/S2, the plate does not touch 
the foundation, and the relation between a and /3 is represented 
by the straight line AB. The value Ma = bqa^/^2 is that value 
at which the deflection at the center of the plate produced by the 
moments Ma is numerically equal to the deflection of a uni¬ 
formly loaded plate simply supported along the edge [see Eq. 
( 68 )]. 

Another example of the same kind is shown in Fig. 111. A 
uniformly loaded circular plate is simply supported along the 



edge and rests at the center upon an absolutely rigid foundation. 
Again the ring-shaped portion of the plate with outer radius a 
and inner radius 6 can be treated as a uniformly loaded plate, 
and solution (a) can be used. The ratio h/a depends on the 
deflection 6 and the intensity of the load q. 

66. Elliptical Plates. Uniformly Loaded Elliptical Plate with a 
Clamped Edge ,—^Taking the coordinates as shown in Fig. 112, 
the equation of the boundary of the plate is 


_ -4- ^ 

a2 ^ 62 


1 = 0 . 


(a) 


The differential equation 

AAw = ^ (6) 

and the boundary conditions for the clamped edges, i,e,, 

w = 0 and ^ ~ (^) 

are satisfied by taking for the deflection w the expression^ 

^ This solution and the solution for a uniformly varying load q are obtained 
by G. H. Bryan; see A. E. H. Love's book, ‘‘Theory of Elasticity," 4th ed. 
p. 484. The case of an elliptical plate of variable thickness is discussed by 
G. Olsson, Ingenieur-ArchiVf vol. 9, p. 108, 1938. 
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(d) 


It is noted that this expression and its first derivatives with 
respect to x and y vanish at the boundary by virtue of Eq. (a). 
Substituting expression (d) in Eq f6), w(' see that the equation 
is also satisfied provided 


Wq 


Z)f24 ^ 16\ 


(167) 


Thus, since expression (d) satisfies Eq. (b) and the boundary 
conditions, it represents the rigoroiis solution for a uniformly 
loaded elliptical plate with a clarapt'd edge. Substituting 
X =: y — 0 in expression (d), we find tliat if’o, as given by Eq. 
(167), is the deflection of the plate at the center. If a — 6, we 
obtain for the deflection the value previously derived for a 
clamped circular plate [Eq. (62), page 60]. If a = oo, the 
deflection Wq becomes equal to the deflection of a uniformly 
loaded strip with clamped ends and having the span 2b. 

The bending and twisting moments are obtained by sub¬ 
stituting expression (d) in Eqs. (09) and (100). In this way 
we find 



d^W 

dx^ 


+ 




3.r2 


+ 


a^b^ 


1 

a2 





(e) 


For the center of the plate and for the ends of the horizontal axis 
we obtain, respectively. 


and (M.)..«.,^o = -^5^* 

(/) 

Similarly, for the moments My at the center and at the ends of the 
vertical axis we find, respectively, 

(Afv).-o,»-o = and (g) 

It is seen that the maximum bending stress is obtained at the 
ends of the shorter principal axis of the ellipse. Having the 
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moments Mx, My and M^yy the values of the bending moment 
Mn and the twisting moment Mnt at any point on the boundary 
are obtained from Eqs. (c) (Art. 22, page 94) by substituting 
in these equations 

dy h^x . dx a^y 

cos a = = —-p -r f sin a = — r = — ^. 

ds \/a^y^ + b^x^ y/a^y^^ + b^x^ 

Qi) 


The shearing forces Qr and Qy at any point are obtained by sub¬ 
stituting expression (rf) in Eqs. (102) and (103). At the boundary 
the shearing force Qn is obtained from Eq. {d) (Art. 22, page 94), 
and the reaction Vn from Eep {g) of the same article. In this 
manner we find that the intensity of the reaction is a maximum 
at the ends of the minor axis of the ellipse and that its absolute 
value is 


(Fn) 


max 


a^h{Za- + h'^)q 

3a^ + 36^ + 


for 


a> b. 


(i) 


The smallest absolute value of Vn Is at the ends of the major 
axis of the ellipse where 


(Vn) 


mm 


a¥{a^ + Sb^)q 
3 a^ + 36 ^ + 2 a 262 ‘ 


(i) 


For a circle, a = 6, and wo find (Fn)max = (Vn)mm. = qa/2. 


EllipUcal Plate with a Clamped Edge and Bent by a Uniformly Varying 
Pressure. —Assuming that q — ^ox, we find that Eq. (6) and the boundary 
conditions (c) are satisfied by taking 


w 



24D 5 1 2_ 


(168) 


From this expression the bending moinoiita and the reactions at the boundary 
can be calculated as in the previous case. 

Uniformly Loaded Elliptical Plate with Simply Supported Edge. —The 
solution for this case is more complicated than in the case of clamped edges 
therefore we give here only some final numerical results. Assuming that 
a/6 > 1, we represent the deflection and the bending moments at the center 
by the formulas 

a6^ 

(u7)x—Vi-o “ (A;) 


^See B. G. Galerkin, Z. angew. Math, Mech,j vol. 3, p. 113, 1923. 
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The values of the constant factors a, |8 and /3i for various values of the 
ratio a/h and for v = 0.3 arc ^iven in Tabic 38. 


Table 38.—Factors a, /3i in Formulas (k) for Uniformly Loaded and 

Simply SuppoitrED Elliptical Plates 
* 0.3 


a/h 

1 

1.1 

I 

1.2 

1.3 

! 1-4 

i.5 

) 

2 3 

4 

5 

00 

ex == 

0.70 


0.96 

1.07 

1.17 

1.26 

1.58 il.88 

2 02 

2.10 

2.28 


0.206 

0.215 

0.219 

0.223 


0.222 


0.184 

0.170 

0.150 

/5i - 


0.235 

0 261 


■ 

0.321 

HiH 

0.465 




Comparison of these numerical values with those previously obtained for 
rectangular plates (Talile 5, page 133) shows that for ('qual values of the 
ratio of the sides of rectangular jilatcs and the ratio n/b of the semi-axes 
of elliptical plates the values of the deflections and the moments at the 
center in the two kinds of plate do not differ appreciehly. The case of a 
plate having the form of half an ellipse Ixninded y— 
by the transverse axis has also been discussed.^ I 

67. Triangular Plates. Equilateral ^ ’ 

Triangular Plate Simply Supported at the 
Edges .—The bending of such a triangular i 

plate by moments Mn uniformly dis¬ 
tributed along the boundary has aln‘ady 
been discussed (see page 102). It was 
shown that in such a case the deflection surface' of the plate is the 
same as that of a uniformly stretched and uniformly loaded 
membrane and is represented by the equation 

w = - 32/^3- — a{x- + y^) + (a) 

in which a denotes the height of the triangle, and the coordinate 
axes are taken as shown in Fig. 113. 

In the case of a uniformly loaded plate the deflection surface 
is^ 

w = ~ “ y^- 

(169) 

^ Galerkin, B. G., Messenger Math., vol. 52, p. 99, 1923. 

*The problem of bending of a plate having the form of an equilateral 
triangle was solved by S. Woinowsky-Kneger, Ingenieur-Archiv, vol. 4, 
p. 254, 1933. 
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By differentiation we find 

Aw = ~ "• + y^) + 


It may be soon from (169) and (6) that the deflection and the bend¬ 
ing moment at the boundary vanish, since the expression in the 
y. ^ brackets is zero at the boundary. Further 

> differentiation gives 

C “pV a 

/ AAw = (c) 


Hence the differential equation of the deflec¬ 
tion surface is also satisfied, and expression 
(169) represents the solution of the problem. 
Having the expression for deflections, the 
expressions for the bending moments and 
the shearing forces can be readily obtained. 
The maximum bending moment occurs on the 
lines bisecting the angles of the triangle. Con¬ 
sidering the points along the x-axis and taking 
V = 0.3, we find 


a 

^- 

\ 

\ ^ 




N" 


\ 

-PI 

/ 

^ ■—c. 

> 


Fig. 114. 


(Mx)m«x. = 0.0248ga2, at a 

= 0.0259ga2, at ^ 

At the center of the plate 

M. = = (1 + 


X = -0.062a;) 
X = 0.129a. ( 


The case of a concentrated force acting on the plate can be 
solved by using the method of images (see page 174). Let us take 
a case in which the point of application of the load is at the center 
A of the plate (Fig. 114). Considering the plate, shown in the 
figure by the heavy lines, as a portion of an infinitely long 
rectangular plate of width a, we apply the fictitious loads P 
with alternating signs as shown in the figure. The nodal lines 
of the deflection surface, produced by such loading, evidently 
divide the infinitely long plate into equilateral triangles each 
of which is in exactly the same condition as the given plate. 
Thus our problem is reduced to that of bending of an infinitely 
long rectangular plate loaded by the two rows of equidistant 
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loads +P and —P. Knowing the solution for one concentrated 
force (see Art. 31) and using the method of superposition, the 
deflection at point A and the stresses near that point can be 
readily calculated, since the effect of the fictitious forces on 
bending decreases rapidly as their distanc( from point A increases. 
In this manner we find the deflection at A 


Mo = 0.00571 


Pa* 
D ■ 


(172) 


The bending moments at a small distance c from A are given by 
the expressions 


V ^ ire / 8x1 

M. - _ o.37») + <' ' 

47r \ irr / Stt / 

Since for a simply s\ippor1(»d and centrally loadc^d circular plate 
of radius Uo the radial and the tangential mornents at a distance 
c from the center arc, respectively (sec page 74), 




, €l() 

47 r c 


and 


, , (1 + v)P - Oo 

— 4 / log- 

(1 - r)P 
+ ~4,r—’ 


id) 


it can be concluded that the first terms on the right side of 
Eqs. (173) are identical with the logarithmical terms for a 
circular plate with a radius 


a\/3 0 , 

tto = — . 

TT 


(e) 


Hence the local stresses near the 
point of application of the load can 
be calculated by using the thick- 
plate theory developed for circular 
plates (see Art. 19). 



Plate in the Form of an Isosceles Right 
Triangle with Simply Supported Edges. —Such a plate may be considered 
as one-half of a square plate, as indicated in Fig. 115 by dotted lines, 
and the methods previously developed for rectangular plates can be 
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applied.^ If a load P is applied at a point A with coordinates rj (Fig. 
116), we assume a fictitious load —P applied at A' which is the image of 
the point A with respect to the line BC. These two loads evidently pro¬ 
duce a deflection of the square plate such that the diagonal BC becomes a 
nodal line. Thus the portion OBC of the square plate is in exactly the 
same condition as a simply supported triangular plate OBC. Considering 
the load -j-P and using the Navier solution for a square plate (page 122 ), we 
obtain the deflection 


Wi 


m ■= 1 n * 1 


. vnr^ . mrij 

. sin -sin- 

a a . mirx . mry 

, — , — sm ^— sin- 

(w* + n*)* a a 


if) 


In the same manner, considering the load —P and taking a — r} instead of 
I and a — ^ instead of r;, we obtain 


m“l n=» 1 


. niTr} . mr^ 

Sin -sin — 

o a , mirx . niry 

-- — - 

(w® a a 


iff) 


The complete deflection of the triangular plate is obtained by summing up 
expressions (f) and (g); i.e., 

ly =* iPi + {h) 

To obtain the deflection of the triangular plate produced by a uniformly 
distributed load of intensity 9 , we substitute q dr} for P and integrate 
expression (h) over the area of the triangle OBC. In this manner we obtain 




Ifigo^l 


Lw-1,3,6, • • •n-2.4,6. 


m{n^ — m^){m^ + n*)® 


2 

.4,6, 

00 

2 2 

m «* 2,4,6, • • . n “ 1,3,5, • 


. mirx , niry 

n sin-sin- 

a a 


. mirx . niry 

m sin — sm- 

a a 


nini^ — + n®)® 


ii) 


This is a rapidly converging series and can be used to calculate the deflection 
and the bending moments at any point in the plate. Taking the axis of 
symmetry of the triangle in Fig. 115 as the a:i-axis and representing the 
deflections and the moments Mx^ and My^ along this axis by the formulas 
oa* 

w - o—> Mx^ = /Sgo*, - /Sigo*, 0) 


the values of the numerical factors a, and jSi are as given in Figs. 116 and 
117. By comparing these results with those given in Table 5 for a uni- 

^ This method of solution was given by A. Nadai, ‘‘Elastische Flatten,'* 
p. 178, 1925. Another way of handling the same problem was given by 
B. G. Galerkin, Bull. acad. sd. de Rusaie, p. 223, 1919; and Bull. Polytech. 
Inat.f vol. 28, p. 1, St. Petersburg, 1910. 
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formly loaded square plate, it can be concluded that for the same value of a 
the maximum bending moment for a triangular plate is somewhat less than 
half the maximum bending moment for a s(piare plate. 



Fig. no. 



To simplify the calculation of the deflections and moments the double 
series (i) can be transformed to simple series.^ For this purpose we use the 
known scries 


(i-) 


cosh m 

u (x)^ ? +-^ - 

.4[^J (n® + VI* 2ni^ . irm 

n-2,4.6. ... smh 


TT* cosh mx tx 

4m* . , irtn 2 m* 

smh* — 


2 

sinh ml 


(i-) 


. , WITT 

smh — 


(fc) 


* This transformation was communicated to the writer by J. V. Uspensky. 
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which can be represented in the following form 

2 

Utnix) = (am + fimx) cosh mx + + 5m) sinh mx --/ (0 

m* 

Considering now the series 

to 

rr / s cos rw; 

«.(*) “ ^ -’ to *)’ 

n-2,4,6, •• 

we obtain 


and 


dVfn _ n sin nx 

dx (n* -1- — w*) 

n-2,4.6. •• 


(n) 



The constants -4 m and Bm can be determined from the conditions 

= 0 and Fm(o) = Fm(ir) (r) 

z-O 

which follow from series (n) and (m). With these values of the constants 
expression {q) gives the sum of series (n) which reduces the double series in 
expression (i) to a simple series. 




CHAPTER VIII 


BENDING OF PLATES UNDER THE COMBINED ACTION 
OF LATERAL LOADS AND FORCES IN THE MIDDLE 
PLANE OF THE PLATE 

58. Differential Equation of the Deflection Surface.—In our 

previous discussion it has always been assumed that the plate 
is bent by lateral loads only. If in addition to lateral loads there 
are forces acting in the middle plane of the plate, these latter 
forces may have a considerable eff(‘ct 
on the bending of the plate and must 
be considered in deriving the corres¬ 
ponding differential equation of the 
deflection surface. Proceeding as in 
the case of lateral loading (see Art. 

21, page 85), we consider the equilib¬ 
rium of a small element cut from the 
plate by two pairs of planes paralh'l 
to the xz- and i/s-coordinate planes 
(Fig. 118). In addition to the forces 
discussed in Art. 21 we now have 
forces acting in the middle plane of 
the plate. We denote the magnitude 
of these forces per unit length by 
Nxy Ny and Nxy = -Vy*, as shown in 
the figure. Projecting these forces on the a;- and y-axes and 
assuming that there are no body forces or tangential forces acting 
in those directions at the faces of the plate, we obtain the follow¬ 
ing equations of equilibrium: 





(b) 


Fiq. 118. 


+ 


dN. 

dx 

dx 


dN^ 

dy 

dNy 

dy 


= 0 . 


= 0 . 


(174) 


These equations are entirely independent of the three equations 
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of equilibrium considered in Art. 21 and can be treated separately, 
as will be shown in Art. 60. 

In considering the projection of the forces shown in Fig. 118 
on the 2 :-axis, we must take into account the bending of the plate 
and the resulting small angles between the forces Nx and Ny that 
act on the opposite sides of the clement. As a result of this bend¬ 
ing the projection of the normal forces Nx on the 2 -axis gives 

-N. d«^£ + (iV, + 

After simplification, if the small quantities of higher than the 
second order are neglected, this projection becomes 

+ (a) 


In the same way the projection of the normal forces Ny on the 
2 -axis gives 

\T 7 , , dNy dw J , V 

N,^xdy + -^^dxdy. ( 6 ) 

Regarding the projection of the shearing forces Nxy on the 2 -axis, 
we obs(irve that the slope of the deflection surface in the i/-direc- 
tion on the two opposite sides of the element is dw/dy and 
(dw/dy) + {d^w/dxdy)dx. Hence the projection of the shearing 
forces on the 2 -axis is equal to 


N„^dxdy + 


'‘dxBy 


dx dy 


dxdy. 


An analogous expression can be obtained for the projection of 
the shearing forces Nyx = Nxy on the 2 -axis. The final expression 
for the projection of all the shearing forces on the 2 -axis then can 
be written as 


OAT ^ ^ I 


Adding expressions (a), (6) and (c) to the load q dx dy acting on 
the element and using Eqs. (174), we obtain, instead of Eq. 
{q) (page 87), the following equation of equilibrium: 


amx _ n ^^Mxu , dWy 
dx^ w dy dy^ 


■( 


-U + AT, 


dho 


+ Ny 


dho 

dy^ 


+ 2N^ 


d^w \ 
dx dy) 



BENDING OF PLATES UNDER LATERAL LOADS 301 


Substituting expressions (99) and (100) for Mxj My and M^y, we 
obtain 


dhi) I 2 I 

dx^ dx^ dy^ dy* 




d-w 

dx^ 


+ Ny 


d^w 

dy- 


+ 2AV/, 


dy\ 

dx dy) 


(175) 


This equation should be used instead of Kq. ^101) in determining 
the defleetion of a plate if in addition <(» lateral loads there 
are forces in the middle plane of the plate. 


If there are body forces' acting in Ihe middle plane of the plate or tan¬ 
gential forces distributed over the surfaces of the plate, the differential 
equations of equilibrium of the element shown m Fig. 118 become 


dNx ^ dNxy 
dx ()y 

dN XU ^ dN y 
dx dy 


i-x 
4- Y 


0 .) 




(176) 


Here X and Y denote the tw^o components of the body forces or of the 
tangential forces per unit area of the middle jilaiK* of the plate. 

Using Eqs. (170), instead of Eqs (174), we obtain the lollowmg differential 
equation^ for the defli'ction surface: 


d^w ^ d*w dHv 

- -f" 2- ■ -f- 

dx* dx^ dy^ dy* 




, dho d^w d'^w 

y “I” Nx —r 4" Ny —■ 4* 2Axv 

dx^ dy^ Ox dy 


dx dy / 


(177) 


Equation (175) or E(|. (177) together wdth the conditions at the boundary 
(see Art. 22, page 89) defines the deflection of a plate loaded laterally and 
submitted to the action of forces in the middle plane of the plate. 

69. Rectangular Plate with Simply Supported Edges under 
the Combined Action of Uniform Lateral Load and Uniform 

r 

Tension. —Assume that the plate is under uniform tension in the 
a;-direction, as shown in Fig. 119. The uniform lateral load q 
can be represented by the trigonometric series (see page 118) 

1 An example of a body force acting in the middle plane of the plate is the 
gravity force in the case of a vertical position of a plate. 

2 This differential equation has been derived by Saint Vcnant (sec final 
note 73) in his translation of Clebsch, “Tb6orie dc r<jlasticit6 des corps 
Bolides,^' p. 704, 1883. 
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- 'S' 'SI 

^ jT* m/i 

m** 1,3,5, • • . n»» 1,3,5, 

Equation (175) thus becomes 


. mvx . Twy f . 

sin-sin (a) 

mn a b ' 


d*w ^ ^ d^w 

^4' + ^ 


, 5^ ^ d^w 

dx^ dy^ dy^ D dx^ 


16<7 1 mwx . nwy 

= ” > ~ ~ -sin -T-- (6) 

Lhr^ mn a b 


m - 1,3,5, •• ri - 1,3,5, ••• 


This equation and the boundary conditions at the simply sup¬ 
ported edges will be satisfied if we take the deflection w in the 
form of the sericjs 


w 


ss, 


. rmrx . niry 
sm-^sin-^-* 


(c) 


Substituting this series in Eq. (fe), we find the following values 
Q for the coefficients amn* 

I * I ir~ X. 

I6g 





“T” 




] 




b 




V 


-<•.a.> 



Cttnn ““ 


Ihr^mni 


\a^ 6V T^Da\ 


id) 

in which m and n are odd numbers 
1,3,5,..., and Omn = 0 if m or n or 
both are even numbc'rs. Hence the deflection surface of the plate is 


Fig. 119. 


W 


= 167 

7r«Z> 


2 2 

in —1,3,5, ••• n■* 1,3,5, • • 


r /m* , n^V 


+ 


Nxrn^ 


rmrx . mry . . 
sin-sin (e) 


Comparing this result with solution (122) (page 118), we conclude 
from the presence of the term Da^ in the brackets of 

the denominator that the deflection of the plate is somewhat 
diminished by the action of the tensile forces iV*. This is as 
would be expected. 
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If, instead of tension, we have compression, the force Ng 
becomes negative, and the deflections (c) become larger than 
those of the plate bent by lateral load only. It may also be seen 
in this case that at certain values of the comj>ressive force Ng 
the denominator of one of the terms in cries (e) may vanish. 
This indicates that at such values of Nx tlu^ plaie may buckle 
laterally without any lab^ral loading. Tliis phenomenon of 
elastic instability will be discussed later. 

60. Application of the Energy Method. H^'ho energy method, 
which was previously used in discussing bending of plates by 
lateral loading (see Ari. 28, page 120), can also be applic'd to 
the cases in which the lateral load is combined with forces acting 
in the middle plane of the plate. To establish the expression 
for the strain energy corresponding to the latl(T forces let us 
assume that these forces are applicni first to the unbent plate. 
In this way we obtain a two-dimensional problem which can 
be treated by the methods of the theory of (elasticity.^ Assuming 
that this problem is solv('d and that tin' forccNs Ny and Nzy 
are known at each point of the plate, tlie components of strain 
of the middle plane of tlu' plate are obtained from the known 
formulas representing Hooke’s law, viz , 

€x = - yN,), e, = - .AT,), 

- 

” hG' 

The strain energy, due to stretching of the middle plane of the 
plate, is then 

Vi = ^//(AT^e* + + Nr,y„)(ljr<ly 

= J[AT,^ + NI- 2vN.N, + 2(1 + v)Nl,]dx dy, (178) 

where the integration is extended over the entire plate. 

Let us now apply the lateral load. This load will bend the plate 
and produce additional strain of the middle plane. In our pre¬ 
vious discussion of bending of plates, this latter strain was always 
neglected. Here, however, we have to take it into consideration, 
since this small strain in combination with the finite forces 
Nx, Ny, Nxy may add to the expression for strain energy some 

' See, for example, author^s ** Theory of Elasticity,” p. 12. 
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terms of the same order as the strain energy of bending. The 
a:-, 2/- and 2 -components of the small displacement that a point in 
the middle plane of the plate experiences during bending will be 
denoted by Uj v and w, respectively. Considering a linear ele¬ 
ment AB of that plane in the 
a:-direction, it may be seen from Fig. 
120 that the elongation of the ele¬ 
ment due to the displacement u is 
equal to (du/dx)dx. The elonga¬ 
tion of the same element due to the 
j 2 (). displacement w is \{dw/dxy dXy as 

may be seen from the comparison of 
the length of the element AiBi in Fig. 120 with the length of its 
projection on the a:-axis. Thus the total unit elongation in the 
x-direction of an element taken in the middle plane of the plate is 



Ai 

% 



1 T 1 

7 


' . du 


dw ^ 


dx 


e' = - + 


UdwY 

dx ' 2y^j J 
Similarly the strain in the ^/-direction is 


__ , l/ dw\^ 

^ dy^ 2\dy ) 


(179) 


(180) 


Considering now the shearing strain in the middle plane due 
to bending, we conclude as before (see Fig. 23) that the shearing 



strain due to the displacements u and v is (du/dy) + (dv/dx). 
To determine the shearing strain due to the displacement w we 
take two infinitely small linear elements OA and OB in the x- 
and y-directions, as shown in Fig. 121. Because of displacements 
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in the 2 -directioii these elements come to the positions OiAi 
and OiBi, The difference between the angle ir/2 and the angle 
^lOiJSi is the shearing strain corresponding to the displacement 
w. To determine this diflerence wc consider the rights angle 
B 2 O 1 A 1 J in which B 2 O 1 is parallel to BO, Rotating the plane 
B 2 O 1 A 1 with respect to OiAj by the aiigh' dw/dy, we bring the 
plane B 2 O 1 A 1 into coincidence with the plane B^OiAi^ and the 
point B 2 to position C. Tlie displacement B 2 C is equal to 
{dw/dy)dy and is inclined to the vertical B 2 B 1 by the angle 
dw/dx. Hence B^C is equal to {dw/dx){dw/dy)dy^ and the angle 
COifi], which represents the shearing strain corresponding to 
the displacement le, is {dw/dx){dw/dy). Adding this shearing 
strain to the strain produced by the displacements u and t;, 
we obtain 


du dv , dw dw 
dy dx dx dy 


(181) 


Formulas (179), (180) and (181) represent the components of the 
additional strain in the middle plane of the plate due to small 
deflections. Considering them as very small in comparison 
with the components €y and jxv used in the derivation of 
expression (178), we can assume that the forces N^j Ny, Nxy 
remain unchanged during bending. With this assumption the 
additional strain energy of the plate, due to the strain produced 
in the middle plane by bending, is 


V 2 = Jj{Nx€x + Nyt'y + Nxyyxy)dx dy. 


Substituting expressions (179), (180) and (181) for e', €y and 
7 'y, we finally obtain 


=JJK: 


+<+ 


+ N, 




dx dy. (182) 


It can be shown, by integration by parts, that the first integral 
on the right-hand side of expression (182) is equal to the work 
done during bending by the forces acting in the middle plane of 
the plate. Taking, for example, a rectangular plate with 

^ The angles dwidy and dw/dx correspond to small deflections of the plate 
and are regarded as small quantities. 
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the coordinate axes directed, as shown in Fig. 119, we obtain 
for the first term of the integral 

. - Jo - Jo Jo “ 


Proceeding in the same manner with the other terms of the first 
integral in expression (182), we finally find 


n a " 




dxjj 


dx dy 




The first integral on the right-hand side of this expression is 
evidently equal to the work done during bending by the forces 
applied at the edges a: = 0 and a; = a of the plate. Similarly 
the second integral is equal to the work done by the forces applied 
at the edges y — 0 and y == b. The last two integrals, by virtue 
of Eqs. (176), are equal to the work done during bending by 
the body forces acting in the middle plane. These integrals 
each vanish in the absence of such corresponding forces. 

Adding expressions (178) and (182) to the energy of bending 
[see Eq. (Ill), page 95], we obtain the total strain energy of a 
bent plate under the combined action of lateral loads and forces 
acting in the middle plane of the plate. This strain energy is 
equal to the work Tv done by the lateral load during bending of 
the plate plus the work Ta done by the forces acting in the 
middle plane of the plate. Observing that this latter work is 
equal to the strain energy V i plus the strain energy represented 
by the first integral of expression (182), we conclude that the 
work produced by the lateral forces is 


+ 


DJ* J *, d^w\ 




.r d^w / dhv yil 

*’'L3a:* dy’‘ \dx dy) J/' 


fdx dy. 
(183) 


Applying the principle of virtual displacement, we now give a 
variation 5w to the deflection w and obtain, from Eq. (183), 
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d^w 

dx^ dy^J 


"‘»Y - 2(1 - 






\ d^w d^iv 
di ’ dy 


'\(lx dy 

■ - Gr;)’]} 

dx dy. (184) 


The left side in this equation represents llie work done during 
the virtual displacement by the lateral load, and the right side 
is the corresponding change in the strain energy of the plate. 
The application of this e(iaation will bo illustrated by several 
examples in the next article. 

61. Simply Supported Rectangular Plates under the Combined 
Action of Lateral Loads and of Forces in the Middle Plane of the 
Plate. —^Let us begin with the case of a rectangular plate uni¬ 
formly stretched in the r-direction (Fig. 119"^ and carrying a 
concentrated load P at a point with coordinate's f and 77 . The 
general expression for the deflection that satisfies the boundary 
conditions is 


2 "^ imrx . nry , . 

2j a^nsm—- sin ^ (a) 

m = 1,2,3, n = 1,2,3, 

To obtain the coefficients Q,nn in this series we use the general 
equation (184). Since* 'Ny — N^ = 0 in our case*, the first 
integral on the right side of Kq. (183), after substitution of 
series (a) for ic, is 


00 00 



The strain energy of bending representing the second integral 
in Eq. (183) is [see Eq. (124), page 121] 


7 = 


■K^db 

8 


B 


m—ln“l 


q 2 ('Tl . 


{c) 


To obtain a virtual deflection hw we give to a coefficient 
an increase hOm^nx- The corresponding deflection of the plate is 


bw — bcLmmi sin 


niiTX 

a 


sin 


nnry 
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The work done during this virtual displacement by the lateral 
load P is 


P ^Orniwi 


. miTrf . 
sin sin 

a 


Uiirr) 

h 


id) 


The corresponding change in the strain energy consists of the 
two terms which are 





miTT^ 


8(Xtt 


dV — ^ 8Qmini — A 


(ml , «?Y 

\a^ b^J 


5a„, 


(0 


Substituting expressions (d) and (e) in Eq. (184), we obtain 


. miTrf . nyTT] ab,, m^Tr^ 
P 8CLfn\m Sin ' ^ sin x^mmi ^2 


from which 


Ummi — 


mi ^2 
*1 ^ 


4P sin-^ sin 

a h 


(ml 71?Y 
Va2 by 


8a„, 


abir^D 


(ml 




(/) 


+ 


TT^a^Dj 


Substituting these values of the coefficients a^mi in expression 
(a), we find the deflection of the plate to be 


w = 


« « • mw^ . mnj 

. „ * * sin-sin 

4P ^ _0 . mirx . nwy 

n*Y 


(?) 


If, instead of the tensile forces Nx, there are compressive forces 
of the same magnitude, the deflection of the plate is obtained 
by substituting —Nx in place of Nx in expression (g). This sub¬ 
stitution ^ves 
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w = 


4P 




. rmrlc . nirin 

sin-^ sin -^r- 

a o 


i , n^V ^ 


mW* 

7r'2a2/> 


. rmx . nvy 

sin-sin -T^* 

a b 


(h) 


The smallest value of Nx at which the denominator of one of 
the terms in expression (h) becomes equal to zero is the critical 
value of the compressive force Nx^ It is evident that this critical 
value is obtained by taking n = 1. Hence 


{Nx)cr = 


i^^a^D(r^ 1Y 

\a^ by 


ay 

¥\a mb/' 


(185) 


where m must be chosen so as to make expression (185) a mini¬ 
mum. Plotting the factor 

^ + »!&) 

against the ratio a/6, for various integral values of m, we obtain 
a system of curves shown in Fig. 122. The portions of the 

(0 
9 
8 
7 
6 


4 

3 

Z 

1 

0 



curves that must be used in determining k are indicated by heavy 
lines. It is seen that the factor k is equal to 4 for a square plate 
as well as for any plate that can be subdivided into an integral 
number of squares with the side b. It can also be seen that for 
long plates k remains practically constant at a value of 4.^ 

^ A more detailed discussion of this problem is given in the author^s 
Theory of Elastic Stability/' p. 327. 
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By using the deflection {g) produced by one concentrated load, 
the deflection produced by any lateral load can be obtained 
by superposition. Assuming, for example, that the plate is uni¬ 
formly loaded by a load of intensity g, we substitute q drj for P 
in expression (g) and integrate the expression over the entire 
area of the plate. In this way we obtain the same expression for 
the deflection of the plate under uniform load as has already 
been derived in another manner (see page 302). 

If the plate laterally loaded by the force P is compressed in 
the middle plane by uniformly distributed forces Nx and Ny, 
proceeding as before we obtain 

. . mrrj 

Sin sin -Y— 

w = , > > -7 --sin - - sin , 

abir x __ nWy ^ ^ 

\a 2 

(i) 

The critical value of the forces Nx and Ny is obtained from 
the condition^ 

m^(Nx)cr , nKNy)cr ^ X 

■ t 262 Z)~ 

where m and n are chosen so as to make Nx and Ny a minimum 
for any given value of the ratio A,: Ny. In the case of a square 
plate submitted to the action of a uniform pressure in the middle 
plane we have a = 6 and Nx = Ny = p. Equation (j) then gives 

Per = (k) 

CL 


The critical value of p is obtained by taking m = n = 1 , which 
gives 


Per = 


27rW 


(186) 


In the case of a plate in the form of an isosceles right triangle 
with simply supported edges (Fig. 115) the deflection surface of 
the buckled plate which satisfies all the boundary conditions is^ 

1 A complete discussion of this problem is given in the author's “Theory of 
Elastic Stability," p. 333. 

* This is the form of natural vibration of a square plate having a diagonal 
as a nodal line. 



BENDING OF PLATES UNDER LATERAL LOADS 311 


w 


= a^sin 


TX . 2Ty , . 27rx 

sin - - + sin 
a 


TX . xv\ 
— sin - - )• 
a a / 


Thus the critical value of the compressive stress is obtained by 
substituting w = 1, n = 2 or m = 2, ?/ = 1 into expression 
(k). This gives 


'Per 


5x^1) 


(187) 


62. Methods of Calculation of Critical Forces. —It was indi¬ 
cated in the previous article that at certain values of the forces 
acting in the middle plane of a plate a lateral buckling of the 
plate may occur. A knowledge of such critical values of the 
forces is of a great practical importance in the design of thin- 
walled structures. For this reason various methods of calculat¬ 
ing these values will now be discussed. 

We can proceed, as was done in the previous article, by finding 
a general expression for the deflection produced by the combined 
action of the lateral load and the forces acting in the middle 
plane of the plate and then determining the values of the forces 
acting in the middle plane at which the deflection increases 
indefinitely. The smallest of these values is then the critical 
force. 

Another method of calculating the critical forces is to assume 
that the plate buckles slightly under the action of the forces 
applied in its middle plane and then to calculate the magnitudes 
that the forces must have in order to keep the plate in such a 
slightly buckled form. The differential equation of the deflec¬ 
tion surface in this case is obtained from Eq. (175) or (177) by 
putting g = 0, z.c., by assuming that there is no lateral load. 
If there are no body forces acting in the middle plane, the 
equation for the buckled plate then becomes 

d^w d*V) . _ }_( 1 

^ ^ ~ Z>\ 

The simplest case is obtained when the forces Ny and Nxy 
are constant throughout the plate. If we assume that there arc 
given ratios between these forces as expressed by 

Ny = aNx and Nxy = PNx 



312 


THEORY OF PLATES AND SHELLS 


and solve Eq. (188) for the given boundary conditions, we shall 
find that the assumed buckling of the plate is possible only for 
certain definite values of iV*. The smallest of these values is 
the desired critical value. 

If the forces iV*, Ny and Nxy are not constant, the problem 
becomes more complicated, since Eq. (188) then has variable 
coefficients. The general conclusion remains the same, however. 
In such cases we can assume that the expressions for the forces 
Nxy Ny and Nxy have a common factor 7 , such that a gradual 
increase of loading is obtained by an increase of this factor. 
From the discussion of Eq. (188) together with the given bound¬ 
ary conditions, it will be concluded that curved forms of equilib¬ 
rium are possible only for certain values of the factor 7 and that 
the smallest of these values defines the critical loading. 

The energy method also can be used in investigating the 
buckling of plates.^ This method is especially useful in those 
cases where a rigorous solution of Eq. (188) is unknown and 
where it is required to find an approximate value of the critical 
load. In applying this method we assume that the plate, which 
is stressed only by forces acting in its middle plane, undergoes 
some small lateral deflection w consistent with the given boundary 
conditions. Then, using Eq. (183) and observing that there is no 
lateral load in this case, we obtain 

$j j[K^)’+ 

+§//{(!?+ 1 ?)’ 

- (a^) 

The critical value of the forces acting in the middle plane of the 
plate is the smallest of the values at which F]q. (189) is satisfied. 
In determining this critical value we assume that, in general, the 
forces Nxy Ny and Nxy are represented by certain functions of x 
and y having a common factor 7 so that 

Nx = yK, Ny = 7 iV;, Nxy = yN!^. (a) 

1 This method was first used by G. H. Bryan, Proc, London Math, Soc.f 
vol. 22, p. 54; see also author's book “Theory of Elastic Stability," 1936; 
and H. l^issner's paper Z. angew. Math. Mech.^ vol. 5, p. 476, 1925. 
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A simultaneous increase of these forces is obtained by making y 
increase. From Eq. (189) we then obtain 




7 = 




JO ( d^W Vl\ 
\) 


dx dy 


J J L \dy/ 


4 . 2N' — — d'^ dv 


(190) 


To determine the critical value of y it is necessary to find, in 
each particular case, an expression for w that satisfies the given 
boundary conditions and makes expression (190) a minimum. 
This requires that the first variation of the fraction (190) van¬ 
ish. If the numerator of expression (190) is denoted by 7i, 
the denominator by 1 2 , the first variation of this expression is 

/2 5/1 — 7 i hi2 

- - n — 


Observing that 7 = h/hy this variation, when equated to zero, 
gives 


Y(57i — 7 bh) = 0 . 

i 2 


(&) 


By calculating the indicated variations and assuming that there 
are no body forces in the middle plane of the plate, i.c., that 
Eqs. (174) hold, we again obtain Eq. (188). Thus the energy 
method brings us in this way to the integration of the same 
equation, as has already been discussed. 

For an approximate calculation of the critical values of the 
forces Nxy Ny and Nxy we assume the deflection w to be in the 
form of a series 


w = ai/i(x, 2 /) + a 2 / 2 (x, 2 /) + • • • , 

in which the functions/i(a',?/),/ 2 (a*, 2 /), . . . satisfy the boundary 
conditions and are chosen so as to be suitable for the represen¬ 
tation of the buckled surface of the plate. In each particular 
case we shall be guided in choosing these functions by experi¬ 
mental data regarding the shape of a buckled plate. The coeffi¬ 
cients ai, a 2 , as, . . . of the series must now be chosen so as to 
make expression (190) a minimum. Using this condition and 
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proceeding as in the derivation of Eq. (b) above, we obtain the 
following equations: 

dai ^dai 
da2 ^dai ’ 


(191) 


It can be seen from expression (190) that the expressions for 7i 
and 1 2 are homogeneous functions of the second degree in terms 
of Ui, a 2 , . . . . Hence Eqs. (191) represent a system of homo¬ 
geneous linear equations in Ui, a 2 , . . . . Such equations may 
yield for ai, a 2 , . . . solutions different from zero only if the 
determinant of these equations is zero. Putting this determi¬ 
nant equal to zero, an equation for d('tormining the critical 
value of 7 will be obtained. This method of approximate cal¬ 
culation of the critical values of the forces acting in the middle 
plane of a plate will be illustrated by examples in Art. 64. 

63. Buckling of Uniformly Compressed Rectangular Plates 
Simply Supported along Two Opposite Sides Perpendicular to the 
Direction of Compression and Having Various Edge Conditions 
along the Other Two Sides. —In the discussion of this problem 

both the energy method and the 
method of integration of the 
differential equation for the de¬ 
flected plate can be used.^ In 
applying the method of integra¬ 
tion we use Eq. (188). For the 
case of uniform compression along 
the a;-axis (see Fig. 123), if Nx is 
considered as positive for compression, this equation becomes 



Y 

Fio. 123. 


dhi) , 2 I d^w 

dx^ dz^ dy^ dy^ D dx^ 


(a) 


Assuming that under the action of the compressive forces the 
plate buckles in m sinusoidal waves, we take the solution of 
Eq. (a) in the form 

1 The method of integration was used by the writer in the paper published 
in the Bull. Polytech. I mi., Kiev, 1907; see also Z. Math. Physik^ vol. 58, 
p. 343, 1910. The use of the energy method was shown in the paper pub¬ 
lished in Ann, ponta chauaBies^ vol. 4, p. 372, 1913. 
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w = Y sin 


niTX 

a ' 


( 6 ) 


in which F is a function f(y) which is to be determined later. 
Expression (6) satisfies the boundary conditions along the sup¬ 
ported sides a: = 0 and x = a of the plate, since 


w — 0 and 


d^w dhv 
dx^ 


= 0 


for X = 0 and x = a. Sul)stitu+ing (b) into Kq. (o), we obtain 
the following ordinary differential equation for detenninmg the 
function Y = f{y): 


yiv 


2m 




Noting that because of some constraints along the sides y = 0 
and 2 / = 5 we always have 


Nx . mV 

17 > 


and introducing the notations 


ImV , iNrmV , 

\^*' + V77 



mV , jNx mV 
" a2 + \ Z> ' 
(d) 


the general solution of Eq. (c) can be represented in the following 
form: 

Y = + C 2 r«*' + Cg cos fiy + C 4 sin fiy. (e) 


The constants of integration in this solution must be determined 
in ea(‘h particular case from the conditions of constraint along 
the sides y = 0 and y = 6. Several particular cases of con¬ 
straint along these sides will now be discussed. 

Side y = 0 Is Simply Supported; Side y = b Is Free ,—From 
these conditions it follows [see Eqs. (107), (108)] that 


1 /; = 0, 


y = 0, (/) 

d^w . d^w ^ 

a," + - %%:y = « 

for y = b. 



(g) 
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The boundary conditions (/) will be satisfied if, in the general 
solution (e), we take 

Cl = — C 2 and Cs = 0. 

The function F can then be written in the form 


V = A sinh at/ + B sin jSj/, 

in which A and B are constants. From the boundary conditions 
{g)j it then follows that 


ilaj^a^ — (2 — ^ cosh ab ) (h) 

- (8b|^/ 3* + (2 - »')^] cos Pb = O.j 


These equations can be satisfied by taking 4=5 = 0. With 
these values the deflection at each point of the plate is zero, 
and we obtain the flat form of equilibrium of the plate. The 
buckled form of equilibrium of the plate becomes possible only 
if Eqs. (h) have a solution for A and B different from zero. This 
requires that the determinant of these equations should be zero; 

i.e,y 

Since a and P contain N^, [see notations (d)], Eq. (i) can be used 
for the calculation of the critical value of Nx if the dimensions 
of the plate and the elastic constants of the material are known. 
These calculations show that the smallest value of Nx is obtained 
by taking ?n = 1, i.e., by assuming that the buckled plate has 
only one half wave. The magnitude of the corresponding 
critical compressive stress can be represented by the formula 


(o’»)cr — 


(Nx)cr ^ jTW 

h ~ 


U) 


in which ft is a numerical factor depending upon the magnitude 
of the ratio a/6. Several values of this factor, calculated from 
Eq. (i) for v = 0.25, are given in the second line of Table 39 
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below. For long plates it can be assumed with sufficient 
accuracy that 

h = (o.466 + 

In the third line of Table 39 the critical stresses are given as cal¬ 
culated on the assumption that E = 30.10® lb. per square inch, 
V = 0.25 and h/b = 0.01. For any other material with a 
modulus El and any other value of the ratio h/b the critical stress 
is obtained by multiplying the numbers of the table by the factor 

El (hV 

30 • 10\bJ ■ 


Table 39. —Numerical Values of k in Eq. 0) When Side y ■= 0 Is 
Simply Supported and Side 2/ = 6 Is Free (Fig. 123) 



Edge conditions similar to those assumed above are realized 
in the case of compression of an angle as shown in Fig. 124. 
When the compressive stresses, uniformly dis¬ 
tributed over the width of the sides of the angle, 
become equal to the critical stress as given by 
formula 0), the free longitudinal edges of the angle 
buckle, as shown in the figure, but the line AB 
remains straight. The edge conditions along the 
line AB are the same as along a simply supported 
edge. Experiments made with angles in compres¬ 
sion^ are in good agreement with the theory. In 
the case of comparatively short angles buckling 
occurs, as shown in Fig. 124. For a long strut with 
such an angular cross section Euler^s critical com¬ 
pressive stress may become smaller than that given by formula (j), 
in which case the strut buckles like a compressed column. 

^ See paper by F. J. Bridget, C. C. Jerome and A. B. Vosseller, Tram. 
Am, Soc. Mech, Eng,f p. 569, 1934. See also paper by C. F. Kollbrunner, 
Zurich, 1935. 
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Side y = 0 Is BuiU In, Side y = b Is Free {Fig. 123).—In 
this case the edge conditions for determining the constants in 
the general solution (e) are 


w = 0, 


dw 


= 0 


dho , dho _ 


dy 

~ + (2-r) 


dy^ 


o 

II 

O 

(k) 

d^w _ , 

= 0 for 

dx^dy 

y = b. 


From the conditions (A;) it follows that 
aCz / 3 C 4 


Cl = 


2a 


and 


C 2 = - 


(1) 


aC z + PCj 
2a 


The function Y can then be represented in the form 


Y = A (cos fiy — cosh ay) + -B^sin i^2/ “ “ ai/y. 

Substituting this expression in equations (Z), we obtain two 
homogeneous equations linear in A and B. The critical value of 
the compressive stress is now determined by equating the deter¬ 
minant of these equations to zero. This gives 


2ts 4" (s^ + t^) cos pb cosh ab 

= sin 0b sinh ab. 

ap 

where 


t^0^ + v 


mV 


s = — 


V 


mV 


(m) 


For a given value of the ratio a/b and a given value of v the 
critical value of compressive stress can be calculated from the 
transcendental equation (m) and can be represented by Eq. (j). 
Calculations show that, for a comparatively short length a, the 
plate buckles in one half wave, and we must take m = 1 in our 
calculations. Several values of the numerical factor k in Eq. 
(j) corresponding to various values of the ratio a/b are given 
in Table 40 (p. 319). The same values are also represented in 
Fig. 125 by the curve m = 1. It is seen that at the beginning 
the values of k decrease with an increase in the ratio a/b, the 
minimum value of k (k = 1.328) being obtained for a/b = 1.635. 
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Beginning from this value, k increases with the ratio a/6. Hav¬ 
ing the curve for m = 1, the curves for m = 2, m = 3, • • • 
can be constructed. By using such curves the number of half 
waves in any particular case can readily be determined. In 
the case of a comparatively long plate we can, with suflScient 
accuracy, take k = 1.328 in Eq. (j). 


Table 40. —Numerical Values op k in Eq. (J) When Side 2/ = 0 Is 
Built In and Side y = 6 Is Free (Fig. 123) 

(p = 0.25) 


a/h 

1.0 

1.1 

1.2 

1 

1 

1.3 

-i 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.2 

2.4 

k 

((rx)rr, Ib./sq. in. 

1.70 

4,470 

1.56 

4,110 

■| 

1 47 
3,870 

1 41 ! 
3,710 

1..36 

3..580 

1.34 

3,520 

1.33 

3,500 

1.33 
3,500 

1.34 

3,520 

1.36 

3,580 

1.38 

3,630 

1 

1.45 

3,820 

1 

1.47 

3,870 


In the third row of Table' 40 the values of the critical stresses 
arc given as calculated from Eq. (j), assuming = 30 * 10® lb. 



Fig. 125. 


per square inch, v = 0.25 and h/b = 0.01. By using these 
figures the critical stresses for plates of any other proportions 
and any value of the modulus can easily be calculated. 

Sides 2 / = 0 and y = b Are Both BuiU In ,—In this case the 
boundary conditions are 

tt; = 0 = 0, for y — 0 and y — b, 

dy 

Proceeding as in the previous cases, we obtain the following 
transcendental equation for the calculation of the critical value 
of the compression forces: 
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(cos /36 — cosh aby = — ^sin /36 — ^ sinh aby^sin Sb 

+1 sinh 

The critical values of the compressive stress are again given by 
Eq. (j). Several values of the numerical factor k as calculated 
for various values of the ratio a/b are given in Table 41. 


Table 41.—Numerical Values op k in Eq. (j) When Both Sides y = 0 
AND y ^ b Are Built In 
(v * 0.25) 


a/h 

0.4 

0.5 

0.6 

0.7 

1 


0.9 


k 

9.44 

7.69 

7.05 


7.29 

7.83 

7.69 



It is seen that the smallest value of k is obtained when 

0.6 < ^ < 0.7. 
b 

This indicates that in this case a long compressed plate buckles 
in comparatively short waves. The number of waves can be 
determined as before by plotting curves similar to those shown 
in Fig. 125. 

64. Buckling of Compressed Rectangular Plates with Built-in 
Edges. —In the following discussion of the problem of buckling of 
a clamped rectangular plate the energy method will be used.^ 
The coordinate axes are taken as shown in Fig. 123, and it is 
assumed that the shape of the plate does not differ appreciably 
from a square and that the forces Nx and Ny are uniformly 
distributed.^ We can then expect that the deflection surface of 
the buckled plate is represented satisfactorily by the equation 

W = - cos - cos (a) 

1 Another method of treating the same problem was given by G. I. Taylor, 
Z, angew. Math, Mech., vol. 13, p. 147, 1933; see also K. Sezawa and W. 
Watanabe, Rept, Aeronautical Research Inst, Tokyo Imp. Univ., vol. 11, 
p. 409, 1936. 

* The compressive forces here are taken as positive, and the sign of expres¬ 
sion (183) is changed accordingly. 
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which is seen to satisfy the boundary conditions. With this 
expression for deflections, the strain energy of bending repre¬ 
sented by the second integral of Eq. (189) is 


V = 


t^WqD 


+1 + ^)- 


The first integral of the same equation is 


( 6 ) 



dx dy + - 


Ny 



2 

dx dy 




Substituting expressions (6) and (c) in Eq. (189), we obtain 
the following equation for calculating the critical values of the 
compressive forces and Nyi 

In the particular case of a square plate submitted to the action 
of equal compression in two perpendicular directions a = 6 and 
Nx = Ny, we then obtain from Eq. (d) 

= 5.33 t 2 §. (c) 

a 


The solution by G. I. Taylor, mentioned above, gives for this 
case 

(iV.)er = 5.30,r*^,. (/) 

If the plate is compressed in the x-direction only, we obtain, 
by putting Ny — 0 in Eq. (d), {Nx)cr = l05{D/a^), 

It was shown in Art. 62 that to determine the tnio value of the critical 
forces it is necessary to find for w a form that makes expression (190) a 
minimum. By assuming for w an arbitrary form such as that of Eq. (a), 
we usually obtain from expression (190) a value that is larger than the 
minimum value of the same expression. Hence formulas (e) will give too 
large a value for (iVx)cr. At the same time it can be showii^ that the Taylor 
method gives too small a value for the critical load. The tnie value of the 
critical load is thus somewhere between the values (e) and (/). 

^See A. Weinstein, J, London Math, Soc.^ vol. 10, p. 184, 1935; and 
E. Trefftz, Z. angew. Math, Mech., vol. 16, p. 339, 1935. 
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To get a better approximation for the critical force by using the energy 
method) it is necessary to take for w an expression with several parameters 
and determine these parameters so as to make expression (190) a minimum. 
Such calculations have been made^ for the case of a plate uniformly com¬ 
pressed in the direction of the a;-axis (Fig. 123). The deflection surface 
was taken in the form 

w = 4* -{- abvpb{x)<pi{y) (g) 

for buckling in an odd number of waves and in the form 

w = a2i^p2ix)<pi{y) + a4iyp4{x)<pi(y) + ae,\yp6ix)(pi(y) (h) 

for buckling in an even number of waves. The functions ^(x) and <piy) in 
these expressions are functions representing, respectively, the normal modes 
of vibration of a bar of length a and b clamped at both ends. For the 
function (p{y) the form corresponding to the fundamental mode of vibration 
is used in all cases. For the function ^(a;) higher modes of vibration are 
also considered. Substituting expression (g) or expression (h) in Eq. (190), 
we obtain the system of linear equations (191) and calculate the critical 
values of Nx for various values of a/b by setting the determinant of these 
equations equal to zero. In this way we obtain 

(N.)„ - Ap. (i) 

where is a numerical factor depending on the ratio a/b of the sides of the 
plate. Several values of this factor are given in Table 42.* 


Table 42.— Values op k in Eq. (i) for a Rectangular Plate with 

Built-in Edges 


a/b 


0.75 

1.0 

1.25 


1.75 


2.25 

2.50 

2.75 

Oil 

3.50 

3.75 


k 

195.5 

126.0 

103.5a 

92.6 

83.4 

80.7 

1 

79.6i 

78.6 

78.9 

76.6 

75.28 

72.8s 


73 5 


The results of calculation are also represented graphically in Fig. 126. 
From this figure we can determine, in each particular case, the number of 
waves into which the buckled plate is subdivided. For comparison, curves 
calculated by Taylor^s method are also given. Knowing the upper and the 
lower limits for k, we can arrive at a conclusion in each particular case 
regarding the accuracy of the values given in Table 42. 

66. Budding of Circular and Elliptical Plates. Uniformly Compressed 
Circular Plate, —Let us begin with the case of a plate with a clamped edge. 

^ See paper by J. L. Maulbetsch, J. Appl. Mech,, vol. 4, p. 59, 1937. 

* A subscript 3 after values of k indicates that three terms in expressions 
(p) or Qt) were used in the calculations. The other values of k are cal¬ 
culated by using only two terms in the same expressions. 
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To obtain an approximate value of the critical compressive force Nr in the 
radial direction, we assume that the shape of the buckled plate is the same 
as that of a plate bent by uniform load (see page 62). Then 



(a) 


where a is the radius of the plate and Wu ils deflection at the center. If 
polar coordinates are used in E(i. (189), the first integral of that equation 
becomes 


-nxs)’ 


r dr do = 


2TrNrW\ 


(h) 


The second integral of the same equation, which represents the strain energy 



of bending, is calculated by substituting the values d^w/dr^ and il/r){dw/dr) 
for the principal curvatures in expression (47). Then 



2vdwd^w 
r dr dr^ 


r dr do = 27 r—Z>—• 
3 a* 


(c) 


Substituting (6) and (c) in Eq. (189), we find 


N, 


16D 


id) 


The exact value of the critical force which can be obtained in this case by 
integration of Eq. (188) is^ 

1 Bryan, G. H., Proc. London Math. Soc.y vol. 22, p. 54, 1891; see also 
A. Nadai, Z. Ver. deut. Ing.^ vol. 59, p. 169, 1915. 
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14.68Z) 

a* 


( 192 ) 


Thus the error of the approximate solution is about 9 per cent. 

In the case of a simply supported plate the solution of Eq. (188) gives 


N. 


4.20Z) 
' o2 


(193) 




This indicates that the critical compressive stress for this type of support 
is about three and a half times smaller than in the case of a plate with a 
I clamped edge. 

Circular Plate with a Hole at the Center ,—If 
a uniformly compressed plate with a hole at 
the center is built in along the outer edge 
while the inner edge is free to deflect but 
cannot rotate (Fig. 127o), the critical value 
of the compressive force N again can be 
obtained by integrating Eq. (188).^ Such a 
calculation gives 

kD 

(e) 




^ f, I 3 

^ K I 3 


I 


I 


(b) 

Fig. 127. 




where is a numerical factor depending upon 
the ratio a/b of the outer and the inner radii of the plate. Several values of 
this factor are given in Table 43. 


Table 43. — Numerical Values op Factor k in Eq. (c) 


a/6 

1.5 

2 

3 

4 

5 

8 , 

10 

00 

k 

89.93 



19.76 

17.94 


15.54 

14.68 


PI P 


The same table can also be used if the inner edge of the plate is built in 
and the outer can deflect freely but cannot rotate 
(Fig. 1276). 

If the plate is submitted to the action of com- _ 
press!ve forces distributed along only the inner 
boundary (Fig. 128), the forces Nr are no longer 
constant, and the integration of Eq. (188) 
becomes more complicated.® An approximate 
solution can be obtained by using the energy method.® Assuming that the 




Fig. 128. 


1 Olsson, R. G., Ingenieur-ArchiVf vol. 8, p. 449, 1937. 

* The case of compressive forces distributed along the outer boundary 
of the plate has been discussed by E. Meissner, Schweiz. Bauzeitungj vol. 101, 
p. 87, 1933. 

® The result obtained in this manner was communicated to the author by 
Stewart Way. 
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plate is simply supported along the inner edge and free along the outer 
edge, we take for the deflection the expression 


= Ci(r - &) + C 2 ir - 6)2 -f Cz(r - 6)2 + Ci(r ~ 6)^ 


(/) 


which satisfies the condition w — 0 for r = 6. The remaining boundary 
conditions are 


1 dii\ 

r)r-6 = —D{ ~ ) =0, 

\c7r2 r dr/r^ 

. _ / 1 dli\ 

r)r-« = t) 

\f3r2 r dr /r-.a 

^ / d2tc 1 diA 

(Qr)r-a = ^ ~ 

dr\ dr^ r dr /r-o 


(M, 

(M 


From those three equations Ihree of the four constants in expression (J/ 
can be eliminate<i, so that w \\ill finall> contain only one constant. Sub¬ 
stituting this expression in the integrals (6) and (c) and using for Nr the 
known value of Lame’s formula, 


Nr = 


ph^h (a} \ 

- b\r^ ~ /’ 


in which p is the magnitude of the internal pressure, we obtain for the 
critical value of the pressure p the formula 


Per = 


ha- 


to) 


in which k is a numerical factor depending on the magnitude of the ratio 
a/6. Taking, for example, a = 26 and v ~ 0.3, we find 


Per = 5.02 


ha^ 


Uniformly Compressed Elliptical Plate.—The case of a uniformly com¬ 
pressed elliptical plate with a clamped edge has been discussed by S. Woinov- 
sky-Krieger.^ The critical value of the compressive force N is given by the 
equation 


Ncr - 


kD 

62 ' 


W 


in which is a numerical factor the value of which depends on the ratio a/6 
of the semi-axes of the ellipse. Several values of this factor as calculated 
by the energy method are given in Table 44. 


1 J. App. MecK vol. 4, p. 177, 1937. 
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Table 44.— Numerical Valuer of k in Eq. {h) 


afh 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

2.0 

3.0 

4.0 

k 

14.79 

13.57 

12.76 

12.20 

11.81 

11.54 

11.02 

11.01 

11.15 


If the value of A; for a ~ 6 in this table is compared with the value of k in 
Eq. (192), it can be seen that the error of tiie approximate solution is only 
0.7 per cent. Better accuracy is obtained with this solution than with 
solution (d), because the expression for w was taken with two parameters, 
and two equations of the type (191) were used in calculating the critical 
force, whereas only one parameter was used in obtaining Eq. (d). 

66. Bending of Plates with a Small Initial Curvature. ^— 

Assume that a plate has some initial warp of the middle surface 
so that at any point there is an initial deflection wo which is 
small in comparison with the thickness of the plate. If such a 
plate is submitted to the action of transverse loading, additional 
deflection Wi will be produced, and the total deflection at any 
point of the middle surface of the plate will be Wo + i^i. In 
calculating the deflection tcj we use Eq. (101) derived for flat 
plates. This procedure is justifiable if the initial deflection Wo 
is small, since we may considiT the initial deflection as produced 
by a fictitious load and apply the principle of superposition.^ 
If in addition to lateral loads there are forces acting in the middle 
plane of the plate, the effect of these forces on bending depends 
not only on Wi but also on wq. To take this into account, in 
applying Eq. (175) we use the total deflection w = Wo + Wi 
on the right-hand side of the equation. It will be remembered 
that the left-hand side of the same equation was obtained from 
expressions for the bending moments in the plate. Since these 
moments depend not on the total curvature but only on the 
change in curvature of the plate, the deflection Wi should be 
used instead of w in applying that side of the equation to this 
problem. Hence, for the case of an initially curved plate, 
Eq. (175) becomes 

^ See author^s paper in Mem. Inst, of Ways of Communication, vol. 89, 
St. Petersburg, 1915 (Russian). 

• In the case of large deflections the magnitude of the deflection is no 
longer proportional to the load, and the principle of superposition is not 
applicable. 
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d*Wi 

dx^ 


+ 2 - 


dHwi dhv 

dx^ dy^ dy^ 


‘ dI 


q + N: 


d^(wo + Wi) 


J- N ~t~ I 2V 


dx^ 

d^(Wo + t^l) 


dx dy 


(194) 


It is seen that the effect of an initial curvature on the deflection 
is equivalent to the effect of a fictitious lateral load of an intensity 


N. 


d^Wo 

dx'^ 


+ Ny 


d\t)o 

dy^ 


+ 2N.y 


dx dy 


Thus a plate will experience bending under the action of forces 
in the xy-plane alone provided there is an initial curvature. 

Take as an example the case of a rectangular plate (Fig. 119), 
and assume that the initial deflection of the plate is defined by 
the equation 

Wo = an sin — sm (a) 

a 0 


If uniformly distributed compressive forces Nx are acting on 
the edges of this plate, Kq. (194) becomes 


d^Wi ^ d^Wi d^W] 

Hx^ dx^ dy^ ~dt 



. wx , Try 
sm — sm 
a 0 



Let us take the solution of this equation in the form 


wx . Try 
Wi = A sm — sm 

a b 


(c) 


Substituting this value of Wi into Eq. (b), we obtain 

aniV* 


A = -, 


^fl + 

a^ \ 


o^Y 

b^) 


N, 


With this value of A expression (c) gives the deflection of the 
plate produced by the compressive forces Nx- Adding this 
deflection to the initial deflection (o), we obtain for the total 
deflection of the plate the following expression: 


W Wo + Wi — 


an . TTX . Try 

■z -Sin — sin 

1 — a a b 


(d) 
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in which 




The maximum deflection will be at the center and will be 


This formula is analogous to that used for a bar with initial 
curvature.^ 

In a more general case we can take the initial deflection surface 
of the rectangular plate in the form of the following series: 


Substituting this series in Eq. (194), we find that the additional 
deflection at any point of the plate is 


= 22 ^- 


in which 


It is seen that all the coefficients bmn increase with an increase 
of Nx- Thus when Nx approaches the critical value, the term in 
series (h) that corresponds to the laterally buckled shape of the 
plate [see Eq. (186)] becomes the predominating one. We have 
here a complete analogy with the case of bending of initially 
curved bars under compression. 

The problem can be handled in the same manner if, instead of 
compression, we have tension in the middle plane of the plate. 
In such a case it is necessary only to change the sign of iNT* in the 
previous equations. Without any difficulty we can also obtain 
the deflection in the case when there are not only forces Nx but 
also forces Ny and Nxy uniformly distributed along the edges of 
the plate. 

^See author^s “Strength of Materials,” vol. 2, p. 422, 1930, 
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67. Bending of Circular Plates by Moments Uniformly Dis¬ 
tributed along the Edge. —In Iho provioub discussion of pure 
bending of circular plates it was shown (see page 51) that the 
strain of the middle plane of the plate can be neglected in cases 
in which the deflections arc small as compared with the thickness 
of the plate. In cases in which the deflections are no longer 
small in comparison with the thickness of the plate but are still 
small as compared with the othei dimensions, the analysis of 
the problem must be extended to include the strain of the middle 
plane of the x)lat<?-^ 

We shall assume that a circular plate is bent by the moment 
Mo uniformly distributed along the edge of the plate (Fig. 129a). 
Since the deflection surface in such a case is symmetrical with 
respect to the center 0, the displacement of a point in the middle 
plane of the plate can be resolved into two components: a compo¬ 
nent u in the radial direction and a component w perpendicular 
to the plane of the plate. Proceeding as previously indicated 
in Fig. 120 (page 304), we conclude that the strain in the radial 
direction is 



The strain in the tangential direction is evidently 


u 

r 


ib) 


Denoting the corresponding tensile forces per unit length by Nr 
and Ni and applying Hookers law, we obtain 


Nr = + "*<) = 


Eh 


Nt = 


Eh 


,(e< + ver) = 


1 — V 

Eh 


du , l /dw 


dr 2\dr 


)' 


A. ^ 

+ *^7 


^ , v(dw 


. _ 

r dr 2\dr 


)1 


(c) 


1 _ 1 - 
' This problem has been discussed by the writer, see Mem, Inst, of Ways 
of Communication^ vol. 89, 1915. 
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These forces must be taken into consideration in deriving equa¬ 
tions of equilibrium for an element of the plate such as that shown 
in Figs. 1296 and 129c. Taking the sum of the projections in the 



Fiq. 129. 


radial direction of all the forces acting on the element, we obtain 
dN 

r-j-^dr dd + Nr dr dd — Nt dr dS = 0, 
ar 

from which 

dN 

Nr-N, + r^ = 0. (d) 

The second equation of equilibrium of the element is obtained by 
taking moments of all the forces with respect to an axis per- 
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pendicular to the radius in the same manner as in the derivation 
of Eq. (56) (page 57). In this way we obtain^ 


) — _ r>( 4-1 ^ 

\dr® r dr^ r' dr) 


The magnitude of the shearing force Qr is obtained by considering 
the equilibrium of the inner circular portion of the plate of radius 
r (Fig. 129a). Such a consideration gives the relation 


Substituting this expression for shearing force in Eq. (e) and 
using expressions (c) for Nr and Ntj we can represent the equa¬ 
tions of equilibrium (d) and (c) in the following form: 

d^u _ ^ ^ 

dr^ r dr r^ 2r \dr) dr dr^^ 

d^w _ _ 1 d^w 1 dw 12 dwldu i i l/^V1 
dr^ r dr^ dr dr^dr ^r 2 \dr/ J 

These two non-linear ('cpiations (»an be integrated numerically 
by starting from the center of the plate and advancing by small 
increments in the radial direction. For a circular clement of a 
small radius c at the center, we assume a certain radial strain 



and a certain uniform curvature 
1 = 

Po \dr^)r^o 

With these values of radial strain and curvature at the center, 
the values of the radial displacement u and the slope dw/dr for 
r = c can be calculated. Thus all the quantities on the right- 
hand side of Eq. (195) arc known, and the values of d^ujdr^ and 
of d^wtdr^ for r = c can be calculated. As soon as these values 
are known, another radial step of length c can be made, and 
all the quantities entering in the right-hand side of Eqs. (195) 

^ The direction for Qr is opposite to that used in Fig. 28. This explains 
the minus sign in Eq. (e). 
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can be calculated for r = 2c^ and so on. The numerical values 
of u and w and their derivatives at the end of any interval being 
known, the values of the forces Nr and Nt can then be calculated 
from Eqs, (c) and the bending moments Mr and Mt from Eqs. 
(52) and (53) (see page 56). By such repeated calculations 



we proceed up to the radial distance r = a at which the radial 
force Nr vanishes. In this way we obtain a circular plate of 
radius a bent by moments Mo uniformly distributed along the 
edge. By changing the numerical values of co and 1/po at the 
center we obtain plates with various values of the outer radius 
and various values of the moment along the edge. 

Figure (130) shows graphically the results obtained for a plate 
with 

a « 2Zh and = Mo = 2.93 • 

1 If the intervals into which the radius is divided are sufficiently small, 
a simple procedure, such as that used in the author^s ** Vibration Problems 
in Engineering,’^ p. 126, can be applied. The numerical results represented 
in Fig. 130 are obtained in this manner. A higher accuracy can be obtained 
by using the methods of Adams or Stdrmer. For an account of the Adams 
method see Francis Bashforth’s book on forms of fluid drops, Cambridge 
University Press, 1883. Stormer’s method is discussed very completely 
in A. N. Krilov’s book, “Approximate Calculations,” published by the 
Russian Academy of Sciences* Moscow, 1035. 
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It will be noted that the maximum deflection of the plate is 
0 . 55 / 1 , which is about 9 per cent less than the deflection given 
by the elementary theory which neglects the strain in the middle 
plane of the plate. The forces Nr and Nt are both positive in 
the central portion of the plate. In the outer portion of the plate 
the forces Nt become negative; i.e., compression exists in the 
tangential direction. The maximum tangential compressive 
stress at the edge amounts to about 18 per cent of the maximum 
bending stress 6Mo//i^. The bending stresses produced by the 
moments Mr and Mt are somewhat smaller than the stress 
QMo/h^ given by the elementary theory and become smallest 
at the center, at which point the error of the elementary theory 
amounts to about 12 per cent. From this numerical example 
it may be concluded that for deflections of the order of 0.5/i the 
errors in maximum deflection and maximum stress as given by 
the elementary theory become considerable and that the strain 
of the middle plane must be taken into account to obtain more 
accurate results. 

68. Approximate Formulas for Uniformly Loaded Circular 
Plate with Large Deflections. —The method used in the previous 
article can also be applied in the case of lateral loading of a plate. 
It is not, however, of practical use, since a considerable amount 
of numerical calculation is required to obtain the deflections and 
stresses in each particular case. A more useful formula for an 
approximate calculation of the deflections can be obtained by 
applying the energy method.^ Let a circular plate of radius a 
be clamped at the edge and be subject to a uniformly distributed 
load of intensity q. Assuming that the shape of the deflected 
surface can be represented by the same equation as in the case 
of small deflections, we take 



The corresponding 
323) is 


strain energy of bending from Eq. (c) (page 


327r^ 


ih) 


For the radial displacements we take the expression 

w = r(a — r){Ci + C 2 r + +••*)> (c) 

‘See ^'Vibration Problems in Engineering,” p. 431, 1937. 
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each term of which satisfies the boundary conditions that u must 
vanish at the center and at the edge of the plate. From expres¬ 
sions (a) and (c) for the displacements, we calculate the strain 
components and of the middle plane as shown in the previous 
article and obtain the strain energy due to stretching of the 
middle plane by using the expression 


= T^- * + 2»'*r60r dr. (d) 

Taking only the first two terms in series (c), we obtain 
Vj = |^^^0.250C?o2 -I- 0.1167Cia^ + O.SOOCiCjo^ 

- 0.00846Ciff^’“ + 0.00682C'2a=*~| -|- 0.00477^^\ (c) 

d CL CL y 


The constants Ci and C 2 are now determined from the condition 
that the total energy of the plate for a position of equilibrium is 
a minimum. Hence 


dVi 

dCi 


= 0 , 


and 



(/) 


Substituting expression (e) for Fi, we obtain two linear equations 
for Cl and € 2 - From these we find that 

Cl = 1.185^ and Cj = -1.75^- 

Then, from Eq. (e) we obtain‘ 

Fi = 2.5^D^, ig) 

Adding this energy, which results from stretching of the middle 
plane, to the energy of bending (6), we obtain the total strain 
energy 

F + Fi = -h 0.244|fy {h) 

The second term in the parenthesis represents the correction due 


^ It is assumed that p » 0.3 in this calculation. 
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to strain in the middle surface of the plate. It is readily seen 
that this correction is small and (*an bc' neglected if the deflec¬ 
tion Wo at the center of the plate is small in comparison with 
the thickness h of the plat(\ 

The strain energy being known from expression (h), tlie deflec¬ 
tion of the plate is obtaim^d by applying th(‘ principle of virtual 
displacements. From this principle it follows that 


dwo 




8wq - 2t \ q 8u r dr ~ 2Trq Swo 



2 

r dr. 


Substituting expression (h) in this equation, we obtain a cubic 
equation for Wo. This equation can be put in the form 


Wo 


qa^ 

64D 


1 

/»ij2 

1 + 0.488, ° 
/r 


(196) 


The last factor on the right-hand side lepresents the effect of 
tlie stretching of the middle surface on the deflection. Because 
of this effect the deflc^ction Wo is no longer proportional to the 
intensity q of the load, and the rigidity of tln^ plate increases 
with the deflection. For example, taking Wo = we obtain, 
from Eq. (196), 




This indicates that the deflection in this case is 11 per cent less 
than that obtained by neglecting the stn'tching of the middle 
surface. 

Another method for the approximate solution of the problem 
has been developed by A. Nadai.^ He begins with equations of 
equilibrium similar to Eqs. (195). To derive them we have only 
to change Eq. (/), of the previous article, to fit the case of 
lateral load of intensity q. After such a change the expression 
for the shearing force evidently becomes 



Using this expression in the same manner in which expression (/) 
was used in the previous article, we obtain the following system 
of equations in place of Eqs. (195): 

^ See his book “Elastische Flatten,” p. 288, 1925. 
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dH , 1 ^ 
dr^ r dr 
d^w , 1 d^ 
dr^ r dr^ 


u 

12 


1 - 


2 r 


v (^ 
\dr / 


dw d^w 
dr dr^^ 


1 dw ^ "^dw ^ 
r^ dr dridr 


u 

r’^2\¥j J 

+kX' 


(197) 


qr dr. 


To obtain an approximate solution of the problem a suitable 
expression for the deflection w should be taken as a first approxi¬ 
mation. Substituting it in the right-hand side of the first of the 
equations (197), we obtain a linear equation for u which can be 
integrated, to give a first approximation for u. Substituting the 
first approximations for u and w in the right-hand side of the 
second of the equations (197), we obtain a linear differential 
equation for tc which can be integrated to give a second approxi¬ 
mation for w. This second approximation can then be used to 
obtain further approximations for u and w by repeating the 
same sequence of calculations. 

In discussing bending of a uniformly loaded circular plate with 
a clamped edge, Nadai begins vdth the derivative dwjdr and 
takes as first approximation the expression 



which vanishes for r = 0 and r = a in compliance with the con¬ 
dition at the built-in edge. The first of the equations (197) then 
gives the first approximation for u. Substituting these first 
approximations for w and dwfdr in the second of the equations 
(197) and solving it for < 7 , we determine the constants C and n 
in expression (j) so as to make q as nearly a constant as possible. 
In this manner the following equation^ for calculating the deflec¬ 
tion at the center is obtained when v = 0.25: 

T + “■“*(?)’ - 

^ Another method for the approximate solution of Eqs. (197) was developed 
by K. Federhoffer, Euenbauj vol. 9, p. 152, 1918; see also Forschungaarbeiterif 
vol. 7, p. 148, 1936. His equation for wq differs from Eq. (198) only by 
the numerical value of the coefficient on the left-hand side; viz.f 0.523 must 
be used instead of 0.583 for y » 0.25. 
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In the case of very thin plates the deflection Wq may become 
very large in comparison with A. In such cases the resistance 
of the plate to bending can be neglected, and it can be treated as 
a flexible membrane. The geiu^ral equations for such a mem¬ 
brane are obtained from Eqs. (197) by put ting zero in place 
of the left side of the second of the equations. An approximate 
solution of the resulting equations is obtained by neglecting the 
first term on the left side of Eep (198) as being small in (jomparison 
with the second term. Hence 

0 . 583 ^^“^ « ® 

A more complete investigation of the same problem^ gives 

Wo = 0.6Q2ayl^- (199) 

This formula, which is in very satisfactory agreement with 
experiments, 2 shows that the deflections are not proportional 
to the intensity of the load but vary as tli(» cube root of that 
intensity. For the tensile stresses at the center of the membrane 
and at the boundary the same solution gives, respectively, 

= 0.423^^' and = 0.328.J®- 

To obtain deflections that are proportional to the pressure, 
as is often required in various 
measuring instruments, re¬ 
course should be had to cor¬ 
rugated membranes^ such as 
that shown in Fig. 131. As a 
result of the corrugations the deformation consists primarily of 
bending and thus increases in proportion to the pressure.^ 

1 The solution of this prolilem was given by H. Hencky, Z, Math. Physikt 
vol. 63, p. 311, 1915. 

*See Bruno Eck, Z. angew. Math, Mech.y vol. 7, p. 498, 1927. 

* The theory of deflection of such membranes is discussed by K. Stange, 
Ingenieyr-ArchiVy vol. 2, p. 47, 1931. 

* For a bibliography on diaphragms used in measuring instruments see 
the M. D. Hersey paper, Rept. Nat, Advisory Comm, Aeronautics^ 165, 1923. 



Fio. 131. 
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69, Exact Solution for a Uniformly Loaded Circular Plate with 
a Clamped Edge.^ —To obtain a more satisfactory solution of the 
problem of large deflections of a uniformly loaded circular plate 
with a clamped edge, it is necessary to solve Eqs. (197). To do 
this we first write the equations in a somewhat different form. 
As may be seen from its derivation in Art. 67, the first of these 
equations is equivalent to the equation 

Nr-Nt + = 0. (a) 


Also, as is seen from Eq. (e) of Art. 67 and Eq. {i) of Art. (68), 
the second of the same equations can be put in the following form: 


d(' 


<Pw 1 _ 

dr^ r dr^ r 


1 dw 
~^dr 




+ 


qr 


ih) 


From the general expressions for the radial and tangential strain 
(page 329) we obtain 


Substituting 


I I 

+ '■57 + 



«r = ^(Nr - and t, = -^{Nt - vNr) 

in this equation and using lOq. (a), we obtain 

r>. + iV,) + '^(5y.O. (c) 

The three Eqs. (a), (6) and (c) containing the three unknown 
functions Nr, Nt and w will now be used in solving the problem. 
We begin by transforming these equations to a dimensionless 
form by introducing the following notations 

^ E’ ^ ~ h’ " hE’ “ hE 


With this notation, Eqs. (a), (6) and (c) become, respectively, 

^ Thi? solution is due to S. Way, Trans, Am. Soc. Mech. Eng.y vol. 56, 
p. 627, 1934. 
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- .S, = 0, (r) 

i_iLf ^ - p| j. <j {f\ 

12(1 - “ 2 

+ =-0. (g) 

The boundary conditions in this case require that the radial 
displacement u and the slope dwidr vanish at the boundary. 
Using Eq. (h) (Art. 67) foi the displacements u and applying 
Hooke’s law, these conditions become 



Assuming that Sr is a symmetrical function and dwfdr an 
antisymmetrical function of ^ve n'presimt these functions by 
lh(' following power series: 

Sr = Bo + B,e + B,e + ' •', (i) 

^ = V^{Cd + + 6\r* +•••)■ {k) 

in which Bo, J^ 2 , . • • and Ci, Ci, . . . are constants to be 

determined later. Substituting the first of these* series in Eq. 
(c), we find 

= Bo + W2e + 5 ^ 4 ^^ + • • • . (0 

By integrating and diff(*r(*ntiating Eq. (k), we obtain, respec¬ 
tively. 

^ + Csg + • • • ^> (m) 

^( 5 ) +•••)• in) 

It is seen that all the quantities in which we are interested can 
be found if we know the constants Bo, B 2 , . . . , Ci, C 3 , . . . . 
Substituting series (j), (fc) and (0 in Eqs. (/) and (g) and observing 
that these equations must be satisfied for any value of f, we find 
the following relations between the constants B and C ; 
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B, 

Cu 

C, 


As-l 


k(jk 4 - 2 ) 


'2 = 2 , 4 , 6 , 


12 (^- 


m-1.3 5, 
fc-3 


~ 1 2 A: = 6,7,9, 


(o) 


m»0 2 4, 




It can be seen that when the two constants Bq and Ci are assigned, 
all the other constants are determined by relations (o). The 



0 2 4 ^ ^ 8 10 12 

qa^ 

Load, 

Fig. 132. 

quantities Sr, St and dwidr are then determined by series (j), (Z) 
and {k) for all points in the plate. As may be seen from series 
(j) and (n), fixing So and Ci is equivalent to selecting the values 
of Sr and the curvature at the center of the plate. ^ 

To obtain the curves for calculating deflections and stresses in 
particular cases, the following procedure was used. For given 
values of v and p = q/E and for selected values of So and Ci, a 

^The selection of these same quantities has already been encountered 
in the case of bending of circular plates by moments uniformly distributed 
along the edge (see page 331). 


LARGE DEFLECTIONS OF PLATES 


341 


considerable number of numerical cases were calculated,^ and the 
radii of the plates were determined so as to satisfy the boundary 
condition (i). For all these plates the values of Sr and St at the 
boundary were calculated, and llie values of the radial displace¬ 
ments (w)r-o at the boundary were dete rmined. Since all 
calculations were made with arbitrarily assumed values of Bq and 



Deflection, Wo/h 
Fia. 133. 


C\y the boundary condition (A) was not satisfied. However, by 
interpolation it was possible to obtain all the necessary data for 
plates for which both conditions (A) and (i) are satisfied. The 
result of these calculations are represented graphically in Fig. 
132. If the deflection of the plate is found from this figure, the 
corresponding stress can be obtained by using the curves of 
Fig. 133. In this figure, curves are given for the membrane 
stresses 

Nr 

^ Nineteen narticular cases have been calculated bv Way, loc, cit,, p. 338. 
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and for the bending stresses 


w 


as calculated for the center and for the edge of the plate. ^ By 
adding together Cr and o-J., the total maximum stnvss at the center 
and at the edge of the plate can be obtained. For purposes 
of comparison Figs. 132 and 133 also include straight lines show¬ 
ing the results obtained from the elementary theory in which the 
strain of the middle plane is neglected. It will be noted that 
the errors of the elementary theory increase as the load and 
deflections increase. 

70. General Equations for Large Deflections of Plates. —In 

discussing the general case of large deflections of plates we use 
Eq. (177) which was derived by considering the equilibrium of an 
clement of the plate in the direction perpcndicjular to the plate. 
The forces iV*, Ny and Nxy now depend not only on the external 
forces applied in the Ji/-plane but also on the strain of the middle 
plane of the plate due to bending. Assuming that there are no 
body forces in the x?/-plane and that the load is perpendicular 
to the plate, the equations of equilibrium of an element in th(^ 
xy-plane arc 


dA X , diV xjt Q 

dx"~^^dy " ' 

dA jcy . diNT y _ 

~dT dy' ” 


(a) 


The third equation necessary to determine the three quantities 
Nx, Nyj and Nxy is obtained from a consideration of the strain 
in the middle surface of the plate during bending. The corre¬ 
sponding strain components [see Eqs. (179), (180) and (181)] are 

du , i/dwV \ 

= ^ + 1 

dv.ifdwV ( • 

^ = ^ + 

_ du , dv . dw dw \ 
dy dx dx dy ] 


^ The stresses are given in dimensionless form. 



LARGE DEFLECTIONS OF PLATES 


343 


By taking the second derivatives of these expressions and com¬ 
bining the resulting expressions, it can be shown that 




dx^ 


dhxtt 
dx dy 


= ( _ 
" \dx~dy) 


d^w d-w 
dx^ (ly^ 


(c) 


By replacing the strain components bv the oqnivalont expressions 


7x1/ = 


vNy). 

vN.), 


id) 


the third cqTiatioii in forms of Nx, Ny and Nxu i« obtained. 

Th(' solution of tht'se thn'o equations is gn^atly simplified by 
the iiiti-oduction of a strean function.^ It may be seen that 
Eqs. (a) are identically satisfied by takinjr 

\T _ AT — AT — h { \ 

dy 

where F is a function of x and y. If these expressions for the 
forces are substituted in Eqs. (rf), th(' strain compoiicnts become 

- i(^y 

F\dy- 
l/fW' 


d'F\ 

"arV’ 


■F ,VF\ 

^ “ eW 

2(1 + v) dW 


7x2/ ^ 


,r / Y 

d^w d^W 

[\dx dy) 



( 200 ) 


E dx dy 

Substituting these expressions in Eq. (r), we obtain 

dx^ ^dx^ dy^ dy^ ■ 

The second equation necessary to determine F and w is obtained 
by substituting expressions (c) in Eq. (175) which gives 

d^F d^w 
dy^ dx^ 
dW d^w 


d*u> n 
dx* dx^ dy^ 


+ 


d*W 

dy 


te _ 

^ “ D\h 


+ 


+ 


- 2 


d^F d^w 


dx^ dy^ dx dy dx dy, 


)■ 


( 201 ) 


^ See author's “Theory of Elasticity,” p. 24, 1934. 
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Equations (200) and (201), together with the boundary condi¬ 
tions, determine the two functions F and Having the stress 
. function F, we can determine the stresses in the middle surface 
of a plate by applying Eqs. (<?). From the function w, which 
defines the deflection surface of the plate, the bending and the 
shearing stresses can be obtained by using the same formulas as in 
the case of plates with small deflection [sec Eqs. (99) and (100)]. 
Thus the investigation of large deflections of plates reduces to the 
solution of the two non-linear differential equations (200) and 
(201). The solution of these equations in the general case is 
unknown. Some approximate solutions of the problem are 
known, however, and will be discussed in the next article. 

In the particular case of bending of a plate to a cylindrical 
surface whose axis is parallel to the 2 /-axis, Eqs. (200) and (201) 
are simplified by observing that in this case ic is a function of x 
only and that d^Ffdx^ amd dWfdy^ are constants. Equation 
(200) is then satisfied identically, and Eq. (201) reduces to 

j. ^ 

~ 5 D 

Problems of this kind have already been discussed fully in Chap. I. 

In the case of very thin plates which may have deflections 
many times larger than their thickness, the resistance of the plate 
to bending can be neglected; z.c., the flexural rigidity D can be 
taken equal to zero, and the problem reduced to that of finding 
the deflection of a flexible membrane. Equations (200) and (201) 
then become^ 


d*F o d*F dV _ J( d^w Y dht}] ' 
dx* dy^ dy) dx^ dy^ J’ 

g g dW dhji) ^ . 

h dy^ dx^ dx^ dy^ dx dy dx dy ' ^ 


( 202 ) 


A numerical solution of this system of equations by the use of 
finite differences has been discussed by H. Hencky.® 


‘ These two equations were derived by Th. von KArmdn, See “Encyklo- 
p&die der Mathematischeii Wissenschaften,” vol. IV 4 , p. 349, 1910. 

* These equations were obtained by A. F 6 ppl, “ Vorlesungen iiber Tech- 
nische Mechanik,*^ vol. 5, p. 132, 1907. 

*Hbncky, H., Z. angew. Math, Mech,, vol. 1, pp. 81 and 423, 1921; see 
also Kaisbr, R., Z. angew. Math. Mech., vol. 16, p. 73, 1936. 
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The energy method affords another means of obtaining an 
approximate solution for the deflcotioo of a membrane. The 
strain energy of a membrane, whi(;h is due solely to stret(;hing of 
its middle surface, is given by the expression 

V = i//(iV*€x + Ny^y + N^y^)dx dy 

2 {r-p^) j Jl*' + *2 + 2»'e,6, + i(l - v)y%\dx dy. 

Substituting expressions (180) and (181) for the strain 

components €x, 7 ^^, we obtain 


7 = - - 
^ 2(1 


( r (/dv\^ , du /dteV , /di;V , dv/dw\^ 

J l\^^/ dx\dx) \dy) dy\dyj 

ir(|!?y+(I!?)’ ■+ jp f 

^L\dx/ \dy/ j idx dy dy\dx / dx\dy / \ 

4 - ^ ~ j] ( I 2 ^ ^ A- (—V 4* 2— — 

2 Wdy) dy dx \dx/ dy dx dy 


1 - . 


dw dw 


dy dx dy 


, ^dv dw dw 


dx dy. 


In applying the energy method we must assume in each particular 
case suitable expressions for the displacements w, v and w. These 
expressions must, of course, satisfy the 
boundary conditions and will contain 
several arbitrary parameters the magni¬ 
tudes of which have to be determined by 
the use of the principle of virtual displacci- 
ments. To illustrate the method, let us 
consider a uniformly loaded square mem¬ 
brane^ with sides of length 2a (Fig. 134). 

The displacements w, v and w in this case 
must vanish at the boundary. Moreover, 
from symmetry, it can be concluded that v) is an even function 
of X and y, whereas u and v are odd functions of x and of y^ 
respectively. All these requirements are satisfied by taking the 
following expressions for the displacements: 



y 

Fia. 134. 


^ Calculations for this case are given in the book ‘‘Drang und Zwang'* 
by August and Ludwig Foppl, vol. 1, p. 226, 1924; see also Hencky, loc, 
cit.^ p. 344. 
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vx „ , 
I/; = cos ^ cos I 


T 2 / 

2 ( 

iry 


. ttx 

= c sin — cos ^ , 

a 2a 

. Try TTX 

t; = c sin — cos 

a 2a 


(/) 


which contain two parameters Wo and c. Substituting these 
expressions in Eq. (203), we obtain, for v = 0.25, 


Ehf&ir^wt nir^cwl JZdrr^ 80\\ 
7.5164 o" 6 a ^ V 4 9 y/‘ 


The principle of virtual displacements gives tlie two following 
equations:^ 


dc ’ 


dwo 


n +a 

' 

-a 


. TTX Try j j 

q 8wo cos — cos ay. 


(n) 

(0 


Substituting expression (g) in place of 7, we obtain from Eq. (h) 


and from Eq. (z) 


0.147^’ 

a 


Wo = 0.802a 



(204) 


This deflection at the center is somewhat larger than the value 
(199) previously obtained for a uniformly loaded circular mem¬ 
brane. The tensile strain at the center of the membrane as 
obtained from expressions (/) is 


€x = €„ = — = 0.462-“; 


and the corresponding tensile stress is 


E 


1 - 


/i/j* 

0.462^, 


0.616-^2 = 0.396. 




(205) 


* The right side of Eq. (h) is zero, since the variation of the parameter c 
produces only horizontal displacements and the vertical load does not 
produce work. 
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Some application of these results to the investigation of large 
deflections of thin plates will be shown in the next article. 

71. Large Deflections of Uniformly Loaded Rectangular Plates.—Wc 

})egin with the case of a plate with elainped edges. To obtain an approxi¬ 
mate solution of the problem the energy method v\ill be used.’ The total 
strain energy V of the plate is obtain'd In adding In the energy of bending 
[expression (111), page 95] the energy du(‘ to strain of the middle surface 
[expression (203), pag(' 345]. The principle of virtual displacements then 
gives the equation 


bV - bi^qw iix ihj = 0 


(a) 


which holds for any variation of the displacements w, v and w. By deriving 
the variation of V we can obtain from Ktj. (a) the system of Eqs. (200) 
and (201), the exact solution of which is unknown. To find an approximate 
solution of our problem w^e assume for a, v and w three functions satisfying 
the boundary conditions imposed by the clampiHl edges and containing 
several parameters which will be* determini'd by using JOq. {a). For a 
rectangular plate with aides 2a and 26 and coordinate axes, as shown in Fig. 
134, we shall take the displacements in the following form: 


u = (tt* — x^){h^ — y^)x(h()Q H" 6022 /^ "b 620 a:® 4* 

e; = (a2 _ a^2)(62 __ y^)y{c^s^ -b Co 22/’^ 4- (*20X2 ^ C22XV); f (&) 

w = (^2 — y^Yiciw 4- + «2o.x*). ) 


The first two of these expressions, which rc'present the displacements v 
and V in the middle plane of the plate, are odd functions in a and y, respec¬ 
tively, and vanish at the boundary. The expression for w, which is an 
even function in x and ?/, vanishes at the boundary as do also its first deriva¬ 
tives. Thus all the boundary conditions imposed by thi' (‘lampt'd edges 
are satisfied. 

Expressions ( 6 ) contain 11 parameters 600 , . . . , O 20 , which will now be 
determined from Pkp (u), which must be satisfied for any variation of each 
of these parameters. In such a way we obtain 11 equations, 3 of the form 


<) 

^a ,f,fi 



qw dx dy 


) 


= 0 


(c) 


and 8 equations of the form* 


dV 

dhmn 


or 



dCmn 


w 


^ Such a solution has been given by S. Way, see Proc, 5th Intern, Cong, 
AppL Mech.f Cambridge, Mass., 1938. 

* The zeros on the right sides of these equations result from the fact that 
the lateral load does not do work when w or t> varies. 
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These equations are not linear in the parameters amnt hmn and Cmn as was true 
in the case of small deflections (see page 124). The three equations of the form 
(c) will contain terms of the third degree in the parameters Omn. Equations 
of the form (d) will be linear in the parameters bmn and Cmn and quadratic in 
the parameters o«n. A solution is obtained by solving Eqs. (d) for the 
btnnS and CmnS in terms of the amnS and then substituting these expressions 
in Eqs. (c). In this way wc obtain three equations of the third degree 
involving the parameters Cmn alone. These equations can then be solved 
numerically in each particular case by successive approximations. 

Numerical values of all the parameters have been computed for various 
intensities of the load q and for three different shapes of the plate b/a = 1, 
5/a « } and b/a = ^ by assuming v = 0.3. 



It can be seen from the expression for w that, if we know the constant aooi 
we can at once obtain the deflection of the plate at the center. These 
deflections are graphically represented in Fig. 135 in which Wmaxjh is plotted 
against qb*/Dh, For comparison the figure also includes the straight lines 
that represent the deflections calculated by using the theory of small deflec¬ 
tions. Also included is the curve for b/a ^ 0 which represents deflections 
of an infinitely long plate calculated as explained in Art. 3 (see page 10). 
It can be seen that the deflections of finite plates with 6/a < j are very 
close to those obtained for an infinitely long plate. 

Knowing the displacements as given by expressions (6), we can calculate 
the strain of the middle plane and the corresponding membrane stresses 
from Eqs. (6) of the previous article. The bending stresses can then 
be found from Eqs. (99) and (100) for the bending and twisting mo¬ 
ments. By adding the membrane and the bending stresses, we obtain the 
total stress. The maximum values of this stress are at the middle of the 
long sides of plates. They are given in graphical form in Fig. 136. For 
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comparison, the figure also includes straight linos representing the stresses 
obtained by the theory of small deflections and a curve h/a = 0 representing 
the stresses for an infinitely long plate. It would seem reasonable to expect 
the total stress to be greater lor h/a = 0 than for h/a for any value of load. 
We see that the curve for h/a = 0 lalls below the cuives for fe/o ■= i and 
h/a = 3- This is probably a result of approximati us in the eiuTgy solu¬ 
tion which arise out of the use of a finite number of constants. It indieates 



Fig. 136. 


that the calculated stresses are in error on the safe side, i.e.j that they are 
too large. The error for h/a — \ appears to be about 10 per cent. 

The energy method can also be applied in the case of large deflections of 
simply supported rectangular plates. However, as may be seen from the 
foregoing discussion of the case of clamped edges, the application of this 
method requires a considerable amount of computation. To get an approxi¬ 
mate solution for a simply supported rectangular plate a simple method 
consisting of a combination of the known solutions given by the theory of 
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small deflections and the membrane theory can be usod.^ This method will 
now be illustralted on a simple example of a square plate. We assume that 
the load q can be resolved into two parts qi and 72 in such a manner that 
the part q\ is balanced by the bending and shearing stresses calculated by 
the theory of small deflections, the part qi being balanced by the membrane 
stresses. The deflection at the center as calculated for a square plate with 
the sides 2a by the theory of small deflections is^ 

Wo = 0.730—- 
" Eh^ 

From this we determine 


WoEh^ 

0.730o^’ 


(«) 


Considering the plate as a membrane and using formula (204), we obtain 


from which 



o!^516a‘’ 


(/) 


The deflection Wo is now obtained from tlie equation 


9 = = 


WoEh^ 


-f. 


wlEh 


().730a* 0.516o‘ 


which gives 




(206) 


After the deflection Wo has boon calculated from this equation, the loads 
qi and qi are found from Eqs. (c) and (/), and the corresponding stresses are 
calculated by using for qi the small deflection theory (sec Art. 29) and for 
gj, Eq. (205). The total stress is then the sum of the stresses due to the 
loads gi and g 2 . 

^ This method is recommended in the book “Drang und Zwang,” loc. cit., 
p. 345. 

* The factor 0.730 is obtained by multiplying the number 0.0443, given 
in Table 5, by 16 and by 1.03. The factor 1.03 arises from the change of 
the value of Poisson’s ratio v = 0.3, used in the table to the value v =0.25 
used in this example. 
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DEFORMATION OF SHELLS WITHOUT BENDING 


72. Definitions and Notation.—In (li(‘ following discussion of 
the deformations and stresse.s in slulls tlie system of notation is 
the same as that used in the discussion of plates. We denote the 



thickness of the shell by A, this quantity always being considered 
small in comparison with the other dimensions of the shell and 
with its radii of curvature. The surface that bisects the thick¬ 
ness of the plate is called the middle surface. By specifying the 
form of the middle surface and the thickness of the shell at each 
point, a shell is entirely defined geometrically. 

To analyze the internal forces we cut from the shell an infinitely 
small element formed by two pairs of adjacent planes which are 

351 
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normal to the middle surface of the shell and which contain its 
principal curvatures (Fig. 137a). We take the coordinate axes 
X and y tangent at 0 to the lines of principal curvature and the 
axis z normal to the middle surface, as shown in the figure. The 
principal radii of curvature which lie in the xz- and t/^-planes are 
denoted by r* and respectively. The stresses acting on the 
plane faces of the element are resolved in the directions of the 
coordinate axes, and the stress components are denoted by our 
previous symbols (r*, o-y, Txy = With this notation^ the 

resultant forces per unit length of the normal sections shown in 
Fig. 1376 are 


N,= 

fX' 

_ 

Ty) 

|rf2, 

«.=j 

f\(l 


\dz-, 

(a) 


2 




“2 




""-J 

rX 

1 - - 

yz, 

Nyy = J 

r:X 

1 - - 

yz, 

(b) 


2 




2 






1 - - 

yz, 

Qy = 

f>( 

1 

T—1 

yz. 

(c) 


2 2 

The small quantities z/r,, and z/vy appear in expressions (a), (6), 
(c), because the lateral sides of the element shown in Fig. 137a 
have a trapezoidal form due to the curvature of the shell. As a 
result of this, the shearing forces N^y and Nyx are generally not 
equal to each other, although it still holds that = Ty*. In our 
further discussion we shall always assume that the thickness h is 
very small in comparison with the radii r*, Vy and omit'the terms 
zItj^ and zfty in expressions (a), (6), (c). Then N^y — Nyx and 
the resultant forces are given by the same expressions as in the 
case of plates (see Art. 21). 

The bending and twisting moments per unit length of the nor¬ 
mal sections are given by the expressions 

* In the cases of surfaces of revolution in which the position of the element 
is defined by the angles 6 and ^ (see Fig. 138) the subscripts 6 and tp arc 
used instead of x and y in notation for stresses, resultant forces and resultant 
moments. 
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= 

- 

2 


"'-J 

2 


(d) 


- 'K' 


iWyaf = 

(H 


(c) 


in which the rule used in determining the directions of the 
moments is the same as in the case of plates. In our further 
discussion we again neglect the small quantities z/t^ and zjvy^ due 
to the curvature of the shell, and use for the moments the same 
expressions as in the discussion of plates. 

In considering bending of the shell, we assume that linear 
elements, such as AD and BC (Fig. 137a), which are normal 
to the middle surface of the shell, remain straight and become 
normal to the deformed middle surface of the shell. Let us 
begin with a simple case in which, during bending, the lateral 
faces of the element ABCD rotat(i only with respect to their lines 
of intersection with the middle surface. If r' and r' are the 
values of the radii of curvature after deformation, the unit 
elongations of a thin lamina at a distance z from the middle 
surface (Fig. 137a) are 



If, in addition to rotation, the lateral sides of the element are 
displaced parallel to themselves, owing to stretching of the 
middle surface; and if th(j corresponding unit elongations of the 
middle surface in the x- and y-directions arc denoted by ci and C 2 , 
respectively, the elongation of the lamina considered above, 
as seen from Fig. 137c, is 



Substituting 

li = h = d5(l + €i)^l — 
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we obtain 


__1_ii 


(g) 


A similar expression can be obtained for the elongation ey. In 
our further discussion the thickness h of the shell will be always 
assumed small in comparison with the radii of curvature. In 
such a case the quantities z/vx and z/vy can be neglected in com¬ 
parison with unity. We shall neglect also the effect of the 
elongations €i and €2 on the curvature.^ Then, instead of such 
expressions as expression (g)j we obtain 



where x» and Xy denote the changes of curvature. Using these 
expressions for the components of strain of a lamina and assuming 
that there are no normal stresses between laminae {erg = 0), the 
following expressions for the components of stress are obtained: 

E 

o-x = ^ + vez — z{xx + vXv)]j 

E 

^ ^(xv + vxx)]- 


Substituting these expressions in Eqs. (a) and (d) and neglecting 
the small quantities z/vx and zjvy in comparison with unity, we 
obtain 


W. - + y,), N, - 

Mx = -D{Xx + VXv)j My = -D{xy + PXx), ) 

where D has the same meaning as in the case of plates [see Eq. 
(3)1 and denotes the flexural rigidity of the shell. 


1 Similar simplifications are usually made in the theory of bending of thin 
curved bars. It can be shown in this case that the procedure is justifiable 
if the depth of the cross section is small in comparison with the radius r, 
say h/r <0.1; see author^s “Strength of Materials*^ vol. 2, p. 429, 1930. 
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A more general case of deformation of the element in Fig. 137 
is obtained if we assume that, in addition to normal stresses, 
shearing stresses also are acting on the lateral sides of the element. 
Denoting by 7 the shearing strain in the middle surface of the 
shell and by Xxy dx the rotation of th(' edge BC T*elalive to Oz with 
respect to the x-axis (Fig. 137a) and pioceeding as in the case of 
plates [see Eq. (42)], we find 

'^xy ^ (T ^ZXxy)G» 

Substituting this in Eqs. (h) and (c) and using our previous 
simplifications, we obtain 

2(1 + ^)^ \ (208) 
M:cy = -My:, = D{1 - v)Xxu^} 

Thus assuming that during bending of n shell the linear elements 
normal to the middle surface remain straight and become normal 
to the deformed middle surface, we can express the resultant 
forces per unit length A*, Ny and N^y and the moments Af*, My 
and Mxy in terms of six quantiti(\s: the three components of strain 
€ 1 , €2 and 7 of the middle surface of the shell and the three quanti¬ 
ties Xxy Xv and Xxy reprc*senting the changes of curvature and the 
twist of the middle surface. 

In many problems of dc^formatioii of shells the bending stresses 
can be neglected, and only the stresses due to strain in the middle 
surface of the shell need be considered. Take, as an example, a 
thin spherical container submitted to the action of a uniformly 
distributed internal pressure normal to the surface of the shell. 
Under this action the middle surface of the shell undergoes a 
uniform strain; and since the thickness of the shell is small, the 
tensile stresses can be assumed as uniformly distributed across 
the thickness. A similar example is afforded by a thin circular 
cylindrical container in which a gas or a liquid is compressed by 
means of pistons which move freely along the axis of the cylinder. 
Under the action of a uniform internal pressure the hoop stresses 
that are produced in the cylindrical shell are uniformly distributed 
over the thickness of the shell. If the ends of the cylinder are 
built in along the edges, the shell is no longer free to expand 
laterally, and some bending must occur near the built-in edges 
when internal pressure is applied. A more complete investiga- 
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tion shows, however (see Art. 81), that this bending is of a local 
character and that the portion of the shell at some distance from 
the ends continues to remain cylindrical and undergoes only strain 
in the middle surface without appreciable bending. 

If the conditions of a shell are such that bending can be 
neglected, the problem of stress analysis is greatly simplified, 
since the resultant moments (d) and (e) and the resultant shearing 
forces (c) vanish. Thus the only unknowns are the three quanti¬ 
ties Nxj Ny and Nxy = Nyzy which can be determined from the 

conditions of equilibrium of an 
element, such as shown in Fig. 
137. Hence the problem be¬ 
comes statically determined if 
all the forces acting on the 
shell are known. The forces 
Nx, Ny and Nxy obtained in 
this manner are sometimes 
called membrane forces^ and the 
theory of shells based on the 
omission of bending stresses is 
called membrane theory. The 
application of this theory to 
various particular cases will be 
discussed in the remainder of 
this chapter. 

73. Shells in the Form of a 
Surface of Revolution and 
Loaded S 3 rmmetrically with 
Respect to Their Axis. —Shells 
that have the form of surfaces 
of revolution find extensive application in various kinds of con¬ 
tainers, tanks and domes. A surface of revolution is obtained 
by rotation of a plane curve about an axis lying in the 
plane of the curve. This curve is called the meridian, and 
its plane is a meridian 'plane. An element of a shell is cut 
out by two adjacent meridians and two parallel circles, as shown 
in Fig. 138a. The position of a meridian is defined by an angle 6, 
measured from some datum meridian plane; and the position of a 
parallel circle is defined by the angle made by the normal to the 
surface and the axis of rotation. The meridian plane and the 



Fia. 138. 
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plane perpendicular to the meridian are the planes of principal 
curvature at a point of a surface of revolution, and the corre¬ 
sponding radii of curvature are denoted by ri and r 2 , respectively. 
The radius of the parallel circle is denoted by ro so that the length 
of the sides of the element meeting at 0, as sliowii in the figure, 
are ri d<p and ro dQ = sin (p dB. The surface area of the ele¬ 
ment is then rir 2 sin (p dp dS. 

From the assumed symmetry of loading and deformation it can 
be concluded that there will be no shearing forces acting on the 
sides of the element. The magnitudes of the normal forces per 
unit length are denoted by and iV® as shown in the figure. 
The intensity of the external load, which acts in the meridian 
plane, in the case of symmetry, is resolved in two components 
Y and Z parallel to the coordinate axes. Multiplying these 
components with the area rir 2 sin p dp dO, we obtain the 
components of the external load acting on the element. 

In writing the equations of equilibrium of the element, let us 
begin with the forces in the direction of the tangent to the 
meridian. On the upper side of the element the force 

N^ro dS = sin p dO (a) 

is acting. 

The corresponding force on the lower side of the element is 

From expressions (a) and (5), by neglecting a small quantity of 
second order, we find the resultant in the ^/-direction to be equal 
to 

N^^d.p de + d<p de = ^iN^ro)d,fi dB. (c) 

The component of the external force in the same direction is 

YriVo dp dB, (d) 

The forces acting on the lateral sides of the element are equal to 
NeTi dp and have a resultant in the direction of the radius of the 
parallel circle equal to Neri dp dB, The component of this force 
in the y-dircction (Fig. 1381)) is 

—NeVi cos p dp dB, 


(e) 



358 


THEORY OF PLATES AND SHELLS 


Summing up the forces (c), (d) and (c), the equation of equi¬ 
librium in the direction of the tangent to the meridian becomes 

- Ner, cos ^ -j- Friro = 0 . (/) 

The second equation of equilibrium is ol)tained by summing 
up the projections of the forces in the ^-direction. The forces 
acting on the upper and lo\ver sides of the element have a 
resultant in the isj-direction e(iual to 

N^ro de dip. ig) 

The forces acting on the lateral sides of th(' element and having 
the resultant NeTi dip dS in the radial direction of the parallel 
circle give a component in the ^-direction of the magnitude 

Neri<\n ip dip dB. (h) 

The external load acting on the elemtait has in the same direction 
a component 

Zriro dB dp. {i) 

Summing up the forces (( 7 ), {h) and (f), we obtain the second 
equation of equilibrium 

+ NeVi sin p + Zriro = 0 . O') 

From the t^\o P]qs. (/) and 0 ) the forc(‘s Ne and can be cal¬ 
culated in each particular case 
if the radii ro and ri and the 
components Y and Z of the in¬ 
tensity of the external load are 
given. 

Instead of the equilibrium of 
an element, the equilibrium of 
the portion of the shell above 
the parallel circle defined by the 
angle p may be considered (Fig. 
139). If the resultant of the total load on that portion of the 
shell is denoted by 12 , the equation of equilibrium is 

2TroN^ sin p + R ^ 0. (209) 

This equation can be used instead of the differential equation (/), 
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from which it can be obtained 
divided by riVo, it can be written 

( 210 ) 

It is seen that when is ob¬ 
tained from Eq. (209), the force 
Nb can be calculated from Eo. 
(210). Hence the problem of 
membrane stresses can be readily 
solved in each particular case. 
Some applications of these equa¬ 
tions will be discussed in the next 
article. 

74. Particular Cases of Shells 
in the Form of Surfaces of 
Revolution. ^ Spherical Dome .— 
Assume that a spherical shell 
(Fig. 140a) is submitted to the 
action of its own weight, the 
magnitude of which per unit 
area is constant and equal io q. 
Denoting the radius of the sphere 
by a, we have ro = a sin (p and 



by integration. If Eq. (j) is 
in the form 




= 27ra2g(l — cos (p). 


Equations (209) and (210) then give 

1 + cos (p 
cos 

It is seen that the forces are always negative. There is thus 
a compression along the meridians that increases as the angle ^ 
increases. For = 0 we have = —aql2] and for (p = Tr/2, 



^ _ _aq(l - cos ip) 

ly ip — . ^ • 

Slll^ ip 


No 


^^(i + COS <P 


^ Examples of this kind can be found in the book by P. Forchheimer, Die 
Berechung ebener und gekriimmter Behalterbdden/^ 3d ed., Berlin, 1931; 
see also J. W. Geckeler^s article in ‘‘Handbuch der Physik,** vol. 6, Berlin, 
1928. 
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= -aq. 
When 


The forces Ne are also negative for small angles <p. 


_ 1 _ 

1 + cos ^ 


cos ^ = 0, 


i.e.f for (p = 51® 50', Ne becomes equal to zero and, with further 
increase of <p, becomes positive. This indicates that for <p 
greater than 51® 50' there are tensile stresses in the direction 
perpendicular to the meridians. 

The stresses as calculated from (211) will represent the actual 
stresses in the shell with great accuracy^ if the supports are of 
such a type that the reactions are tangent to meridians (Fig. 
140a). Usually the arrangement is such that only vertical 
reactions are imposed on the dome by the supports, whereas the 
horizontal components of the forces are taken by a supporting 
ring (Fig. 1406) which undergoes a uniform circumferential 
extension. Since this extension is usually different from the 
strain along the parallel circle of the shell, as calculated from 
expressions (211), some bending of the shell will occur near the 
supporting ring. An investigation of this bending^ shows that 
in the case of a thin shell it is of a very localized character and 
that at a certain distance "from the supporting ring Eqs. (211) 
continue to represent the stress conditions in the shell with 
satisfactory accuracy. 

Very often the upper portion of a spherical dome is removed, 
as shown in Fig. 140c, and an upper reinforcing ring is used to 
support the upper structure. If 2^o is the angle corresponding 
to the opening and P is the vertical load per unit length of the 
upper reinforcing ring, the resultant R corresponding to an angle 
<p is 

72 = 2ir la^q sin (pd(p + 2irPa sin ^o. 

From Eqs. (209) and (210) we then find 


= -aq 

N, 




= og^' 


sin* 


— P 


sin* ^ 


cos ^ — cos <p \ , „8in tpa 

sm* <p ) sm* <p 


( 212 ) 


1 Small bending stresses due to strain of the middle surface will be dis¬ 
cussed in Chap. XII. 

* See Chap. XII. 
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As another example of a spherical shell let us consider a 
spherical tank supported along a parallel circle AA (Fig. 141) and 
filled with liquid of a specific weight 7 . The inner pressure for 



Fia. 141. 


any angle (p is givc'ii by tlu' expression^ 

p == —Z ya{l — cos ^). 

The resultant R of this pressure for the portion of the shell 
defined by an angle ^ is 

R = — 27ra^J^%a(l — cos <p) sin (p cos tp d<p 

= ’—2'Ka^y[\ — \ cos^ ^(1 — f cos <p)]. 
Substituting in Eq. (209), wc obtain 




ya^ 
6 sin‘^ 


[1 — cos^ v^(3 — 2 cos <p)] 



2 co s^ ip \ ^ 
1 + cos (p)^ 


(213) 


and from Eq. (210) we find that 


Equations (213) and (214) hold for ^ < ^ 0 . In calculating the 
resultant R for larger values of <p, ix., for the lower portion of the 
tank, we must take into account not only the internal pressure 
but also the sum of the vertical reactions along the ring A A. 
This sum is evidently equal to the total weight of the liquid 

^ A uniform pressure producing a uniform tension in the spherical shell 
can be superposed without any complication on this pressure. 
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4 iro*7/3. Hence, 

R = —Jiro’y — 2ira^y[^ — ^ cos® ^’(1 ~ f cos ¥>)]. 
Substituting in Eq. (209), wc obtain 

n, . 2^(5 + 2c^^_V (2,5) 

6 \ 1 — cos (pj 

and from Eq. (210), 

(216) 

6 \ 1 — cos 

Comparing expressions (213) and (215), wo soo that along the 
supporting ring AA the forces change abruptly by an amount 
equal to 270^/3 sin^ <^o. The same quantity is also obtained if 
wc consider the vertical reaction per unit hmgth of the ring A A 
and resolve it into two components (Fig. 1415): one in the direc¬ 
tion of the tangent to the meridian and the other in the horizontal 
direction. The first of these components is equal to the abrupt 
change in the magnitude of mentioned above; the horizontal 
component represents the reaction on the supporting ring which 
produces in it a uniform compression. This compression can be 
eliminated if we use members in the direction of tangents to the 
meridians instead of vertical supporting members, as shown in 
Fig. 141a. As may be seen from expressions (214) and (216), 
the forces Ne also experience an abrupt change at the circle AA. 
This indicates that there is an abrupt change in the circum¬ 
ferential expansion on the two sides of the parallel circle A A. 
Thus the membrane theory does not satisfy the condition of 
continuity at the circle A A, and we may expect some local 
bending to take place near the supporting ring. 

Conical Shell. —In this case certain membrane stresses can be 
produced by a force, applied at the top of the cone. If a force P 
is applied in the direction of the axis of the cone, the stress 
distribution is symmetrical, and from Fig. 142a we obtain 

= -o— - (o) 

Equation (210) then gives Ne = 0- If a force S is acting in the 
direction of a generator (Fig. 1426), the stress distribution is no 
longer symmetrical. The stress distribution can be found by 
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developing the shell into the circular sector loaded as shown in 
Fig. 142c. The angle of this sector is 2/8 = 2t sin a. The forces 
are found by considering a purely radial strcvss distribution^: 




S co s \[/ _ 

a(p + ^ sin 2/8) 


(h) 


If the force applic'd at the top of the cone has any arbitrary 



direction, it can always 1)o resolved into two components: one 
in the direction of th(' axis of the cone and the other in the direc¬ 
tion of the gemcratrix, and the membrane stresses can be obtained 
by combining the stresses given by expressions (a) and (6). 

If lateral forces are symmetrically distribut(‘d over the conical 
surface, the membrane stress(\s can be calculated by using Eqs. 
(209) and (210). Since the curvature of 
the meridian in the case of a cone is zero, 
ri = 00 ; we can write these equations in 
the following form: 


^ ^_ R 

^ 27rro sin 


N, 


= -Zr^ = — 

Sin (p ^ 


(c) 



Fig. 143. 


Each of the resultant forces and Ne 
can be calculated independently provided 
the load distribution is known. As an example, we take the case 
of the conical tank filled with a liquid of specific weight y as shown 
in Fig. 143. Measuring the distances y from the bottom of the 
tank and denoting by d the total depth of the liquid in the tank, 

^ See author's ‘‘The Theory of Elasticity,” p. 93, 1934. 
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the pressure at any parallel circle mn is 

p = —Z = y{d — y). 

Also, for such a tank (p = (7r/2) + ol and ro = 2/ tan a. Sub¬ 
stituting in the second of the equations (c), we obtain 


^ y{d - y)y tan a 
cos a 


id) 


This force is evidently a maximum when y d 12, and we find 


(Nel 


yd^ tan a 
4 cos a 


In calculating the force we observe that the load R in the first 
of the equations (c) is numerically equal to the weight of the 
liquid in the conical part mno together with the weight of the 
liquid in the cylindrical part mnsL Hence 



R = -7ryy^{d - y + iy) tan^ a, 
and we obtain 

^ ^ yyjd - fy) tan a .. 

This force becomes a maximum 
when y = |d, at which point 

\ 3 d^y tan a 

(W.w - je 


If the forces supporting the tank 
are in the direction of generatrices, as shown in Fig. 143, expres¬ 
sions (d) and (e) represent the stress conditions in the shell with 
great accuracy. Usually there will be a reinforcing ring along the 
upper edge of the tank. This ring takes the horizontal com¬ 
ponents of the forces N^; the vertical components of the same 
forces constitute the reactions supporting the tank. In such a 
case it will be found that a local bending of the shell takes place 
at the reinforcing ring. 

Shell in the Form of an Ellipsoid of Revolution ,—Such a shell 
is used very often for the ends of a cylindrical boiler. In such a 
case a half of the ellipsoid is used, as shown in Fig. 144. Thj* 
principal radii of curvature in the case of an ellipse with semi- 
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axes a and b are given by the formulas 


ri 


-3, r2 




V 


(f) 


(a^ sin^ ip cOvS^ ip)^ (a^ sin^ ^ (*os^ (pY 

or, by using the orthogonal coordinat(‘s x and y shown in the 
figure, 


ri = 4 


1 

6 ^ + b^x^y 

Vi • 


(ff) 


If the principal curvatures are determined from Eq. (/) or {g\ 
the forces and No are readily found from Eqs. (209) and (210). 
Let p be the uniform steam pressure in the boiler. Then for a 
parallel circle of a radius Tq we have R = — xpr^, and Eq. (209) 
gives 




pro ^ ^2^ 
2 sin ^ 2 


(217) 


Substituting in Eq. (210), we find 



(218) 


At the top of the shell, point 0, we have ri = ra = a*/6, and 
Eqs. (217) and (218) give 


AT, = A, = 


ih) 


At the equator A A we have ri = b^/a and — a] hence 

N, = f, AT, = pa^l - (i) 

It is seen that the forces arc always positive, whereas the 
forces Nf become negative at the equator if 

> 2bK (J) 


In the particular case of a sphere, a = b; and we find in all points 
AT. = Afj = pa/2. 

Shell in Form of a Torus .—If a torus is obtained by rotation of a 
circle of radius a about a vertical axis (Fig. 146), the forces Af. 
are obtained by considering the equilibrium of the ring-shaped 



366 


THEORY OF PLATES AND SHELLS 


portion of the shell represented in the figure by the heavy line AB, 
Since the forces along the parallel circle BB are horizontal, we 
need consider only the forces along the circle AA and the 
external forces acting on the ring when discussing equilibrium 
in the vertical direction. Assuming that the shell is submitted 



to the action of uniform internal ])ressure Py we obtain the equa¬ 
tion of equilibrium 


2TroN^ sin (p = 7rp(rl — h^)y 

from which 

^ ^ pW - ^ pa(ro + h) 

^ 2ro sin (p 2ro 

Substituting this expression in Eq. (210), we find 


(219) 


Ne 


priirQ — h) _ pa 
2ro ~ 2 


( 220 ) 


A torus of an elliptical cross section may be treated in a similar 
manner. 


76. Shells of Constant Strength.—As a first example of a shell of constant 
strength, let ua consider a dome of non-uniform thickness supporting its own 
weight. The weight of the shell per unit area of the middle surface is yhy 
and the two components of this weight along the coordinate axes are 

Y ^ yh sin tpy Z — yh cos (p, (a) 

In the case of a shell of constant strength the form of the meridians is deter¬ 
mined in such a way that the compressive stress is constant and equal to cr 
in all the directions in the middle surface, i.e.y so that 

Nip — Ne ^ —ah. 

Substituting in Eq. (210), we find 



yh cos ipy 


db) 
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or, by substituting ra = ro sin <p and solving for ri, 



7 

—ro cos ^ — sin ^ 


a 


From Fig. 1386, we have 


, dro 

ri a<p = -- 

cos (p 


Thus Eq. (c) can be represented in the form 


dro /(I eos tp 

dif y 

—ro eos ip — sin sp 

<T 


(.d) 


At tlie top of the dome where = 0, the right side of the ecjiKilion becomes 
indefinite. To remove this difficulty we uhc‘ Eq. (6). Because of the condi¬ 
tions of symmetry at the top, ri = r^, and we conclude tliat 


rj 



and 


dro = Ti dip 




7 


Hence, for the top of the dome we have 


dro 2<r 

dip y 


ie) 


Using Eqs. (e) and (d), we can obtain the shape of the meridian by numerical 
integration starting from tlie top of the dome and calculating for each 
increment Atp of the angh* ip the corresponding incn'iru'nt Aro of the radius ro. 
To find the variation of the thickness of the shell, Eq. (/), Art. 73, must be 
used. Substituting N^ = Ne — —in this equation and observing that a 
is constant, we obtain 


d y 

—yihro) + hri cos tp H —rinh sin v? = 0. 
dip a 


(/) 


Substituting expression (c) for ri, the following equation is t btained; 


eos ip H—ro sin ip 
d <T 

■^{hra) = hro - - 

dip y 

—ro cos ip — sin ip 
<r 


{g) 


For ^ = 0, we obtain from Eq. (/) 
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It is seen that for the first increment Aip of the angle <p any constant value 
for h can be taken. Then for the other points of the meridian the thickness 
is found by the numerical integration of Eq. {g). In Fig. 146 the result of 
such a calculation is represented.^ It is seen that the condition 

Ne = -ah 

brings us not only to a definite form of the middle surface of the dome but 
also to a definite law of variation of the thickness of the dome along the 
meridian. 




In the case of a tank of equal strength that contains a liquid with a pres¬ 
sure yd at the upper point A (Fig. 147) wc must find a shape of the meridian 
such that an internal pressure equal to yz will give rise at all points of the 
shell to forces* 


N$ const. 

* This example has been calculated by W. Fliigge; see his ‘^Statik imd 
D 3 aiamik der Schalen,” p. 33, Berlin, 1934. 

mathematical discussion of this problem is given in the book by 
C. Runge and H. Konig, ** Vorlesungen fiber Numerisches Rechnen,” p. 820, 
Berlin, 1924. 
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A similar problem is encountered in finding the shape of a drop of liquid 
resting on a horizontal piano. Because of the capillary forces a thin surface 
film of uniform tension is formed which envelops the liquid and prevents 
it from spreading over the supporting surface. Both problems are mathe¬ 
matically identical. 

In such cases, Eq. (210) gives 


N^ 



= ')Z. 


(h) 


Taking the orthogonal coordinates as shown in the figure, we have 


= —-, n dtp » da = 


dx 


Hence, 


Sill <p 
1 sin <p 

Vi X 


cos (p 

1 cos tp dtp d sin <p 


dx 


dx 


and Eq. (Ji) gives 


d sin <p ^ sin <p yz 

dx X Ntp 


Observing that 


dz - . tan <p 

tan <p — j and sin tp == _ > 

\/1 -h tan^ tp 


(0 

O’) 


it is possible to eliminate sin <p from Eq. (f) and obtain in this way a differen¬ 
tial equation for z as a function of x. The equation obtained in this manner 
is very complicated, and a simpler means of solving the problem is to intro¬ 
duce a new variable u = sin <p. Making this substitution in Etp (i) and (j), 
we obtain 


du ^ u yz 
dx X N^ if) 
dz y 

dx Vi - 


(fc) 

ii) 


These equations can be integrated numerically starting from the upper 
point A of the tank. At this point, from symmetry, ri — and we find 
from Eq. (h) that 

2Nip 

” yd' 


By introducing the notation 


Nip 


» a 


2 


7 
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we write 

2a2 / N 

n = —• (m) 

a 

With this radius wo make the first clement of the meridian curve riA<p = AXy 
corresponding to the small angle A<p. At the end of this arc wo have, as for 
a small arc of a circle, 



When the values u and z have been fotind from Eqs. (w), the values of dufdx 
and dz/dx for the same point are found from Eqs. (fc) and (0- With thes(i 
values of the derivatives we can calculate the values of z and u at the end of 
the next interval, and so on. Such calculations can be continued without 
difficulty up to an angle <p equal, say, to 50 deg., at which the value of u 
becomes approximately 0.75. From this point on and up to tp = 140 deg. 
the increments of z arc much longer than the corresponding incrc'ments of x, 
and it is advantageous to take z as the independent variable instead of x. 
For (p > 140 dog., x must again be taken as the independent variable, and the 
calculation is continued up to the point B where the meridian curve has the 
horizontal tangent BC, Over the circular area BC the tank has a horizontal 
surface of contact with the foundation, and the pressure 7 (d + di) is bal¬ 
anced by the reaction of the foundation. 

A tank designed in this manner^ is a tank of constant strength only if the 
pressure at A is such as assumed in the calculations. For any other value 
of this pressure the forces Ne and N,p will no longer be constant but wilH ary 
along the meridian. Their magnitude can then be calculated by using .he 
general equations (209) and (210). It will also be found that the equilib¬ 
rium of the tank requires that vertical shearing forces act along the parallel 
circle BC. This indicates that close to this circle a local bending of the wall 
of the tank must take place. 

76. Displacements in Symmetrically Loaded Shells Having the 
Form of a Surface of Revolution. —In the case of symmetrical 
deformation of a shell, a small displacement of a point can be 
resolved into two components: v in the direction of the tangent to 
the meridian and w in the direction of the normal to the middle 
surface. Considering an element AB of the meridian (Fig. 148), 
we see that the increase of the length of the clement due to 
tangential displacements v and v + {dvjd(p)d<p of its ends is equal 

^ A tank of this kind was constructed by the Chicago Bridge and Iron 
Works; see C. L. Day, Eng. News Rec., vol. 103, p. 416, 1929. 
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to {dv/d<p)d(p. Because of the radial displacements w of the 
points A and B the length of the clement decreases by an amount 
w dip. The change in the length of the element duo to the 
difference in the radial displacements of the points A and B can 
be neglected as a small quantity of higher order. Thus tlie total 
change in length of the element AB d\w to deformation is 


^dip - W dip. 
dip 

Dividing this by the initial length 
Ti dip of the element, we find the strain 
of the shell in the meridional direction 
to be 


1 dv w 

ri dip ri 


(a) 



Fia. 148 . 


Considering an element of a parallel circle it may Ix' seen (Fig. 
148) that owing to displacements v and w th(' radius ro of the 
circle incrc'ases by the amount 


V cos ip — w sin ip. 

The cinaimfereiice of the parallel circle in(*reases in the same 
proportion as its radius; hence, 

= —(r cos ip — w sin ip). 
ro 

or, substituting ro = sin 


V . w . 

€0 = — cot ip - (h) 

r2 r2 ^ 

Eliminating w from Eqs. (a) and (h), we obtain for v the differ¬ 
ential equation 

dv , , . 

- V cot ip = ri€^ — r^ee. (r) 


The strain components and ee can be expressed in terms of the 
forces and by applying Hooke’s law. This gives 

€9 = - vN^). 


id) 
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Substituting in Eq. (c), we obtain 

^ - v cot ^ + PTl)]. (221) 

In each particular case the forces and Ne can be found from 
the loading conditions, and the displacement v will then be 
obtained by integration of the differential equation (221). 
Denoting the right side of this equation by/(^), wc write 

^ - vcot (^ = 


The general solution of this equation is 

= + (e) 

in which C is a constant of integration to be determined from the 
condition at the support. 

Take, as an example, a spherical shell of constant thickness 
loaded by its own weight (Fig. 140a). In such a case ri = r 2 = a, 
and Ne are given by expressions (211), and Eq. (221) becomes 


— 

dip 


I cot ^ - 


■■ Eh 


I 


cos ip 


1 + cos ip) 


The general solution (^) is then 


a\{\ + *')[• 1/11 \ sin ^ 1 

“ - Eh |."° ” « + “»»)- r+^J 

+ c sin ip. if) 

The constant C will now be determined from the condition that 
for ip = a the displacement v is zero (Fig. 140a). From this 
condition 


The displacement v is obtained by substitution in expression (/). 
The displacement w is readily found from Eq. (6). At the sup¬ 
port, where i; = 0, the displacement w can be calculated directly 
from Eq. (5) without using solution (/) by substituting for €$ its 
value from the second of the equations (d). 
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77. Shells in the Form of a Surface of Revolution under 
Unsymmetrical Loading. —Considering again an element cut 
from a shell by two adjacent meridians and two parallel circles 
(Fig. 149), in the general case not only normal forces and Ne 
but also shearing forces N^e = will act (ni the sides of the 
element. Taking the sum of the projections in the y-direction 



Fiq. 149. 


of all forces acting on the element, we must add to the forces con¬ 
sidered in Art. 73 the force 

de d<p {a) 

representing the difference in the shearing forces acting on the 
lateral sides of the element. Hence, instead of Eq. (/) (Art. 73), 
we obtain the equation 

^{N^ro) + ^ri - cos + Ynn = 0. (222) 

Considering the forces in the x-direction, we must include the 
difference of the shearing forces acting on the top and bottom 
of the element as given by the expression 

de + d<p de = de, 


( 6 ) 
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the ^rce 

de dv (C) 

due to variation of the force Ne and the force 

NoifiTi cos <p dd dip {d) 

due to the small angle cos (p dd between the shearing forces Ne<p 
acting on the lateral sides of the element. The component in 
x-direction of the external load acting on tlui element is 

Xnrx do dip, {e) 

Summing up all these forces, we obtain the equation 

^(roi\r ^e) + cos ip + X^i = 0. (223) 

The third equation of equilibrium is obtained by projecting the 
forces on the g-axis. Since the projection of shearing forces on 
this axis vanishes, the third equation conforms with Eq. (210) 
which was derived for symmetrical loading. 

The problem of determining membrane stresses under unsym- 
metrical loading reduces to the solution of the three Eqs. (222), 
(223) and (210) for given values of the components X, Y and Z 
of the intensity of the external load. The application of these 
equations to the case of shells subjected to wind pressure will bo 
discussed in the next article. 

78. Stresses Produced by Wind Pressure.^ —As a particular 
example of the application of the general equations of equilibrium 
derived in the previous article, let us consider the action of wind 
pressure on a shell. Assuming that the direction of the wind is 
in the meridian plane 0 = 0 and that the pressure is normal to the 
surface, we take 

X = F = 0, = p sin V? cos 0. (a) 

1 The first investigation of this kind was made by H. Reissner, ‘‘Miiller- 
Breslau-Festschrift/^ p. 181, Leipzig, 1912; see also F. Dischinger in F. von 
Emperger’s “Handbuch fur Eisenbetonbau,” 4th ed., vol. 6, Berlin, 1928; 
E. Wiedemann, Schweiz. BauzeitunQf vol. 108, p. 249, 1936; and K. Girk- 
mann, Der StahXbau^ vol. 6, 1933. 
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The equations of equilibrium then become 

— NeVi cos ^ == 0, 

+ Ne<pr I cos = 0, 

N^ro + AT^ri sin v? — — pWi sin cos 6. 

By using the last of these equations wo eliminate the force Ne 
and obtain the following two differential equations^ of the first 
order for determining and Ne^ = N^e’- 





-pKi COS <p C( 




Let us consider the particular problem of a spherical shell, in 
which case ri = r 2 = a. We take the solution of Eqs. (c) in the 
form 

cos Oj Neip = Soip sin 6, (d) 


in which and Se<p are functions of cp only. Substituting in 
Eqs. (c)f we obtain the following ordinary differential equations 
for the determination of these functions: 


. ^ -|“ 2 cot^fii^ “1 —;—Sfftp — —pa cos (pf 
dip sin^ 

—T^ 4” 2 cot^>S0yj + — —pa. 

dip sinv? 


By adding and subtracting these equations and introducing the 
notation 

Vi = + Se^, U2 = — Sdipy (/) 

the following two ordinary differential equations, each containing 
only one unknown, are obtained: 

-j-4 + (2 cot ip 4—:-” — pa(l 4“ cos ip)] 

dip \ sin ip/ 

+ (2 cot <p -)u '2 = pa(l — cos <p). 

dip \ sin ipf 

1 The application of the stress function in investigating wind stresses was 
used by A. Puchcr. Fuh, Intern. Assoc. Bridge and Structural Eng. vol. 5, 
p. 275, 1938. 
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Applying the general rule for integrating differential equations 
of the first order, we obtain 


U = 1 + cos 
^ sin® <p 


Ih = 


1 — cos ip\ 


sin® (p 


Cl + pa^cos ^ — g c*os® 
C2 ~ pa^cos ^ g cos® 




(h) 


where Ci and C 2 are constants of integration. Substituting in 
Eqs. (/) and using Eqs, (d), we finally obtain 


iV, = 

= 


cos o l Ci + C 2 
sin® 2 


sin 6 Cl — C 2 
sin® V? _ 2 


^ Cl - C 2 
H- n - ^ 


+ pa^cos® ^ ^ 


. Ci + C2_ 

H-s-cos <p 


+ pa^cos ^ ^ cos® j- 


(0 


To determine the constants of integration Ci and C 2 let us con¬ 
sider a shell in the form of a hemisphere and put <p = 7r/2 in 
expressions (i). Then the forces along the equator of the shell 
are 


xr Cl + C 2 _ Cl ~ C 2 

N tp ry cos dj N $ip — fy 


sin 0. 


(i) 


Since the pressure at each point of the sphere is in a radial 
direction, the moment of the wind forces with respect to the 
diameter of the sphere perpendicular to the plane 0 = 0 is zero. 
Using this fact and applying the first of the equations (j), we 
obtain 


(*2t 


iV'-a® cos 6 do = a* 


Cl + C 


. 


cos® ^ = 0, 


which gives 


Cl = -C 2 . 


(fc) 


The second necessary equation is obtained by taking the sum of 
the components of all forces acting on the half sphere in the 
direction of the horizontal diameter in the plane d = 0. This gives 
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sin d do 

ir 

= ““ ""p sin <p cos e • a sin <p sin <p cos 0 dip dBj 


or 


^ Cl-C2 ,2 

air-2— = “pa^gir. 


(0 


From (fc) and (Z) we obtain 

Cl = -fup, C 2 = fap. 

Substituting these values for the constants in expressions (f) 
and using the third of the equations ( 6 ), wo obtain 


,, pa cos 0 cos o I 3 \ 

"" ■“ 3 ^ - 3 cos (^ + cos» 

Ne = ^ ^ (2 cos ^ — 3 sin^ — 2 cos* v?), 

3 sin^ <p 

. 7 . pa sin d ^ . 

^60 = ~ V -t-^(2 — 3 cos ^ + cos® 

3 sin® ^ 


(m) 


..A An 





> 






By using these expressions the wind stresses at any point of the 
shell can be readily calculated. If the shell is in the form of 
a hemisphere, there will be 
no normal forces acting along 
the edge of the shell, since 
(N,) fpmmr/2 = 0 . The shearing 
forces Ne^ along the edge are 
different from zero and are equal 
and opposite to the horizontal 
resultant of the wind pressure. 

The maximum numerical value 
of these forces is found at the 
ends of the diameter perpendic¬ 
ular to the plane ^ = 0, at which point they are equal to ± 2pa/3. 

As a second application of Eqs. (c) let us consider the case of a 
shell having the shape of a circular cone and supported by a 
column at the vertex (Fig. 150). In this case the radius ri is 
infinitely large. For an element dy of a meridian we can write 
dy = ri dip. Hence 

d d 


WI77Z 


'77a 
Fig. 150 . 
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In addition we have 


, . dn . , 

To = y sin a, ^ ~ 1 'i — V tan a. 

Substituting in Eqs. (c), we obtain for a conical shell submitted 
to a wind pressure Z — jt sin <p cos 0 the equations 


dN^ , Nf , 1 dNev • a 

^ H- - -^-= —p sin a cos d, 

dy y y Bin a dd ^ 

3N Stfi I 2J\r • - 

- - = —p sin e, 

dyy 


(n) 


The second equation can be readily integrated to obtain 

N,, = + c) sin 0 . {o) 

The edge of the shell 2 / = Z is free from forces; hence the constant 
of integration in expression ( 0 ) is 


C = 


pZ® 
3 ' 


and we finally obtain 

vl^ — _ 

^ sin e. 

Substituting in the first of the equations (n), we find 
dN^ 


dy 


/p Z^ — 2/ I • ^ n 

^ -? = -_f ^ 4- p sin a) cos e, 

y \3 2 /® sin a ' ^ / 


The integration of this equation gives 


p cos ef Z^ — 2 / — y^ 2 \ 

-1 -w-r -o - - cos® a ) 

sin a \ 3y^ 2y ) 


(p) 


(Q) 


which vanishes at the edge 2 / = Z as it should. The forces Ne are 
obtained from the third of the equations (6), which gives 


Ne = —P2/ sin a cos 6 , (r) 

The expressions (p), (g) and (r) give the complete solution for the 
stresses due to wind pressure on the conical shell represented in 
Fig. 150. At the top y ■= 0 the forces N^ and Nbk, become 
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infinitely large. To remove this difficulty we must assume a 
parallel circle corresponding to a certain finite value of y along 
which the conical shell is fastened to the column. The forces 
Ne^ distributed along this circle balance the wind pressure 
acting on the cone. It can be seen that, if th(^ radiiis of the circle 
is not sufficient, these forces may become very large. 


79. Spherical Shell Supported at Isolated Points.^ —We begin with the 
general case of a shell having the form of a siirface of revolution and con¬ 
sider the ease when the forces are acting only along the edge of the shell so 
that X = Y — Z — 0. The general equations (b) of the previous article 
then become 

d . (iN Ojp 

— {roN(p) + ^ri — Neri cos (p 
d<p d$ 

~{roNe,p) + 4- No^rx cos tp 

d(p 00 

N<pro + Nerx sin ip = 0. 



Let us take the solution of these e(|uations in tlie form 

N^ = S^n COS n$f ) 

Ne - Sen cos ndy > (6) 

Ne^ — Sotpn sin nO,) 

where S^pnj Sen and Soipn are functions of <p only and n is an integer. Sub¬ 
stituting expressions (b) in Eqs. (a), we obtain 


A 

dtp 


“h fi'T'iSeipn 


“ riSon cos ip 


0 , 


•—(ro*S(?^n) — nrxSen + riS9,pn cos p = 0, 
dp 


S^n H- SOn = 0. 

rz 


(c) 


Using the third of these equations, we can eliminate the function Sen and 
thus obtain 


dSipn 

dp 

dSOtpn 

dp 


+ 


+ 


(^dro \ 

I — - + cot p ]S^n 

\ro dp / 

( 1 dr« r, V 

— --1-cot P ]c 

r» dp Ti / 


-f n 
Setpn 4" 


Se^pn 
r 2 sm if. 

nSipn 

sin p 



id) 


^ FlOoge, W., loc. cit.f p. 43. For the application of the stress function 
in solution of such problems, see paper by Pucher, Zoc. cit., p. 375. 
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In the particular case of a spherical shell ri — r 2 ** a, ro ■» a sin and 
Eqs. id) reduce to the following simple form: 


dS^n 

dip 

dSdipn 

dip 


•+• 2 cot^^^n H—:— Se^n =® 0; 
sin^ 


”}“ 2 COt^^^^n "1” S^n •“ 0. 

sin^ 


(e) 


Proceeding as in the previous article, by taking the sum and the difference 
of Eqs. (e) and introducing the notation 


f/ln *“ S^n “h S$^f Uin — S^pn Sdtp 


we obtain 


dUtn 

dip 

dUan 

dip 


+ f 2 cot tp H/ t/in ~ 0,1 
\ sm ipf ( 

+ ( 2 cot ip -r-— I f 

\ sm ip/ 


)U2n * 0. 


The solution of these equations is 


C/i, 


(”i)' „ . 


sin* ^ 

From Eqs. (/) we then obtain 

Uin -h U 2a 1 


sin* ip 


SSipn 


f/l» - U2n 


2 sin* ip 
1 


2 sin* ip 


Cin^cot ^ + C2„^tan > 

l^Cin^cot - C2n^tan ^ 


(f) 

ig) 

(h) 


If we have a shell without an opening at the top, expressions (i) must be 
finite for — 0. This requires that the constant of integration Cin = 0. 
Substituting this in Eq. (t) and using Eqs. (6), we find 



Substituting for ip the angle corresponding to the edge of the spherical 
shell, we shall obtain the normal and the shearing forces which must be 
distributed along the edge of the shell to produce in this shell the forces (j). 
Taking, as an example, the case when ™ ir/2, ue., the shell is a hemisphere, 
we obtain, from expressions (j), 
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(N^) . 

^“2 

(Ne^) X 
^“2 

Knowing the stresses produced in a spherical shell by normal and shearing 
forces applied to the edge and proportional to cos nO and sin ndf respec¬ 
tively, we can treat the problem of anj'- distribution of normal forces along 
the edge by representing this distribution by a trigonometric series m which 
each term of the series is a solution similar to the solution (j).^ Take, as an 



Fig. 151. 


example, the case of a hemispherical dome of radius a, carrying only its own 
weight of q lb. per square foot and supported by four symmetrically located 
columns. If the dome is resting on a continuous foundation, the forces Nip 
are uniformly distributed along the edge as shown in Fig, 151a, in which the 
intensity of force aN^ per unit angle is plotted against the angle B, In 
the case of four equidistant columns the distribution of reactions will be 
as shown in Fig. 1516, in which 2c denotes the angle corresponding to the 
circumferential distance supported by each column. Subtracting the force 
distribution of Fig. 151o from the force distribution of Fig. 1516, we obtain 

oe 

^ In using a series - J cos nB for normal forces we obtain 

n-1,2,3, • • • 

a distribution of these forces symmetrical with respect to the diameter ^ * 0. 
In the general case the series will contain not only cosine terms but also sine 
terms. The solutions for sine terms can be obtained in exactly the same 
manner as in our discussion of the cosine terms. It is only necessary to 
exchange the places of cos nB and sin nB in Eqs. (6). 
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the distribution of Fig. 151c, representing a system of forces in equilibrium. 
This distribution can be represented in form of a series 


{aN^) 


An cos 


n«4.8,12, 


{D 


in which only the terms n = 4, 8, 12, • • • must be considered, since the 
diagram 151c repeats itself after each interval of rr/2 and has four complete 
periods in the angle 2t. Applying the usual method for calculating the 
coefficients of series (i), we find 


An 


2qa^ 

ne 


sin (ne). 


Hence the distribution shown by diagram 151c is represented by the series 


(aN^) ^ 

^“2 


2 qa^ 

n*4,8,12. .. 


Sin ne 

-cos ne. 

n 


(m) 


Comparing each term of this series with the first of the equations (fc) we 
conclude that 

^ 4:qa sin ne 

Czn “- ' 

e n 

The stresses produced in the shell by the forces (m) are now obtained 
by taking a solution of the form (j) corresponding to each term of series (m) 
and then superposing these solutions. In such a manner we obtain 


00 

2go sin nef^ 

Nip = —Ne = ——~ -1 :: J cos 

e sm2 ip n \ 2/ 

n-4.8,12, •. . 

00 

__ 2go sin nef . 

Ndip — -:- — I tan - I sin n0. 

^ e sin2 ip ^ n \ 2/ 

n-4,8,12, . • - 

Superposing this solution on solution (211), which was previously obtained 
for a dome supported by forces uniformly distributed along the edge (Fig. 
140o), we obtain formulas for calculating the stresses in a dome resting on 
four columns. It must be noted, however, that, whereas the above-men¬ 
tioned superposition gives the necessary distribution of the reactive forces 
N^ as shown in Fig. 1515, it also introduces shearing forces Netp which do 
not vanish at the edge of the dome. Thus our solution does not satisfy 
all the conditions of the problem. In fact, so long as we limit ourselves 
to membrane theory, we shall not have enough constants to satisfy all the 
conditions and to obtain the complete solution of the problem. In actual 
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constructions a reinforcing ring is usually put along Ihc edge of the shell to 
carry the shearing forces Ne^. In such cases the solution obtained by the 
combination of solutions (211) and (n) will b(* a sufficiently accurate rep¬ 
resentation of the internal forces produced in a spherical dome resting on 
four columns. For a more satisfactory solution of this problem the bending 
theory of shells must be used.^ 

The method discussed m this arti(‘le <‘ari also lie used in the case of a non- 
spherical dome. In such cases it is necessary to have re(*ourso to Kqs. (d) 
which can be solved with sufficient accuracy by using numerical integration.* 

80. Membrane Theory of Cylindrical Shells. —In discussing a 
cylindrical shell (Fig. 152a) we assume that the generator of the 



shell is horizontal and parallel to the x-axis. An element is cut 
from the shell by two adjacent generators and two cross sections 
perpendicular to the x-axis, and its position is defined by the 
coordinate x and the angle (p. The forces acting on the sides of 
the element are shown in Fig. 1526. In addition a load will be 
distributed over the surface of the element, the components of the 

^ An example of such a solution is given in A. Aas Jacobsen^s paper, 
Ingenieur-ArchiVf vol. 8, p. 275, 1937. 

> An example of such integration is given in Flugge*s book, loc. cit.f p. 47. 
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intensity of this load being denoted, as before, by X, F and Z. 
Considering the equilibrium of the element and summing up the 
forces in the i-direction, we obtain 

dN, , , . dN 


_^rd<f,dx + -^ 


'dip dx + Xrd<p dx = 0. 


(a) 


Similarly the forces in the direction of the tangent to the normal 
cross section, i.e., in the ^/-direction, give as a corresponding 
equation of equilibrium 


_ dx + ''^^dip dx + Yrd(p dx = 0. 
dx d<p 


(b) 


The forces acting in the direction of the normal to the shell, i.e., 



Fia. 153. 

in the 2 -direction, give the equation 

dtp dx + Zrdp dx = 0. (c) 

After simplification, the three equations of equilibrium can be 
represented in the following form: 


dx r dip 
dN^ 


_ 1 1 P = —V i 

dx r dip 

= -Zr. 


(224) 


In each particular case we readily find the value of N^p, Sub¬ 
stituting this value in the second of the equations, we then obtain 
Nx<p by integration. Using the value of thus obtained we 
find Nx by integrating the first equation. 

As an example of the application of Eqs. (224) let us consider 
a horizontal circular tube filled with liquid and supported at the 
ends.^ Measuring the angle tp as shown in Fig, 1536 and denoting 

^This problem was discussed by D. Thoma, Z, ges, Turhinenweserif 
vol. 17, p. 49, 1920. 
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by po the pressure at the axis of the tube, the pressure at any 
point is Po — cos cp. We thus obtain 

jf=y' = 0. Z —Po + cos <p. (d) 

Substituting in Eqs. (224), we find 


= poU — ya^ cos lo, (e) 

Nx^ = — sin <p dx Ci{(p) = —yax sin v? + Ciitp), (/) 


N, 


= J'y cos <pxdx — ^J* ^ -- g^^ -dx + C^{(p) 


= 7y COS (P 


a dp 


+ C2M, (g) 


The functions Ci{p) and C 2 (p) must now be determined from the 
conditions at the edges. 

Let us first assume that there are no forces Nx at the ends of the 
tube. Then 


(Nx)x^0 == 0 {Nx)x^-l = 0 . 

We shall satisfy these conditions by taking 

C^iv) = 0, Cx(^) = ^ sin ^ + C. 


It is seen from expression (/) that the constant C represents forces 
Nx^ uniformly distributed around the edge of the tube, as is the 
case when the tube is subjected to torsion. If there is no torque 
applied, we must take C = 0. Then the solution of Eqs. (224) 
in our particular case is 

= poa — ya^ cos \ 

iv... = ya(^ - ^ sin v, I (225) 

Nx = —^xil — x) cos <p.] 

It is seen that Nx^ and Nx are proportional, respectively, to the 
shearing force and to the bending moment of a uniformly loaded 
beam of span I and can be obtained by applying beam formulas to 
the tube carrying a uniformly distributed load of the magnitude^ 
ira *7 per unit length of the tube. 

^ The weight of the tube is neglected in this discussion. 
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By a proper selection of the function Ct{tp) we can also obtain 
a solution of the problem for a cylindrical shell with built-in 
edges. In such a case the length of the generator remains 
unchanged, and we have the condition 

- vN^)dx = 0. 

Substituting 


Nx = “■ ^ + C2{(p)y 


Nip — poa — cos <p, 


we obtain 


CM = J'Poa + - va^y cos ip 

d 

iV* = — yCl — x) cos ^ + vp^a + — va^y cos (226) 


Owing to the action of the forces Np and iV* there will be a certain 
amount of strain in the circumferential direction at the end of 
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the tube in contradiction to our assumption of built-in edges. 
This indicates that at the ends of the tube there will be some 
local bending, which is disregarded in the membrane theory. 
A more complete solution of the problem can be obtained only by 
considering membrane stresses together with bending stresses, as 
will be discussed in the next chapter. 

Sections of cylindrical shells, such as shown in Fig. 164, are 
sometimes used as coverings of various kinds of structure. These 
shells are usually supported only at the ends while the edges AB 
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and CD are free. In calculating the membrane stresses for such 
shells the previous Eqs. (224) can again be used. Take, for 
example, a shell of a semicircular cross section supporting its own 
weight which is assumed to be uniformly distributed over the 
surface of the shell. In such a case wo have 

X = 0, Y = p sin (p, Z ^ p cos <p. 

The third of the equations (224) gives 

^ —pa cos if (h) 

which vanishes along the edges AB and CD as it should. It is 
seen that this condition will also be satisfied if some' other curve 
is taken instead of a semicircle provided only that (p = ± 7 r /2 
at the edges. Substituting expression (h) in the second of the 
equations <^224), we find 

Nx<p = —2px sin ip + Cn(p). (i) 

By putting the origin of the coordinates at the middle of the span 
and assuming the same end conditions at both ends, x = ±1/2 of 
the tube, it can be concluded from symmetry that Ci((p) = 0. 
Hence, 

Nx,p = -2px sin ip, (j) 

It is seen that this solution does not vanish along the edges AB 
and CD as it should for free edges. In structural applications, 
however, the edges are usually reinforcc'd by longitudinal mem¬ 
bers strong enough to resist the tension produced by shearing 
force (j). Substituting expression (j) in the first of the equations 
(224), we obtain 

iV. = ^ cos ^ (k) 

a 

If the ends of the shell are supported in such a manner that the 
reactions act in the planes of the end cross sections, the forces AT, 
must vanish at the ends. Hence = — pf* cos v>/4o, and we 
obtain 

AT. = - 4a:*). ( 1 ) 

Expressions Qi), (j) and (i) represent the solution of Eqs. (224) 
for our particular case (Fig. 164) satisfying the conditions at the 
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ends and also one of the conditions along the edges AB and CD. 
The second condition, which concerns the shearing forces Nx<p, 
cannot be satisfied by using the membrane stresses alone. In 
practical applications it is assumed that the forces will be 
taken by the longitudinal members that reinforce the edges. It 
can be expected that this assumption will be satisfactory in those 
cases in which the length of the shell is not large, say I 5 2a, and 
that the membrane theory will give an approximate picture of the 
stress distribution in such cases. For longer shells a satisfactory 
solution can be obtained only by considering bending as well as 
membrane stresses. This problem will be discussed in the next 
chapter (see Art. 91). 



CHAPTER XI 

GENERAL THEORY OF CYLINDRICAL SHELLS 


81. A Circular Cylindrical Shell Loaded Symmetrically with 
Respect to Its Axis.—In practical applications we frequently 
encounter problems in which a circular cylindrical shell is sub¬ 
mitted to the action of forces distributed symmetrically with 



respect to the axis of the cylinder. The stress distribution in 
cylindrical boilers submitted to the action of steam pressure, 
stresses in cylindrical containers having a vertical axis and 
submitted to internal liquid pressure and stresses in circular pipes 
under uniform internal pressure are examples of such problems. 

To establish the equations required for the solution of these 
problems we consider an element, as shown in Figs. 152a and 155, 
and consider the equations of equilibrium. It can be concluded 
from symmetry that the membrane shearing forces Nz^p = N^z 
vanish in this case and that forces are constant along the 
circumference. Regarding the transverse shearing forces, it can 
also be concluded from symmetry that only the forces Q* do not 
vanish. Considering the moments acting on the element in 

389 
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Fig. 155, we also conclude from symmetry that the twisting 
moments Mxtp = M^x vanish and that the bending moments 
are constant along the circumference. Under such conditions of 
symmetry three of the six equations of equilibrium of the element 
are identically satisfied, and we have to couside^r only the remain¬ 
ing three equations, viz,, those obtained by projecting the forces 
on the X- and 2 -axes, and by taking the moment of the forces 
about the ^/-axis. Assuming that the external forces consist only 
of a pressure normal to the surface, these three equations of 
equilibrium are 


dN, 

dx 


a dx dip = 0, 


d^x 

dx 


a dx dip + Nip dx dip + Za dx dtp = 0,/ 


(a) 


d^ 

dx 


a dx dip — Qxa dx = 0. 


The first one indicates that the forces Nx are constant,^ and we 
take them equal to zero in our further discussion. If they are 
different from zero, the deformation and stress corresponding to 
such constant forces can be easily calculated and superposed on 
stresses and deformations produced by lateral load. The 
remaining two equations can be written in the following simplified 
form: 


dQ, 

dx 

dM^ 

dx 




- Qx = 0. 


ib) 


These two equations contain three unknown quantities Q* 
and ilf*. To solve the problem we must therefore consider the 
displacements of points in the middle surface of the shell. 

From symmetry we conclude that the component v of the dis¬ 
placement in the circumferential direction vanishes. We thus 
have to consider only the components u and w in the x- and 
2 -directions, respectively. The expressions for the strain com¬ 
ponents then become 


€» = 


du 

dx 


6^ 





^ The effect of these forces on bending is neglected in this discussion. 
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Hence, by applying Hooke’s law, we obtain 


N. 


Eh .. . 

1 _ ^ 
Eh ( , . 



From the first of these equations it follows thal 


du 

dx 


w 

V -j 

a 


(d) 


and the second equation gives 


= 


Ehv) 

a 


(e) 


Considering the bending moments, we conclude from symmetry 
that there is no change in curvature in the circumfc^nuitial direc¬ 
tion. The curvature in the j-direction is equal to —d^wldx^. 
Using the same equations as for plates, we then obtain 


where 


= vMxi \ 


D = 


EM 

12(1 - M) 


if) 


is the flexural rigidity of the shell. 

Returning now to Eqs. (6) and eliminating Qj. from these 
equations, we obtain 


dx^ 


+ lw. 


-z, 


from which, by using Eqs. (e) and (/), we obtain 



(227) 


All problems of symmetrical deformation of circular cylindrical 
shells thus reduce to the integration of Eq. (227). 

The simplest application of this equation is obtained when the 
thickness of the shell is constant. Under such conditions Eq. 
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(227) becomes 


Using the notation 


j^d*w .Eh „ 


Eh _ 3(1 - I-*) 
Aa?t) a^h^ ’ 


Eq. (228) can be represented in the simplified form 

This is the same equation as is obtained for a prismatical bar with 
a flexural rigidity Z), supported by a continuous elastic foundation 
and submitted to the action of a load of intensity The 
general solution of this equation is 

y) = e^^{C\ cos fix + C 2 sin fix) 

+ e-^^^{Cz cos fix + Ci sin fix) + /(x), (231) 

in which f{x) is a particular solution of Eq. (230) and Ci, . . . , C 4 
are the constants of integration which must be determined in each 
particular case from the conditions at the 
ends of the cylinder. 

Take, as an example, a long circular 
pipe submitted to the action of bending 

__moments Mo and shearing forces Qo both 

uniformly distributed along the edge 
X = 0 (Fig. 156). In this case there is no 
pressure Z distributed over the surface of 
the shell, and /(x) = 0 in the general 
Fio. 166. solution (231). Since the forces applied 

at the end x = 0 produce a local bending 
which dies out rapidly as the distance x from the loaded end 
increases, we conclude that the first term on the right side of 
Eq. (231) must vanish. Hence, Ci = C 2 = 0 , and we obtain 

w == 6 ~^*(C 8 cos fix + Ci sin fix). (g) 

The two constants 0$ and C 4 can now be determined from the 
conditions at the loaded end which may be written 

^ See author’s ’’Strength of Materials,” vol. 2, p. 401, 1030. 
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Substituting expression {g) for w, we obtain from these end 
conditions 

The final expression for tt? is thus 

w = - 2 ^^[i 8 Afo(sin fix — cos fix) — Qo cos px]. (232) 
The maximum deflection is obtained at the loaded end where 


(w)x-o = + Qo). (233) 

The negative sign for this deflection results from the fact that w 
is taken positive toward the axis of the cylinder. The slope at 
the loaded end is obtained by differentiating expression (232), 
This gives 



COS fix + Qo(cos fix + sin j 8 x)]*«o 


1 

2fiW 


(2fiMo + Qo). 


By introducing the notation 


ipifix) = e““^*(cos fix + sin fix), 

\l/(fix) = 6 "^*(cos fix — sin fix), 
6(fix) = cos fix, ^{fix) = sin fix. 




(234) 


(235) 


the expressions for deflection and its consecutive derivatives can 
be represented in the following simplified form: 


v> = + QoOiMl 

S + Qo<pm], \ 

^ = -^[2/3M„^(|8x) + 2QofOx)],l 

g! = i[2^jifor(i8x) - 


( 236 ) 
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Table 45. — Table of Functions <^, B and f 


1.0000 
0.9907 
0.9661 
0.9267 
0.8784 
0.8231 
0.7628 
0.6997 
0.6354 
0.5712 
0.5083 
0.4476 
0.3899 
0.3355 
0.2849 
0.2384 
0.1959 
0.1576 
0.1234 
0.0932 
0.0667 
0 0439 
0.0244 
0.0080 
- 0.0056 
- 0.0166 
- 0.0254 
- 0.0320 
- 0.0309 
- 0.0403 
- 0.0423 
- 0.0431 
- 0.0431 
- 0.0422 
- 0.0408 
- 0.0389 
- 0.0366 
- 0.0341 
- 0.0314 
- 0.0286 
- 0.0258 
- 0.0231 
- 0.0204 
- 0.0179 
- 0.0155 
- 0.0132 
- 0.0111 
- 0.0092 
- 0.0075 
- 0.0069 
- 0.0046 
- 0.0033 
- 0.0023 
- 0.0014 
- 0.0006 
0.0000 
0.0005 
0.0010 
0.0013 
0.0015 
0.0017 
0.0018 
0.0019 
0.0019 
0.0018 
0.0018 
0.0017 
0.0016 
0.0016 
0.0014 
0.0013 


1.0000 
0.8100 
0.6398 
0.4888 
0 . 3.564 
0.2415 
0.1431 
0.0599 
- 0.0093 
- 0.0657 
- 0.1108 
- 0.1457 
- 0.1716 
-0 1897 
- 0.2011 
- 0.2068 
- 0.2077 
- 0.2047 
- 0.1985 
- 0.1899 
- 0.1794 
- 0.1675 
- 0.1548 
- 0.1416 
- 0.1282 
- 0.1149 
- 0.1019 
- 0.0895 
- 0.0777 
- 0.0666 
- 0.0563 
- 0.0469 
- 0.0383 
- 0.0306 
- 0.0237 
- 0,0177 
- 0.0124 
- 0.0079 
- 0.0040 
- 0,0008 
0,0019 
0,0040 
0.0057 
0.0070 
0.0079 
0.0085 
0,0089 
0.0090 
0,0089 
0.0087 
0.0084 
0.0080 
0.0075 
0.0069 
0.0064 
0.0068 
0.0062 
0.0046 
0.0041 
0.0036 
0.0031 
0.0026 
0.0022 
0.0018 
0.0015 
0.0012 
0.0009 
0.0008 
0.0004 
0.0002 
0.0001 


1.0000 
0.9003 
0.8024 
0.7077 
0.6174 
0.5323 
0.4530 
0.3798 
0.3131 
0.2527 
0.1988 
0.1510 
0.1091 
0.0729 
0.0419 
0.0158 
- 0.0059 
- 0.0235 
- 0.0376 
- 0.0484 
- 0.0563 
- 0.0618 
- 0.0652 
- 0.0668 
-0 0669 
- 0.0658 
- 0.0636 
- 0.0608 
- 0.0573 
- 0.0534 
- 0.0493 
- 0.0450 
- 0.0407 
- 0.0364 
- 0.0323 
- 0.0283 
- 0.0245 
- 0.0210 
- 0.0177 
- 0.0147 
- 0.0120 
- 0.0095 
- 0.0074 
- 0.0054 
- 0.0038 
- 0.0023 
- 0.0011 
0.0001 
0.0007 
0.0014 
0.0019 
0.0023 
0.0026 
0.0028 
0.0029 
0.0029 
0.0029 
0.0028 
0.0027 
0.0026 
0.0024 
0.0022 
0.0020 
0.0018 
0.0017 
0.0015 
0.0013 
0.0011 
0.0010 
0.0008 
0.0007 


0 

0.0903 

0.1627 

0.2189 

0.2610 

0.2908 

0.3099 

0.3199 

0.3223 

0.3185 

0.3096 

0.2967 

0.2807 

0.2626 

0.2430 

0.2226 

0.2018 

0.1812 

0.1610 

0.1415 

0.1230 

0.1057 

0.0895 

0.0748 

0.0613 

0.0492 

0.0383 

0.0287 

0.0204 

0.0132 

0.0071 

0.0019 

- 0.0024 

- 0.0058 

- 0.0085 

- 0.0106 

- 0.0121 

- 0.0131 

- 0.0137 

- 0.0140 

- 0.0139 

- 0.0136 

- 0.0131 

- 0.0125 

- 0 . 0 U 7 

- 0.0108 

- 0.0100 

- 0.0091 

- 0.0082 

- 0.0073 

- 0.0065 

- 0.0057 

- 0.0049 

- 0.0042 

- 0.0035 

- 0.0029 

- 0.0023 

- 0.0018 

- 0.0014 

- 0.0010 

- 0.0007 

- 0.0004 

- 0.0002 

+0.0001 

0.0003 

0.0004 

0.0005 

0.0006 

0.0006 

0.0006 

0.0006 
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The numerical values of the functions <^(|8 j), O(0x) and l:(0x) 

are given in Table 45.^ The functions (p(i3x) and are repre¬ 
sented graphically in Fig. 157. It is seen from these curves and 
from Table 45 that the functions defining Uie Ijending of the 
shell approach z(;ro as the (quantity jSx becomes large. This 
indicates that the bending produced in the shell is actually of a 



Fig . 157 . 


local character, as was assumed at the beginning when the con¬ 
stants of integration were calculated. 

If the moment Mz and the deflection w are found from expres¬ 
sions (236), the bending moment is obtained from the first 
of the equations (/), and the value of the force from Eqs. 
(e). Thus all necessary information for calculating stresses in 
the shell can be found. 

82. Particular Cases of Symmetrical Deformation of Circular 
Cylindrical Shells. Bending of a Long Cylindrical Shell by a Load 



Uniformly Distributed along a Circular Section {Fig. 158).—If the 
load is far enough from the ends of the cylinder, solution (232) 
can be used for each half of the shell. From considerations of 
symmetry wc conclude that the value of Qo in this case is —Pf2. 

^ The figures in this table are taken from the book by H. Zimmermann, 
'‘Die Berechnung des Eisenbahnoberbaues,” Berlin, 1888. 
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We thus obtain for the right-hand portion 


w = 2^[i5ilfo(sin fix - cos fix) + ^ cos (a) 

where x is measured from the cross section at which the load is 
applied. To calculate the moment Mq which appears in expres¬ 
sion (a) we use expression (234) which gives the slope at a; = 0. 
In our case this slope vanishes because of symmetry. Hence, 


2fiMo - = 0 , 


and we obtain 


Mo = 


4i8 


(h) 


Substituting this value in expression (a), the deflection of the 
shell becomes 


P 

w = ;?:;nrr(sin fix + cos fix) = Q^fivifix), 


Sfi^D 

and by differentiation we find 


4/S»i> 


8fiW^ 


UPx), 


(237) 


d^w P P 

Observing from Eqs. (b) and (/) of the preceding article that 


M, = -D 


dflw 

dx^’ 




we finally obtain the following expressions for the bending 
moment and shearing force: 

Q, = -^eifix). (238) 

The results obtained are all graphically represented in Fig. 159. 
It is seen that the maximum deflection is under the load P and 
that its value as given by Eq. (237) is 

_ P _ Po*/S 
" %fi*D ~ 2Eh 


( 239 ) 



GENERAL THEORY OF CYLINDRICAL SHELLS 397 


The maximum bending moment is also under the load and is 
determined from Eq. (238) as 

~ (240) 

The maximum of the absolute value of the shearing force is 



Fia. 169. 


evidently equal to P/2. The values of all these quantities at a 
certain distance from the load can be readily obtained by using 
Table 45. We see from this table and from Fig. 159 that all the 
quantities that determine the bending of the shell are small for 
X > ir/fi. This fact indicates that the bending is of a local 
character and that a shell of length 
I = 27r/j8 loaded at the middhi will 
have practically the same maximum 
deflection and the same maximum 
stress as a very long shell. 

Having the solution of the problem 
for the case in which a load is con¬ 
centrated at a circular cross section, 
we can readily solve the problem of 
a load distributed along a certain length of the cylinder by 
applying the principle of superposition. As an example let 
us consider the case of a uniform load of intensity q uni¬ 
formly distributed along a length I of a cylinder (Fig. 160). 
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Assuming that the load is at a considerable distance from the 
ends of the cylinder, we can use solution (237) to calculate the 
deflections. The deflection at a point A produced by an ele¬ 
mentary ring load of an intensity^ q at a distance f from A is 
obtained from expression (237) by substituting q df for P and { 
for X and is 

<'f(cos + sin 

The deflection produced at A by the total load distributed over 
the length I is then 

^ = Jo + Jo 

+ sin jSf) = ■” ^^)* 

The bending moment at a point A can be calculated by similar 
application of the method of superposition. 



Fi«. 161 . 


Cylindrical Shell with a Uniform Internal Pressure {Fig, 161).— 
If the edges of the shell are free, the internal pressure p produces 
only a hoop stress 



and the radius of the cylinder increases by the amount 

A - ~ 'BSl 

^ E Eh 


id) 


If the ends of the shell are built in, as shown in Fig. 161a, they 
cannot move out, and local bending occurs at the edges. If the 

^ g is the load per unit length of circumference. 
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length I of the shell is sufficiently large, we can use solution (232) 
to investigate this bending, the moment Mo and the shearing force 
Qo being determined from the conditions that the deflection and 
the slope along tlic built-in edge x = 0 (Pig. 161a) vanish. 
According to these conditions, PjQs. ^^233) and (234) of the preced¬ 
ing article become 

+ Qo) = a, 

2^(2(9Mo + Qo) = 0, 

where 8 is given by Eq. (d). 

Solving for Mo and Qo, we obtain 

Mo = D5 = Qo = -4/3’ Z)5 = (241) 

We thus obtain a positive bending moment and a negative shear¬ 
ing force acting as shown in Pig. 161a. Substituting these values 
in expressions (236), the deflection and the bending moment at 
any distance from the end can be readily calculated by the use of 
Table 45. 

If, instead of built-in edges, we have simply supported edges 
as shown in Fig. 1616, the deflection and the bending moment 
Mx vanish along the edge, Mq = 0, and we obtain, by using Eqs. 
(233), 

Qo = -20^ D8, 

By substituting these values in solution (232) the deflection at 
any distance from the end can be calculated. 

It was assumed in the preceding discussion that the length of 
the shell is large. If this is not the case, the bending at one end 
cannot be considered as independent of the conditions at the 
other end, and recourse must be had to the general solution (231) 
which contains four constants of integration. The particular 
solution of Eq. (230) for the case of uniform load (Z = — p) is 
= --pa^fEh. The general solution (231) can then be 
put in the following form by the introduction of hyperbolic 
functions in place of the exponential functions: 

w = + Cl sin /3a: sinh 0x + C* sin fix cosh fix 

+ Cs cos fix sinh fix + Co cos fix cosh fix. (e) 
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li the origin of coordinates is taken at the middle of the cylinder, 
as shown in Fig. 161b, expression (e) must be an even function of x. 
Hence, 

Ca = Ca = 0. CO 

The constants Ci and Ct must now be selected so as to satisfy the 
conditions at the ends. If the ends are simply supported, the 
deflection and the bending moment Af» must vanish at the ends, 
and we obtain 

- »• 


= 0 , 


Substituting expression (e) in these relations and remembering 
that C 2 = Ca = 0 , we find 

Tf2 


—+ Cl sin a sinh a + C 4 cos a cosh a = 0 ,( 
Cl cos a cosh a — Ci sin a sinh a = 0,j 
where, for the sake of simplicity, 

2 - a. 

From these equations we obtain 


(h) 


(i) 


Cl 


— 


sin a sinh a 


Eh sin^ a sinn^ a + cos^ a cosh^ a 


___ pa} _ 2 sin a sinh a 


Eh cos 2a + cosh 2a 


C4 = 




cos a cosh a 


U) 


Eh sin^ a sinh^ a + cos^ a cosh^ a 


— 2^ ^ cos a cosh a 


Eh cos 2a + cosh 2a , 

Substituting the values (j) and (/) of the constants in expression 
(e) and observing from expression (229) that 


A ni04 64a^I> 
^ = 40^.-p-, 


(jfe) 


we obtain 


w 


— — 






2 sin a sinh a 
cos 2a + cosh 2a 

2 cos a cosh a 


- sin fix sinh fix 


\ 
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In each particular case, if the dimensions of the shell are known, 
the quantity a, which is dimensionless, can be calculated by 
means of the notation (t) and (229) By substituting this value 
in expression {1) the deflection of the shell at any point can be 
found. 

For the middle of the shell, substituting x = 0 in expression (1), 
we obtain 


64Z)a^\ cos 2 q! + cosh 2a/ 


(m) 


When the shell is long, a becomes large, the second term in the 
parenthesis of expression (m) becomes small and the deflection 
approaches the value (d) calculated for the case of free ends. 
This indicates that in the case of long shells the effect of the end 
supports upon the deflection at the middle is negligible. Taking 
another extreme case, viz.^ the case when a is very small, we can 
show by expanding the trigonometric and hyperbolic functions in 
power series that the expression in parenthesis in Eq. (m) 
approaches the value 5a^/6 and that the deflection (1) approaches 
that for a uniformly loaded and simply supported beam of length 
I and flexural rigidity D, 

Differentiating expression (Z) twice and multiplying it by D, 
the bending moment is found as 


sinh 


M sin a si 

* dx^ 4a^\cos 2a + cosh 2a 

cos a cOvSh a 
COS 2a + cosh 2a 

At the middle of the shell this moment is 


- cosh Px cos Px 


sin Px sinh px ). (n) 


)■ 


- ^^^2^ +l'osh'2^’ 

It is seen that for large values of a, t.r., for long shells, this 
moment becomes negligibly small and the middle portion is, for 
all practical purposes, under the action of merely the hoop 
stresses pa/h. 

The case of a cylinder with built-in edges (Fig. 161a) can be 
treated in a similar manner. Going directly to the final result,^ 

^ Both cases are discussed in detail by I. G. Boobnov in his “Theory of 
Structure of Ships,” vol. 2, p. 368, St. Petersburg, 1913. Also included are 
numerical tables which simplify the calculations of moments and deflections. 
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we see that the bending moment Afo acting along the built-in 
edge is 



sinh 2a — sin 2a 
sinh 2a + sin 2a 


= ^2X2(2a), 


(242) 


where 


/o \ ■” 

- sinh”2iT”sir2a' 


In the case of long shells, a is large, the factor X2(2a) in expression 
(242) approaches unity and the value of the moment approaches 
that given by the first of the expressions (241). For shorter 
shells the value of the factor X2(2a) in (242) can be taken from 
Table 46. 


Table 46 


2a 

XI (2a) 

X2(2a) 

X8(2a) 

0.2 

5.000 

0.0068 

0.100 

0.4 

2.502 

0.0268 

0.200 

0.6 

1.674 

0.0()01 

0.300 

0.8 

1.267 

0.1065 

0.400 

1.0 

1.033 

0.1670 

0.500 

1.2 

0.890 

0.2370 

0.596 

1.4 

0.803 

0.3170 

0.689 

1.6 

0.755 

0.4080 

0.775 

1.8 

0.735 

0.5050 

0.855 

2.0 

0.738 

0.6000 

0.925 

2.5 

0.802 

0.8220 

1.045 

3.0 

0.893 

0.9770 

1.090 

3.5 

0.966 

1.0500 

1.085 

4.0 

1.005 

1.0580 

1.050 

4.5 

1.017 

1.0400 

1.027 

5.0 

1.017 

1.0300 

1.008 


Cylindrical Shell Bent by Forces and Moments Distributed along 
the Edges .—In the preceding section this problem was discussed 
assuming that the shell is long and that each end can be treated 
independently. In the case of shorter shells both ends must be 
considered simultaneously by using solution (e) with four con¬ 
stants of integration. Proceeding as in the previous cases, the 
following results can be obtained: For the case of bending by 
uniformly distributed shearing forces Qo (Fig. 162a) the deflection 
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and the slope at the ends are 

2QoPa^ cosh 2a + cos 2a 


{w)x^,x^l = 


(: 


dw\ 


dx )xcJQ,x^~i ^ sinh 2a + sin 2a 

In the case of bending by the moments Mq (Fig. 1626) we obtain 


Eh sinh 2a + sin 2a 

2QQfiV sinh 2a — sin 2a 




(243) 


,2Q^V .. . , 


(jW)x^,XmU 



2Mq|8%^ 

Eh 


4Afo/3®a^ 

-"W~ 


sinh 2a — sin 2a 
sinh 2a + sin 2a 


2Mo0^a-‘ . , 


cosh 2a — cos 2a 
sinh 2a + sin 2a 


(244) 


= +■ 


Eh 


Xs(2a).l 


In the case of long shells the factors x^, Xz and xs in expressions 
(243) and (244) are close to unity, and the results coincide 



Fig . 162. 


With those given by expressions (233) and (234). To simplify 
the calculations for shorter shells, the values of functions xu X 2 
and X8 are given in Table 46. 

Using solutions (243) and (244), the stresses in a long pipe 
reinforced by equidistant rings (Fig. 163) and submitted to the 
action of uniform internal pressure p can be readily discussed. 

Assume first that there are no rings. Then, under the action of 
internal pressure, hoop stresses <rt = pa/h will be produced. 
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and the radius of the pipe .will increase by the amount 


» _ po! 

Now, taking the rings into consideration and assuming that they 
are absolutely rigid, we conclude that reactive forces will be 
produced between each ring and the pipe. The magnitude of the 
forces per unit length of the circumference of the tube will be 
denoted by P. The magnitude of P will now be determined 

from the condition that the 
forces P produce a deflection of 
the pipe under the ring equal to 
the expansion d created by the 
internal pressure p. In calculat¬ 
ing this deflection we observe 
that a portion of the tube be¬ 
tween two adjacent rings may be 
considered as the shell shown in Figs. 162a and 1626. In this 
case Qo = —iPj and the magnitude of the bending moment 
Mo under a ring is determined from the condition that dwjdx = 0 
at that point. Hence from Eqs. (243) and (244) we find 


r—1--H 



Fig. 163. 


Eh 


^ , 4Afo/3®o* ,, 

Xs(2a) H-= 0, 


from which 


Mo 


P x2{2a) 

4/3x8(2a)' 


(P) 


If the distance I between the rings is large,* the quantity 



is also large, the functions X 2 ( 2 a) and X 3 ( 2 a) approach unity 
and the moment Mo approaches the value (240). For calculating 
the force P entering in Eq. (p) the expressions for deflections as 
given in Eqs. (243) and (244) must be used. These expressions 
give 


PiSo* 

Eh 


xi(2«) - 


P<3a^xi(2a) 
2Eh X8(2a) 


= 6 = 


po* 

Eh* 


I For - 0.3, 2a - 1.2861/VoA- 
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or 



Xi(2a) 


2x8{2a)J o* ^ 


For large values of 2a this reduces to 


2Eh ’ 


(245) 


which coincides with Eq. (239). When 2a is not large, the 
value of the reactive forces P is calculated from Eq. (245) by 
using Table 46. Solving Eq. (245) for P and substituting its 
expression in expre.ssion (p), we find 


Mo = 2^-,x*(2a). (246) 

This coincides with expression (242) previously obtained for a 
shell with built-in edges. 

To take into account the extension of rings we observe that 
the reactive forces P produce in the ring a tensile force Pa 
and that the corresponding increase of the inner radius of the 
ring is^ 


where A is the cross-sectional area of the ring. To take this 
extension into account we substitute 8 — 6i, instead of 6, in 
Eq. (246) and obtain 

From this equation, P can be readily obtained by using Table 46, 
and the moment found by substituting p — {Ph/A), instead of 
p, in Eq. (246). 

If the pressure p acts not only on the cylindrical shell but also 
on the ends, longitudinal forces 


N, 


pa 

2 


^ It is assumed that the cross-sectional dimensions of the ring are small in 
oomparison with the radius a. 
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are produced in the shell. The extension of the radius of the 
cylinder is then 



and the quantity p(l — ^v) instead of p must be substituted in 
Eqs. (246) and (247). 

Equations (247) and (245) can be also used in the case of 
external uniform pressure provided th(' compressive stresses 
in the ring and in the shell an' far eiioiigli from the critical 
stresses at which buckling may occur. ^ This case is of practical 
importance in the design of submarines and has been discussed 
by several authors.^ 

83. Pressure Vessels. —The im'thod illustrated by the 
examples of the preceding article can also be applied in the 


m m I 


n Hi 

(a) 

Fio. 1G4 

analysis of stresses in cylindrical vessels submitted to the action 
of internal pressure. In discussing the membrane theory” it 
was repeatedly indicated that this theory fails to represent the 
true stresses in those portions of a shell close to the edges, since 
the edge conditions usually cannot be completely satisfied by 
considering only membrane stresses. A similar condition in 
which the membrane theory is inadequate is found in cylindrical 
pressure vessels at the joints between the cylindrical portion and 
the ends of the vessel. At these joints the membrane stresses 
are usually accompanied by local bending stresses which are 

1 Buckling of rings and cylindrical shells is discussed in the author’s book 
**Theory of Elastic Stability.” 

*See paper by K. von Sanden and K. Gtinther, ‘^Werft und Reederei,” 
vol. 1, 1920, pp. 163-168, 189-1^8, 216-221, and vol. 2, 1921, pp. 605-510. 
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distributed symmetrically with respect to the axis of the cylinder. 
These local stresses can be calculated by using solution (232) of 
Art. 81. 

Let us begin with the simple case of a cylindrical vessel with 
hemispherical ends (Fig. 164).^ At a suflScient distance from 
the joints mn and mini the membrane theory is accurate enough 
and gives for the cylindrical portion of radius a 

N. - AT, = pa. (a) 

where p denotes the internal jm^ssurc. 

For the spherical ends this theory gives a uniform tensile 
force 

AT = (b) 

The extension of the radius of the cylindrical shell under the 
action of the forces (a) is 

"" Ehi} ~ 2)’ 

and the extension of the radius of the spherical ends is 

- '>• W 

Comparing expressions (c) and (d), it can be concluded that if we 
consider only mc'inbrane stresses we obtain a discontinuity at the 
joints as represented in Fig. 16^6. This indicates that at the 
joint there must act shearing forces Qo and bending moments Mo 
uniformly distributed along the circumference and of such mag¬ 
nitudes as to eliminate this discontinuity. The stresses pro¬ 
duced by these forces are sometimes called discontinuity stresses. 
In calculating the quantities ^0 and Mo we assume that the 
bending is of a local character so that solution (232) can be 
applied with sufficient accuracy in discussing the bending of the 
cylindrical portion. The investigation of the bending of the 
spherical ends represents a more complicated problem which will 
be fully discussed in Chap. XII. Here we obtain an approxi- 

^ This case was discussed by E. Meissner, Schweiz. Bauzeitung^ vol. 86, 
p. 1, 1925 
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mate solution of the problem by assuming that the bending is of 
importance only in the zone of the spherical shell close to the 
joint and that this zone can be treated as a portion of a long 
cylindrical shell^ of radius a. If the thickness of the spherical 
and the cylindrical portion of the vessel is the same, the forces 
Qo produce equal rotations of the edges of both portions at the 
joint (Fig. 1646). This indicates that Mo vanishes and that Qo 
alone is sufficient to eliminate the discontinuity. The mag¬ 
nitude of Qo is now determined from the condition that the sum 
of the numerical values of the deflections of the edges of the two 
parts must be equal to the difference 5i — 62 of the radial expan¬ 
sions furnished by the membrane theory. Using Eq. (233) for 
the deflections, we obtain 


Qo 


di - 


62 


pa^ 

2M 


from which, by using notation (229), 


2Eh 8p 


(e) 


Having obtained this value of the force Qo, the deflection and 
the bending moment Mx can be calculated at any point by using 
formulas (236) which give^ 


w = 


Qo 

2/38Z> 


eifix), 




Substituting expression (e) for Qo and expression (229) for fi 
in the formula for Mx, we obtain 


Af. = - 


ahp 


8V3(1 - »*) 




(/) 


This moment attains its numerical maximum at the distance 


* E. Meissner, in the above-mentioned paper, showed that the error in the 
magnitude of the bending stresses as calculated from such an approximate 
solution is small for thin hemispherical shells and is smaller than i per cent 
if a/h > 30. 

* Note that the direction of Qo in Fig. 164 is opposite to the direction in 
Fig. 156. 
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X = ir/4/3, at which point the derivative of the moment is zero, 
as can be seen from the fourth of the equations (236). 

Combining the maximum bending stress produced by Mg, with 
the membrane stress, we find 


(o'x)n 


op , 3 ap , /t\ 
2A 4/i^3(i _ VV 




(g) 


This stress which acts at the outer surface of the cylindrical shell 
is about 30 per cent larger than the membrane stress acting in 
the axial direction. In calculating stresses in the circumferen^ 
tial direction in addition to the membrane stress pa/h, the hoop 
stress caused by the deflection w as well as the bending stress 
produced by the moment = vMx must be considered. In 
this way we obtain at the outer surface of the cylindrical shell 


op _ ^ 
h a 






3v 


Taking v = 0.3 and using Table 45, we find 



= 1-032^^ at px = 1.85. (h) 


Since the membrane stress is smaller in the ends than in the 
cylinder sides, the maximum stress in the spherical ends is 
always smaller than the calculated stress (h). 

Thus the latter stress is the determining factor 
in the design of the vessel. 

The same method o^ calculating discontinuity 
stresses can be applied in the case of ends 
having the form of an ellipsoid of revolution. 

The membrane stresses in this case are obtained 
from expressions (217) and (218) (see page 365). 

At the joint mn which represents the equator 
of the ellipsoid. Fig. 165, the stresses in the direction of the 
meridian and in the equatorial direction are, respectively. 





"SB 

2k’ 




- 

~ hy' 2by 




The extension of the radius of the equator is 
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Substituting this quantity instead of 62 in the previous calculation 
of the shearing force Qo, we find 


5i - ^2 


'BSl — 
~Eh 


and instead of Eq. (e), we obtain 


Qo 


— JL ?L 


It is seen that the shearing force Qo in the case of ellipsoidal 
ends is larger than in the case of hemispherical ends in the ratio 
The discontinuity stresses will evidently increase in the 
same proportion. For example, taking a/b = 2, we obtain, from 
expressions (g) and (h), 


(o’a:)n 


^ 4 . JA 

aV3(1 - VV 




2.172' 


,ap 

¥i 


Again, (<rt)tat,x. is the largest stress and is consequently the deter¬ 
mining factor in design.^ 

84. Cylindrical Tanks with Uniform 
Wall Thickness.—If a tank is sub¬ 
mitted to the action of a liquid pn^s- 
sure, as shown in Fig. 166, tlu' stresses 
in the wall can Ih' analyzed by using Eq. 
(230). Substituting in this equation 

z = -y(d - x), (a) 

where y is the weight per unit volume of the liquid, we obtain 

y(d — x) ,,, 


t. 2a - — 



^ More detail regarding stresses in Doilers with ellipsoidal ends can be 
found in the book by Hohn, ‘‘ttber die Festigkeit der gewolbten B6den und 
der Zylinderschale,” Zurich, 1927. Also included are the results of experi¬ 
mental investigations of discontinuity stresses which are in a good agreement 
with the approximate solution. See also F. Schulz-Grunow, Ingenieur-- 
ArchiVf vol. 4, p. 545, 1933. 
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A particular solution of this equation is 


y(d — y{d — x)a^ 

m 


(c) 


This expression represents the radial expansion of a cylindrical 
shell with free edges under ihc action of hoop stresses. Sub¬ 
stituting expression (c) in pla(‘e of f(x) in expression (231), we 
obtain for the complete solution of Kq. (6) 

w = e^^(Ci cos fix + C 2 sin fix) + cos fix + C4 sin fix) 

y{d — x)a^ 

mi 


In most practical cases the wall thickness h is wsmall in compari¬ 
son with both the radius a and the depth d of the tank, and we 
may consider the shell as infinitel3^ long. The constants Ci and 
C 2 are then equal to Z(‘ro, and we obtain 

W = c-o-(C3 cos + C4 sin fix) - (d) 


The constants C3 and C\ can now be obtained from the conditions 
at the bottom of the tank. Assuming that the lower edge of 
the wall is built into an absolutel^^ rigid foundation, the boundary 
conditions are 


= C3 


(sL=[- 


yaH _ 
Eh ~ ’ 


/3C3 C~'’'^(cos fix + sin fix) 


1 exr. _ /^ \ j_ 


+ fiCiC-^’^icos fix - sin fix) + ^ = ^(C« ~ Cs) + -^ = 0. 

From these eciuations wc obtain 


Ca = 


ya'hl 

Eh ’ 


70' 

'Wh 




Expression (d) then becomes 


w = 


70' 

"¥h 


— X — cos fix + ^ sin fix |> 


from which, by using the notation of (235), we obtain 

“ = -^ 1 ' - 3 - “<'>*> - 0 - w 
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From this expression the deflection at any point can be readily 
calculated by the use of Table 45. The force N^, in the circum¬ 
ferential direction is then 

From the second derivative of expression (e) we obtain the bend¬ 
ing moment 

- -eg = -fw] 

Having expressions (/) and (^), the maximum stress at any point 
can readily be calculated in each particular case. The bending 
moment has its maximum value at the bottom, where it is equal to 

The same result can be obtained by using previous solutions 
(233) and (234) (page 393). Assuming that the lower edge of 
the shell is entirely free, we obtain from expression (c) 



To eliminate this displacement and rotation of the edge and thus 
satisfy the edge conditions at the bottom of the tank, a shearing 
force Qo and bending moment Afo must be applied as indicated in 
Fig. 166. The magnitude of each of these quantities is obtained 
by equating expressions (233) and (234) to expressions (i) taken 
with reversed signs. This gives 

—+ Oo) = 

+ Oo) = 

From these equations we again obtain expression (A) for Mo, 
whereas for the shearing force we find^ 

^ The negative sign indicates that Qo has the direction shown in Fig. 166 
which is opposite to the direction used in Fig. 156 when deriving expressions 
(233) and (234). 


yaH 

ya^ 

Eh' 
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Taking, as an example, a « 30 ft., d » 26 ft., ^ » 14 in., y ** 0.03613 lb. 
per cubic inch and v « 0.25, we find jS « 0.01824 in.~^ and fid » 5.691. 
For such a value of the quantity fid our assumption that the shell is infinitely 
long will result in a very accurate value for the moment and the shearing 
force, and we obtain from expressions (/i) and (j) 

Mo « 13960 in. lb. per inch, Qo « --563.6 lb. per inch. 

In the construction of steel tanks, metallic sheets of several different 
thicknesses are very often used as shown in Fig. 167. Applying the partic¬ 
ular solution (c) to each portion of uniform thickness, we find that the differ¬ 
ences in thickness give rise to discontinuities in the displacement wi along the 
joints mn and mini. These discontinuities together with the displacements 
at the bottom ab can be removed by apply¬ 
ing moments and shearing forces. Assum¬ 
ing that the vertical dimension of each 
portion is sufficiently large to justify the 
application of the formulas for an infinitely 
large shell, we calculate the discontinuity 
moments and shearing forces as before by 
using Eqs. (233) and (234) and applying at 
each joint the two conditions that the 
adjacent portions of the shell have equal 
deflections and a common tangent. If the 
use of formulas (233) and (234) derived 
cannot be justified, the general solution containing four constants of inte¬ 
gration must be applied to each portion of the tank. The deterinmation 
of the constants under such conditions becomes much more complicated, 
since the fact that each joint cannot be treated independently necessitates 
the solution of a system of simultaneous equations. This problem can be 
solved by approximate methods.^ 

85. Cylindxical Tanks with Non-uniform Wall Thickness.—In the case of 
tanks of non-uniform wall thickness the solution of the problem requires the 
integration of Eq. (227), considering the flexural rigidity D and the thickness 
^ as no longer constant but as functions of x. We have thus to deal with a 
linear differential equation of fourth order with variable coefficients. As an 
example, let us consider the case when the thickness of the wall is a linear 
function of the coordinate x.^ Taking the origin of the coordinates as shown 
in Fig. 168, we have for the thickness of the wall and for the flexural rigidity 
the expressions 

^ An approximate method of solving this problem was given by C. Runge, 
Z, Math, Physikf vol. 51, p. 254, 1904. This method was applied by Karl 
Oirkmann in a design of a large welded tank, Der Siahihau, vol. 4, p. 25,1931. 

* Reisbnbb, H., *^Beton und Eisen,” vol. 7, p. 150, 1908; see also 
W. FlU^ge, **Statik und Dynamik der Schalen,” p. 132, Berlin, 1934. 
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h = ax', 


2> =_ 


Ea> 


12(1 - y'f ’ 

12(1 — v^)yix — Xo) 


and Eq. (227) becomes 


dx\ dx^J 


12(1 


Ea^ 


The particular solution of this equation is 


(а) 

( б ) 



- 

X 


_^ 


~X T 


wi — — 


ya^ X — Xo 
Eat X 


(c) 


This solution represents the radial expansion 
of a shell with free cdRes under the internal 
pressure y{x — a;o). As a result of the dis¬ 
placement (c) a certain amount of bending of 
the generatrices of the cylinder occurs. The 
corresponding bending moment is 


M, = -I) 


•2ci. 

Fig. 168 . 


4 
- ► 


d^W\ 

dx^ 


yaWXo 

’6(1 -T^y 


(d) 


This moment is independent of x and is in all 
practical cases of such small magnitude that 
its action can usually he n(‘glected. 

To obtain the complete solution of Eq. (b) we have to add to the particular 
solution (c) the solution of the homogeneous equation 


dx‘\ dx^J 


, 12(1 - 
H-- —xw 


0 , 


which, upon division by x, can be also written 


X dx^\ dx^ / 


, 12(1 - y^) 

^-Tir-w = 0. 


(e) 


The solution of this equation of the fourth order can be reduced to that of 
two equations of the second order^ if we observe tliat 


xdx^\ dx^/ xdx\ dx\jcdx\ dx) \) 
To simplify the writing we introduce the following symbols 


L(k;) 



(/) 


‘ This reduction was shown by G. Kirchhoff, ‘^Berliner Monatsberichte,” 
p. 816, 1879; see also I. Todhunter and K. Pearson, History of the 
Theory of Elasticity,” vol. 2, part 2, p. 92. 
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12(1 - y2) 


(g) 


Equation (e) then becomes 


L[L{w)] -f = 0 (Jh) 

and can be rewritten in one of the two following forms: 

L[L(t/;) + ip^w\ — ip^[L{w) + ip^w] = 0, (t) 

L[L{w) — ip^w] + ip^[X/(ip) — tp*w'] = 0, 

where i = y/ — 1. 

Wc see that Eq. {h) is satisfied by the solutions of the second-order 
equations 

L(ir) f = 0, {j) 

L{w) — ip^w = 0. (k) 

Assuming that 

X0\ — ip I -}- iif^y XVi == ^8 -|- tipi (1) 

are the two linearly independent solutions of Eq. {j)f it can be seen that 

iCa == v’l ~ Wa = — iipA (m) 

are the solutions of Ecp {k). All four solutions (/) and (m) together then 
represent the complete system of independent solutions of Eq. (h). By using 
the sums and the differences of solutions {1) and (r??), the general solution of 
Eq. {h) can be represented in the following form: 


w = Ciipi + C2<P2 -f- “h CifpAf {n) 

in which Cij . , , , Ca are arbitrary constants. Thus the problem reduces 
to the determination of four functions ^ 1 , . . . , ^4 which can all be obtained 
if the complete solution of one of Eqs. (j) and (k) is known. 

Taking Eq. (j) and substituting for L(?c) its meaning (/), wc obtain 


d^w 


dw 


-f ip^w 


« 0 . 


( 0 ) 


By introducing new variables 

r, = 2p\/ix, f = U)V*. (p) 

Eq. (o) becomes 



+-f C’?* 

drj 


i)r 


0. 


(r) 


(s) 


We take as a solution of this equation the power series 
=* Oo -+• di'n + + • • • . 
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Substituting this series in Eq. (r) and equating the coefficients of each 
power of 17 to zero, we obtain the following relation between the coefficients 
of series («): 

(n® — l)a« + o«-a * 0 . (<) 

Applying this equation to the first two coefficients and taking 0^1 a_a *» 0, 
we find that ao * 0 and that ai can be taken equal to any arbitrary constant. 
Calculating the further coefficients by means of Eq. (0, we find that series («) 
is 


where Jiiri) is the Bessel function of the first kind and of the first order. 
For our further discussion it is advantageous to use the relation 


JiM 


— — 1 — ^ 

dvl 2 * 


(2 -4)* (2 • 4 • 6 )a 


J dri 


(v) 


in which the series in the parenthesis, denoted by tyo, is the Bessel function 
of the first kind and of zero order. Substituting the expression 2p\/ii for 17 
[see notation (p)] in the series representing Jo(ri) and collecting the real and 
the imaginary terms, we obtain 


where 

^i( 2 p\/x) 

V' 2 ( 2 p-\/x) 


Joiv) “ ^i(!2p\/x) -f »Va( 2 pV«)» (w>) 

{2p^/x)* ( 2 pVx)» ’ 

(2 • 4)* (2 • 4 • 6 • 8 )* ‘ ’ 

( 2 pV^)« ( 2 pV^)« _ ( 2 p\/i)»» j 

2» (2 • 4 • 6 )» (2 ■ 4 • 6 • 8 • 10)« , 


The solution (u) then gives 

» — C'[^I( 2 p\/i) + »Vj( 2 p-s/i)]» (aO 

where and denote the derivatives of the functions (248) with respect 
to the argument 2p\/z. 

The second integral of Eq. (r) is of a more complicated form. Without 
derivation we shall state that it can be represented in the form 


r, - c"[^i(2pv*) + m 

in which ^5 and are the derivatives with respect to the argument 2py/x 
of the following functions: 


^^i(2p\/») ^i(2p\/i) “ 

^4(2p\/i) * ^a(2pV«) "f 


B. + log.^ ^ ,^,(2pv^) 
B» + log «~^^ i<'i(2p'\/x) 


( 249 ) 
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where 

R ( 2pV^ * 5(3) ( 2pV? \* S(5) 

‘ \ 2 / (3 • 2)*\ 2 / (5 • 4 • 3 • 2j>\ 2 / ’ ' ' ’ 

g(2)/ 2pVT V* g(4) / 2^\/? V* g(6) / 2 pV? V*' 

’ “ 2* \ 2 / (4 ■ 3 • 2)*\ 2 / (6 • S • 4 • 3 • 2)«\ 2 / 

' ' * J 

S(«) - 1 + 5 + 5 + • • • + -• 

2 3 n 

log„ /3 « 0.67722. 

Having solutions (a') and (6') of Eq. (r), we conclude that the general solu¬ 
tion (n) of Eq. (f) is 

w -* —^ =» —^[Ci^((2p\/i) -4- Ci\p'^{2f>\/x) -f- Ct4f'^{2p'\/x) 
y/x v® 

+ c4^;(2pVi)]. (c') 


Numerical values of the functions . . . , ^4 and their first derivatives 
are given in Table 47.^ A graphical representation of the functions 


KK fi.fA 



Fiti. 169. 

... y ^4 is given in Fig. 169. It is seen that the values of these functions 
increase or decrease rapidly as the distance from the end increases. This 
indicates that in calculating the constants of integration in solution {&) we 
can very often proceed as we did with functions (236), i.c., by considering 
the cylinder as an infinitely long one and using at each edge only two of the 
four constants in solution (c'). 

^ This table was calculated by F. Schleicher; see Kreisplatten auf Elas- 
tisoher Unterlage,** Berlin, 1926. More complete tables for the same func¬ 
tions are given in the book by Jahnke-Emde, ** Tables of Functions,” Berlin, 
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Table 47 .— Table op the Functions 




rf/iix) 

d\pi ix) 

dyj/^ix) 

X 

dx 

dx 

0.00 

+ 1.0000 

0.0000 

0.0000 

0.0000 

0,20 

+ 1.0000 

- 0.0100 

- 0.0005 

- 0.1000 

0.40 

+ 0.9996 

- 0.0399 

- 0.0040 

- 0.2000 

0.60 

+ 0.9980 

- 0.0900 

- 0.0135 

- 0.3000 

0.80 

+ 0.9936 

- 0.1599 

- 0.0320 

- 0.3991 

1.00 

+ 0.9844 

- 0.2500 

- 0.0624 

- 0.4974 

1.20 

+ 0.9676 

- 0.3587 

- 0.1078 

- 0.5935 

1.40 

+ 0.9401 

- 0.4867 

- 0.1709 

- 0.6860 

1.60 

+ 0.8979 

- 0.6327 

1 - 0.2545 

- 0.7727 

1.80 

+ 0.8367 

- 0.7953 

- 0.3612 

- 0.8509 

2.00 

+ 0.7517 

- 0.9723 

- 0.4931 

- 0.9170 

2.20 

+ 0.6377 

- 1.1610 

- 0.6520 

- 0.9661 

2.40 

+ 0.4890 

- 1.3575 

- 0.8392 

- 0.9944 

2.60 

+ 0.3001 

- 1.5569 

- 1.0552 

- 0.9943 

2.80 

+ 0.0651 

- 1.7529 

- 1.2993 

- 0.9589 

3.00 

- 0.2214 

- 2,0228 

- 1.7141 

- 0.8223 

3.20 

- 0.5644 

- 2.1016 

- 1.8636 

- 0.7499 

3,40 

- 0.9680 

- 2.2334 

- 2.1755 

- 0.5577 

3.60 

- 1.4353 

- 2.3199 

- 2.4983 

- 0.2936 

3.80 

- 1.9674 

- 2.3454 

- 2.8221 

+ 0.0526 

4.00 

- 2.5634 

- 2.2927 

- 3.1346 

+ 0.4912 

4.20 

- 3.2195 

- 2.1422 

- 3.4199 

+ 1.0318 

4.40 

- 3.9283 

- 1.8726 

- 3.6587 

+ 1.6833 

4.60 

- 4.6784 

- 1.4610 

- 3.8280 

+ 2.4520 

4.80 

- 5.4531 

- 0.8837 

- 3.9006 

+ 3.3422 

5.00 

- 6.2301 

- 0.1160 

- 3.8454 

+ 4.3542 

5.20 

- 6.9803 

+ 0.8658 

- 3.6270 

+ 6.4835 

5.40 

- 7.6674 

+ 2.0845 

- 3.2063 

+ 6.7198 

5.60 

- 8.2466 

+ 3.5597 

- 2.5409 

+ 8.0453 

5.80 

- 8.7937 

+ 5.3068 

- 1.5856 

+ 9.4332 

6.00 

- 8.8583 

+ 7.3347 

- 0.2931 

+ 10.3462 

X 



d\f^i(x) 

dx 

d\l/A{x) 

dx 

0.00 

+ 0.5000 


0.0000 


0.20 

+ 0.4826 

- 1.1034 

- 0.1419 

+ 3.1340 

0.40 

+ 0.4480 

- 0,6765 

- 0.1970 

+ 1.4974 

0.60 

+ 0.4058 

- 0.4412 

- 0.2216 

+ 0.9273 

0.80 

+ 0.3606 

. - 0.2883 

- 0.2286 

+ 0.6286 
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Table 47.— Table of the ^(x) Functions. — {Continued) 



^z{x) 


d^i/z{x) 

dypiix) 

X 

dx 

dx 

1.00 

+0.3151 

-0.1825 

1 -0.2243 

\ +0.4422 

1.20 

+0.2713 

, -0.1076 

-0 2129 

+0.3149 

1.40 

+0.2302 

-0.0542 

-0.1971 

+0.2235 

1.60 

+0.1926 

-0.0166 

! -0 1788 

+0.1560 

1.80 

+0.1588 

f0.0094 

i -0.1594 

+0.1056 

2.00 

+0.1289 

+0.0265 

-0.1399 

+0.0679 

2.20 

+0.1026 

+0.0371 

-0.1210 

+0.0397 

2 40 

+0.0804 

+0 0429 

-0.1032 

+0.0189 

2.60 

+0.0614 

+0.0446 

-0.0868 

+0.0039 

2.80 

+0.0455 

+0.0447 

-0.0719 

-0.0066 

3.00 

+0.0326 

+0.0427 

-0.0586 

-0.0137 

3.20 

+0 0220 

+0 0394 

-0.0469 

-0.0180 

3.40 

+0.0137 

+0.0356 

-0.0369 

-0.0204 

3.60 

+0.0072 

+0.0314 

-0.0284 

-0.0213 

3.80 

+0 0022 

+0.0260 

-0.0212 

-0.0210 

4.00 

-0.0014 

+0.0230 

-0.0152 

-0.0200 

4.20 

-0.0039 

+0.0192 

-0.0104 

-0.0185 

4.40 

-0.0056 

+0 0156 

-0.0065 

-0.0168 

4.60 

-0 0060 

+0.0125 

-0.0035 

-0.0148 

4.80 

-0.0071 

+0.0097 

-0.0012 

-0.0129 

5.00 

-0 0071 

+0 0073 

+0 0005 

-0.0109 

5.20 

-0.0069 

+0.0053 

+0.0017 

-0.0091 

5.40 

-0.0065 

+0.0037 

+0.0025 

-0.0075 

5.60 

-0.0059 

+0.0023 

+0.0030 

-0.0060 

5.80 

-0.0053 

+0.0012 

+0.0033 

-0.0047 

6.00 

-0.0046 

1 

+0.0004 

1 

+0.0033 

-0.0036 


In applying tho general theory to particular cases, the calculation of the 
consecutive derivatives of w is simplified if we use the following relations: 

“ ^ 4 (^) - 

^7(0 “ —-^4(^)1 
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where the symbol ^ is used in place of 2p\/x- From expression (c') we 
then obtain 

Fh Etx /— 

—- w ---f C2^J(€) + + C'4^J({)1, («') 

a a 

^ - 2^;({)i - c,[£^.({) + 2^;(f)i 

^ 2«v ^ 

+ C,[£^4(£) - 2/,(f)] - C4[&A.(£) + 2^;(£)ll, (/') 

M, — “ “‘4g({ _ j,ijV^lC'i[(f)Vj(l) — 4(£)iAs(f) + 8(Ai(t)l 

- c,[(£)v;({) - 4({)^i({) - 8^;(i)] 

+ c,[(£)v;({) - mui) + »*',(£)] 

- C 4 [(£)V;({) - 4(£)^,(£) - 8 ^i(f)]l, (s') 

^ “ 04 + 2^;(£)] 

ax 24(1 — y*) 

+ c,[£^,(f) - 2 ^;(£)] + C,[{^.({) + 2 ^:(£)I + C 4 [{^ 4 («) - 2 f|(f)]l. (A') 

By means of these formulas the deflections and the stresses can be cal¬ 
culated at any point, provided the constants Ci, . . . , C* are determined 
from the edge conditions. The values of the functions , ^4 and 

their derivatives are to be taken from Table 47 if 2p\/x ^6. For largei 
values of the argument, the following asymptotic expressions are sufficiently 
accurate: 
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As an example, consider a cylindrical tank of the same general dimensions 
as that used in the previous article (page 413), and assume that the thickness 
of the wall varies from 14 in. at the bottom to 3i in. at the top. In such a 
case the distance of the origin of the coordinates (Fig, 168), from the bottom 

of the tank is d -f « id * 416 in.; hence, ( 2 p'\/x)x-»o 4 rf * 21.45. For 
such a large value of the argument, the functions ^i, . . . , ^4 and their 
first derivatives can bo replaced by their asymptotic expressions (250). The 
deflection and the slope at the bottom of the tank corresponding to the 
particular solution (c) are 


{Wi)x^xo+d 


ya^ d 
Ect d Xq 



70* Xo 

^ * (Xo + d)*‘ 


HI 


Considering the length of the cylindrical shell in the axial direction as very 
large, we take the constants C* and Ct in solution (c') as equal to zero and 
determine the constants Ci and C 2 so as to make the deflection and the slope 
at the bottom of the shell equal to zero. These requirements give us the two 
following equations: 


xo+d 


7 a* d 


2x\/x 


- -^[Cl^[( 2 p\/x) -j- C2^2(2p\/x)]j:^; 

V*» 

{Ci[2p\/i^2(2p\/i) - 2/i(2p\/i)l - C2l2p\/xyf^i(2p\/x) 


Ect rf -|- xo 


0 ") 


+ 2^2(2p-\/x)]ix mmXO+d - 


70 * 


Xo 


Ea (d + xo)* , 


Calculating the values of functions ^ 1 , ^2 and their derivatives from the 
asymptotic formulas (250) and substituting the resulting values in Eqs. 
(i')i we obtain 


Cl 


C, 


7 a* 

-269V 

-299^ 


1 


\/ d 4 - Xo 
7 a* 1 


\/d 4- a?o 


•N, 

'iV, 


where 


_L- 

AT - (e 


Substituting these values of the constants in expression (^')- we find for the 
bending moment at the bottom 

Afo «“ 13,900 lb. in. per inch. 


In the same manner, by using expression (h^), we And the magnitude of the 
shearing force at the bottom of the tank 


Qo •" 527 lb. per inch. 
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These results do not differ much from the values obtained before for a tank 
with uniform wall thickness (page 413). 


86. Thermal Stresses in Cylindrical Shells. Uniform Temper¬ 
ature Distribution. —If a cylindrical shell with free edges under¬ 
goes a uniform temperature change, no thermal stresses will be 
produced. But if the edges are supported or clamped, free 
expansion of the shell is prevented, and local bending stresses 
are set up at the edges. Knowing the thermal expansion of 
a shell when the edges are free, the values of the reactive moments 
and forces at the edges for any kind of symmetrical support can 
be readily obtained by using Eqs. (233) and (234), as was done in 
the cases shown in Fig. 161. 

Temperature Gradient in the Radial Direction. —Assume that 
ti and <2 are the uniform temperatures of the cylindrical wall 
at the inside and the outside surfaces, respectively, and that the 
variation of the temperature through the thickness is linear. In 
such a case, at points at a large distance from the ends of the 
shell, there will be no bending, and the stresses can be calculated 
by using Eq. (51) which was derived for clamped plates (see 

page 54). Thus the stresses at the 
outer and the inner surfaces are 


MoNiJm— \ 

^ Cci} 



_ ,Ea{h - h) 

cx ± -2(j _ » 


(a) 


(b) 

Fig. 170. 


where the upper sign refers to the 
outer surface, indicating that a tensile 
stress will act on this surface if ti > t 2 . 

Near the ends there will usually be some bending of the shell, 
and the total thermal stresses will be obtained by superposing 
upon (a) such stresses as are necessary to satisfy the boundary 
conditions. Let us consider, as an example, the condition of 
free edges, in which case the stresses cr, must vanish at the ends. 
In calculating the stresses and deformations in this case we 
observe that at the edge the stresses (a) result in unifonnly 
distributed moments Mo (Fig. 170a) of the amount 


Eot(ti — t 2 )h 
“12(1 - v) 


To obtain a free edge, moments of the same magnitude but 
opposite in direction must be superposed (Fig. 1706). Hence 
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the stresses at a free edge are obtained by superposing upon 
the stresses (o) the stresses produced by the moments —Mo 
(Fig. 1706). These latter stresses can be readily calculated by 
using solution (232). From this solution it follows that 


( M x) XasO - 


(N,)^ = 


Eaih - toW 
12(1 - v) ’ 


Eh, . 

• —('W’)x-O = 

u 


x) XmmO 

__ vEa{t\ — 

Eh Mq Eha[t\ — ^2) -o 


(c) 

(d) 


It is seen that at the free edge the maximum thermal stress 
acts in the circumferential direction and is obtained by adding 
to the stress (a) the stresses produced by the moment and 
the force N^. Assuming that ti > we thus obtain 




E0L{tl — . J_ Vl — 

- 2 ( 1 V - - + 


(0 


For V = 0.3 this stress is about 25 per cent greater than the 
stress (a) calculated at points at a large distance from the ends. 
We can therefore conclude that if a crack will occur in a brittle 
material such as glass due to a temperature difference — < 2 , it 
will start at the edge and will proceed in the axial direction. 
In a similar manner the stresses can also be calculated in eases 
in which the edges are clamped or supported.^ 

Temperature Gradient in the Axial Direction ,—If the tem¬ 
perature is constant through the thickness of the wall but varies 
along the length of the cylinder, the problem can be easily reduced 
to the solution of Eq. (228).^ Let t = F{x) be the increase of 
the temperature of the shell from a certain uniform initial 
temperature. Assuming that the shell is divided into infinitely 
thin rings by planes perpendicular to the a:-axis and denoting 
the radius of the shell by a, the radial expansion of the rings due 
to the temperature change is aaF{x), This expansion can be 
eliminated and the shell can be brought to its initial diameter 
by appl 5 dng an external pressure of an intensity Z such that 

^ Several examples of this kind are discussed in the paper by C. H, Kent, 
Trans, Am, Soc, Mech. Eng,, vol. 53, p. 167, 1931. 

•See ‘‘Applied Elasticity,*' p. 146, 1925. 
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which gives 


= aaF(x), 


Z = —Fix), 
a ' 


A load of this intensity entirely arrests the thermal expansion 
of the shell and produces in it only circumferential stresses 
having a magnitude 

V, = = -EaFix). ig) 


To obtain the total thermal stresses, we must superpose on the 
^ , stresses (g) the stresses that will be 

X .. produced in the shell by a load of the 

T” intensity —Z. This latter load must 

2 q _|.?_ be applied in order to make the lateral 

, j surface of the shell free from the 

external load given by Eq. (/). The 
stresses produced in the shell by 
^ the load —Z are obtained by the in- 

tegration of the differential equation 
^^ ^(230) which in this case becomes 
-b-(Vt,) fw 

. oSji) , ... Ehajj,, V 


^ As an example of the application of 

this equation let us consider a long 
“■ ■ cylinder, as shown in Fig. 171o, and 

assume that the part of the cylinder to the right of the cross sec¬ 
tion mn has a constant temperature U, whereas that to the left 
side has a temperature that decreases linearly to a tempera¬ 
ture <1 at the end x <= b according to the relation 


t = to 


(to — ti)x 
b ■ 


The temperature change at a point in this portion is thus 


Fix) =t-U,= - 


(to - ti)x 
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Substituting this expression for the temperature change in Eq. 
(A), we find that the particular solution of that equation is 


~ tOz. 


(j) 


The displacement corresponding to this particular solution is 
shown in Fig. 1716 which indicates that there is at the section 
mn an angle of discontinuity of the magnitude 


Vh 

X 


= f (fc - <i). 


(k) 


To remove this discontinuity the moments Mo must be applied. 
Since the stress corresponding to the particular solution (j) 
cancels the stresses (g), we conclude that the stresses produced 
by the moments Mo are the total thermal stresses resulting from 
the above-described decrease in temperature. If the distances of 
the cross section mn from the ends of the cylinder are large, the 
magnitude of the moment Mo can be obtained at once from 
Eq. (234) by substituting 



to obtain^ 


iXU/. , . 

(<o - ti) 


Mo = - k). (0 

Substituting for jS its value from expression (229) and taking 
V = 0.3, we find that the maximum thermal stress is 

(ffx)..... = ^ = 0.353^\/Hft(<0 - U). (m) 

It was assumed in this calculation that the length 6 to the end 
of the cylinder is large. If this is not the case, a correction to 
the moment (1) must be calculated as follows. In an infinitely 
long shell the moment Mo produces at the distance x = 6 a 
moment and a shearing force (Fig. 171c)* that are given by the 

^ If <0 is positive, as was assumed in the derivation, Mq is negative 
and thus has the direction shown in Fig, 1716. 

* The directions M» and shown in Fig. 171c are the positive directions 
if the x-axis has the direction shown in F^. 171a. 
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general solution (236) as 

Ms = -Z)g = 

>8 (^) 
0* = = ~2W(/36). 

Since at the distance x = b we have a free edge, it is necessary 
to apply there a moment and a force of the magnitude 

-M, = -Afo^(|36), -Q, = 2m^m) {o) 

in order to eliminate the forces (n) (Fig. 171c). 

The moment produced by the forces (o) at the cross section 
mn gives the desired correction AAfo which is to be applied to 
the moment (Z). Its value can be obtained from the third of 
the equations (236) if we substitute in it —Mo<p{pb) instead 
of Mo and — 2j8Afof(j3b)* instead of Qo. These substitutions 
give 

AM = -D^ = -Jlf*[^(/3b)]* - 2Jlfo[r(|8b)]*. (p) 


As a numerical example, consider a cast-iron cylinder having the following 
dimensions: a * 9ii in., b * If in., 6 *= 41 in., a * 101 • 10“^ ^ « 14 • 10® lb. 
per square inch, U — ti ^ 180®C. The formula (m) then gives 

o’niM. 7,720 lb. per square inch. (q) 

In calculating the correction (p), we have 





1 


2.84 


(in.)‘"S 


/36 = 1.50, 


and, from Table 45, 

* 0.234, f(i96) = 0.223. 

Hence, from Eq. (p). 


AM « --Mo(0.238* -h 2 • 0.223») « -O.I 66 M 0 . 


This indicates that the above-calculated maximum stress (q) must be 
diminished by 15.6 per cent to obtain the correct maximum value of the 
thermal strees 


♦ The opposite sign to that in expression ( 0 ) is used here, since Eqs. (236) 
are derived for the direction of the x-axis opposite to that shown in Fig. 


171a. 
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The method shown here for the calculation of thermal stresses in the case 
of a linear temperature gradient (i) can also be easily applied in cases in 
which Fix) has other than a linear form. 

87. Inextensional Deformation of a Circular Cylindrical Shell. ^ 

If the ends of a thin circular cylindrical shell are free, and 
the loading is not symmetrical with respect to the axis of the 
cylinder, the deformation consists principally of bending. In 
such cases the magnitude of deflection can be obtained with 
sufficient accuracy by neglecting entirely the strain in the middle 
surface of the shell. An example of such a loading condition 
is shown in Fig. 172. The shortening of the vertical diameter 
along which the forces P act can be found with good accuracy 




by considering only the bending of the shell and assuming that 
the middle surface is inextensible. 

Let us first consider the limitations to which the components 
of displacement are subject if the deformation of a cylindrical 
shell is to be inextensional. Taking an element in the middle 
surface of the shell at a point 0 and directing the coordinate axes, 
as shown in Fig. 173, we shall denote by u, v and w the components 
in the x-, y- and ^-directions of the displacement of the point 0. 
The strain in the x-direction is then 


€* — 


dx 


(a) 


In calculating the strain in the circumferential direction we use 
Eq. (o) (Art. 76, page 371). Thus, 


1 ^ _ w 
a dip a 


ih) 


^ The theory of inextensional deformations of shells is due to Lord Ray¬ 
leigh, Proc, London Math, Soc., vol. 13, 1881, and Proc, Roy. Soc. London, 
vol. 45, 1889. 
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The shearing strain in the middle surface can be expressed by 


— JL ^ 

a dtp dx 


(c) 


which is the same as in the case of small deflections of plates 
except that a d<p takes the place of dy. The condition that the 
deformation is inextensional then requires that the three strain 
components in the middle surface must vanish; i.e., 


^ = 0 li!? — ~ = o + — 

dx ' a d<p a ' ad(p dx 


id) 


These requirements are satisfied if we take the displacements in 
the following form: 

= 0 , \ 

•e I 

a V (o» cos n(p — o' sin iKp), I 

\ (c) 

00 1 

—a^n{an sin n(p + ^^s nip)\ 

n ■■ 1 / 

where a is the radius of the middle surface of the shell, <p the 
central angle and an and a' constants that must be calculated 
for each particular case of loading. The displacements (e) 
represent the case in which all cross sections of the shell deform 
identically. On these displacements we can superpose displace¬ 
ments two of which vary along the length of the cylinder and 
which are given by the following series: 

* 1 \ 

— a V-(6n sin nip + 6^ cos n<p),\ 

n I 

n*! I 

00 I 

* 2) ■" K sin TKp), \ (/) 

n —1 ( 

00 1 

n-1 / 

It can be readily proved by substitution in Eqs. (d) that these 
expressions also satisfy the conditions of inextensibility. Tbii® 
the general expressions for displacements in inextensional 


U2 = 

V2 = 

W2 = 


Vi = 

Wi = 
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deformation of a cylindrical shell are 

w = Wi + W 2 , V Vi + V 2 y w — Wi + W 2 - ig) 

In calculating the inextensional deformations of a cylindrical 
shell under the action of a given system of forces, it is advan¬ 
tageous to use the energy method. To establish the required 
expression for the strain energy of bending of the shell, we begin 
with the calculation of the changes of curvature of the middle 
surface of the shell. The change of 
curvature in the direction of the gen¬ 
eratrix is equal to zero, since', as can be 
seen from expressions (e) and (/), the 
generatrices remain straight. The 
change of curvature of the circum¬ 
ference is obtained by comparing the 
curvature of an element mn of the 
circumference (Fig. 174) before deformation with that of the cor¬ 
responding element mini after deformation. Before deformation 
the curvature in the circumferential direction is 



d<p _ dip __ 1 
ds a dip a 

The curvature of the clement mini after deformation is 


dsi "" (a — w)dip 


Hence the change in curvature is 


X*» = 


(a — w)dip 


dip 

a dip 



d^w\ 

dipy' 


By using the second of the equations (d) we can also write 



The bending moment proaucing this change in curvature is 
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and the corresponding strain energy of bending per unit area can 
be calculated as in the discussion of plates (see page 49) and is 
equal to 



In addition to bending, there will be a twist of each clement 
such as that shown at point 0 in Fig. 173. In calculating this 
twist we note that during deformation an clement of a generatrix 
rotates^ through an angle equal to —dxo/dx with respect to the 
2 /-axis and through an angle equal to dv/dx with respect to the 
2 -axis. Considering a similar element of a generatrix at a circum¬ 
ferential distance a d<p from the first one, we see that its rotation 
about the i/-axis, as a result of the displacement Wj is 


dw _ (l^w , 

^ dip 


U) 


The rotation of the same element in the plane tangent to the sh(41 
is 



Because of the central angle dip between the two elements, the 
latter rotation has a component with respect to the y-axis equal to^ 



(fc) 


From results (j) and (k) we conclude that the total angle of 
twist between the two elements under consideration is 


— Xz^a dip = 


/ d^w 

dx dx) 


and that the amount of strain energy per unit area due to twist is 
(see page 50) 


D{1 — v )/ d^w , dvV 

dx dx) ^ 

‘ In determining the sign of rotation the right-hand screw rule is used. 
* A small quantity of second order is neglected in this expression. 
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Adding together expressions {i) and (1) and integrating over 
the surface of the shell, the total strain energj'' of a cylindrical 
shell undergoing an inextensional deformat ion is found to be 


= C\(^ 

2a* J J \d(p 






Substituting for w and v thc'ir (‘xprossions (g) and integrating, 
we find for a cylinder of a length 21 (Fig. 172) the following 
expression for strain entugy: 


00 

V = T Dl^ aHai + a',!) + 1^1 + b;*)] 

n *2 

+ 2(1 - u)aKbl + b;»)|. (251) 


This expression does not contain a term with n — 1, since the cor¬ 
responding displacements 


Vi = a(ai cos (p — a[ sin (p), 

Wi = -~a(ai sin <p + a[ cos ip) 

represent the displacement of the circle in its plane as a rigid 
body. The vertical and horizontal components of this displace¬ 
ment are found by substituting <p = 7r/2 in expresvsions (m) to 
obtain 



= -aal, {wi)^^'^ = -aai. 

Such a displacement does not contribute to the strain energy. 

The same conclusion can also be made regarding the displace¬ 
ments represented by the terms with /? = 1 in expressions (/). 

Let us now apply expression (251) for the strain energy to the calculation 
of the deformation produced in a cylindrical shell by two equal and opposite 
forces P acting along a diameter at a distance c from the middle (Fig. 172). 
These forces produce work only during radial displacements w of their points 
of application, i.c., at the points .t = c, ^ « 0 and ^ = tt. Also, since the 
terms with coefficients On and h„ in the expressions for wi and W2 [see Eqs. 
(e) and (/)] vanish at these points, only terms with coefficients and 
will enter in the expression for deformation. By using the principle of 
virtual displacements, the equations for calculating the coefficients and 
51, are found to be 
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iZ*' 

av 


db\ 


tK 


•^na 6a^(l + cos nir)P, 
—nc Bb^il -f cos nir)P. 


Substituting expression (251) for y, we obtain, for the case where n is an 
even number, 

a*P 




61- - 


n(n* - 1)VZ>Z 

ncPa* 


(w* - l)VZ)^[in»P + 2(1 - »^)o*l 

If n is an odd number, we obtain 

al « 51 « 0. 

Hence in this case, from expressions (e) and (/), 

Pa* _ ac cos n<p _ 

“ ” iFi (n* - l)*[in’J‘ + 2(1 - .•)o»]’ 

n-2,4.6, • • • 

Pa^ 


(n) 


(o) 


wDl 


w 


Pa^ 

irDl 


2 {n(n* - 1)* (n* - 

n-2,4,6, • . • 

2 


imnH* + 2(1 
n*cx 


-—I sin mpA 

- v)a*]j / 


n-2,4,6, • 


(n» - imnH^ + 2(1 - p)a^]} 


cos ntp. 


(P) 


If the forces P are applied at the middle, c — 0 and the shortening of the 
vertical diameter of the shell is 


8 


(W)^^0 + (U>)v»-ir 


2Pa» 1 

rDl ^ (n» - 1)» “ 

n-2,4,6,. . . 


(g) 


The increase in the horizontal diameter is 






2Pa» 

~tDI 


n-2,4,6, • 


(-1)^^ Pa* 


(r) 


The change in length of any other diameter can also be readily calculated. 
The same calculations can also be made if c is different from zero, and the 
deflections vary with the distance x from the middle. 

Solution (p) does not satisfy the conditions at the free edges of the shell, 
sLnoe it requires the distribution of moments M» — vMp to prevent any 
bending in meridional planes. This bending is, however, of a local charac^ 
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ter and does not substantially affect the deflections {q) and (r) which are 
in satisfactory agreement with experiments. 

The method just described for analyzing the inoxtensional deformation 
of cylindrical shells can also be used in calculaliug the deformation of a 
portion of a cylindrical shell which is cut from a complete cylinder of radius 



a by two axial sections making an angle a with one another (Fig. 175). 
For example, taking for the displacements the series 



7nr<p "'STl mr<p 

V ~~ ’ 

mr(p 

fff sz ->.7ian sin-- ^.non sm-» 

a a. a a 


we obtain an inextcnsional deformation of the shell such that the displace- 
ments u and w and also the bending moments vanish along the edges 
mn and mini. Such conditions are obtained if the shell is supported at 
points m, n, mi, ni by bars directed radially and is loaded by a load P in 
the plane of symmetry. The deflection produced by this load can be found 
by applying the principle of virtual displacements. 

88. General Case of Deformation of a Cylindrical Shell.’—To 

establish the differential equations for the displacements u, v 
and w which define the deformation of a shell, we proceed as in 
the case of plates. We begin with the equations of equilibrium 
of an element cut out from the cylindrical shell by two adjacent 
axial sections and by two adjacent sections perpendicular to the 
axis of the cylinder (Fig. 173). The corresponding element of 

^ A general theory of bending of thin shells has been developed by A. E. H. 
Love, see Phil, Trans, Roy, Soc.^ Londony Ser. A, p. 491, 1888; and his 
book Elasticity,’^ 4th ed., Chap. 24, p. 515, 1027; see also H. Lamb, 
Proc, London Modh, Soc,^ vol. 21. 
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the middle surface of the shell after deformation is shown in Figs. 
176a and 1766. In Fig. 176a the resultant forces and in Fig. 
1766 the resultant moments, discussed in Art. 72, are shown. 
Before deformation, the axes .r, y and z at any point 0 of the 
middle surface had the directions of the generatrix, the tangent 
to the circumference and the normal to the middle surface of the 
shell, respectively. After deformation, which is assumed to be 


2 



very small, these directions are slightly changed. We then take 
the 2 :-axis normal to the deformed middle surface, the x-axis in 
the direction of a tangent to the generatrix, which may have 
become curved, and the 2 /-axis perpendicular to the a* 2 -plane. 
The directions of the resultant forces will also have been slightly 
changed accordingly, and these changes must be considered in 
writing the equations of equilibrium of the element OABC. 

Let us begin by establishing formulas for the angular displace¬ 
ments of the sides BC and AB with reference to the sides OA 
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and OC of the element, respectively. In these calculations we 
consider the displacements v and w as very small, calculate the 
angular motions produced by each of th('sc displacements and 
obtain the resultant angular displacement by superposition. We 
begin with the rotation of 1h(‘ side BC with respc'ct to the sido 
OA, This rotation can be resolved into three component rota¬ 
tions with respect to the t/- and 0-axes. The rotations of the 
sides OA and BC with respect to the j-axis are caused by the dis¬ 
placements V and w. Since the displacements v represent 
motion of the sides OA and BC in the circumferential dire'ction 
(Fig. 173), if a is the radius of the middh^ surface of the cylinder, 
the corresponding rotation of side OA with respect to the x-axis 
is v/a, and that of side BC is 



Thus, owing to the displacements Vy the relative angular motion 
of BC with r(\si)ect to AO about the 3:-axis is 


1 

a 


dv 

dx 


dx. 


(a) 


Because of the displacements u\ the side OA rotates with respect 
to the x-axis through the angle dw/a dip, and tin' side through 
the angle 

die d / dw \ , 

cT^ ^ 

Thus, because of the displacements ic, th(' relative angular dis¬ 
placement is 



Summing up (a) and (6), the relative angular displacement about 
the a:-axis of side BC with respect to side OA is 

l /dv , d^w \ . 

Aai + Wa,,r- 

The rotation about the ^/-axis of side BC with respect to side OA 
is caused by bending of the generatrices in axial planes and is 
equal to 
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The rotation about the 2 ;-axis of side BC with respect to side OA 
is due to bending of the generatrices in tangential planes and is 
equal to 


dx^' 


dx. 


(e) 


The formulas (c), (d) and (c) thus give the three components of 
rotation of the side BC with respect to the side OA, 

Let us now establish the corresponding formulas for the angular 
displacement of side AB with respect to side OC. Because of 
the curvature of the cylindrical shell, the initial angle between 
these lateral sides of the element OABC is d(p. However, because 
of the displacements v and w this angle will be changed. The 
rotation of the lateral side OC with respect to the x-axis is 


V dw 
CL a d(p 


(/) 


The corresponding rotation for the lateral side AB is 

^ 4- I 4- 

a dip d<p\a a dip) 

Hence, instead of the initial angle we must now use the 
expression 

In calculating the angle of rotation about the y-axis of side AB 
with respect to the side OC we use the expression for twist from 
the previous article (see page 430); this gives the required angular 
displacement as 

Rotation about the «-axis of the side AB with respect to OC is 
caused by the displacements v and w. Because of the displace¬ 
ment V, the angle of rotation of side OC is dvidx, and that of side 
AB is 



so that the relative angular displacement is 
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Because of the displacement w, the side AB rotates in the axial 
plane by the angle dw/dx. The component of this rotation with 
respect to the 2 J-axis is 


BWj 


(i) 


Summing up (^) and (j), the relative angular displacement about 
the z-axis of side AB with respect to side OC is 

- SK w 

Having the foregoing formulas^ for the angles, we may now 
obtain three equations of equilibrium of the clement OABC 
(Fig. 176) by projecting all forces on the a:-, i/-, and 2 :-axes. 
Beginning with those forces parallel to the resultant forces AT, 
and N^x and projecting them on the ar-axis, we obtain 

^dx ad.p, dx. 

dx dip 

Because of the angle of rotation represented by expression (fc), 
the forces parallel to Nj, give a component in the a*-direction equal 

Because of the rotation represented by expression (e), the forces 
parallel to Nx^ give a component in the a:-direction equal to 

adv. 


Finally, because of angles represented by expressions (d) and (A), 
the forces parallel to Q* and give components in the ar-direction 
equal to 

n ^ rk f I ^ 

dx dx 

Regarding the external forces acting on the element, we assume 
that there is only a normal pressure of intensity g, the projection 
of which on the a:-axis is zero. 


^ These formulas can be readily obtained for a cylindrical shell from the 
general formulas given by A. E. H. Love in his book Elasticity,” 4th ed.» 
p. 523, 1927. 
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Summing up all the projections calculated above, we obtain 


ad^ + dz - JV.(; 


d<p dx dx } 


- od^ - Q.^-,-dx od^ - dx = 0. 

In the same manner two other equations of equilibrium can bo 
written. After simplification, all three equations can be put in 
the following form: 

+-V"“^-S? "“"“to' \ 

” '^\bx ■*■ bx bv) *\bx b,p bx)~ 

i 7 + »Tr + “"-to'-Hto + totoj I 

+ ""(si?;" s) " **'0 ■'■ ■*■ ^') “ “’( 

“t+t+" 4 + 5 ^)+“"a 

+"•(*++ 1 $) + "'-(si+sl^)+’“■ "7 


bv , b^W \ , „ 

Si+ to5;j+ ’“■"■/ 


Going now to the three equations of moments with respect to 
the X-, y-, and 2 -axes (Fig. 1766) and again taking into considera¬ 
tion the small angular displacements of the sides BC and A B with 
respect to OA and OC, respectively, we obtain the following 
equations: 


bx b<p ® *3x2 ^*\dxb,fi bx) 

+ aQv = 0, J 

Mpa , bMz , tr b'^v ( d*» bw\ 

to-+ “to-+ “"“3? - "'VaTto" toj 

aQ» == 0, 
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By using the first two of these equations^ we can eliminate Q* 
and Qy from Eqs. (252) and obtain in this way three equations 
containing the resultant forces Nx, and and the moments 
Mxy and By using formulas (207) and (208) of Art. 72, 

all these quantities can be expressed in terms of the three strain 
components e^, and yx<p of the middle surface and the three 
curvature changes x*, and Xx^* By using the results of the 
previous article, these later quantities can be represented in 
terms of the displacements u, v and w as follows^: 




= U— 4- 

a\dx dx d(p) 


(254) 


Thus we finally obtain the three differential equations for the 
determination of the displacements w, v and w. 

In the derivation equations (252) and (253) the change of 
curvature of the element OABC was taken into consideration. 
This procedure is necessar}' if the forces Nxy Ny and Nxy are not 
small in comparison ^\ith their critical values at which lateral 
buckling of the shell ma}^ occur.® If these forces are small, their 
effect oil bending is negligible, and we can omit from Eqs. (252) 
and (253) all terms containing the products of the resultant forces 
or resultant moments with the derivatives of the small displace¬ 
ments u, V and w. In such a case the three Eqs. (252) and the 
first two equations of system (253) can be rewritten in the 
following simplified form: 


^ To satisfy the third of these equations the trapezoidal form of the sides 
of the element OABC must be considered as mentioned in Art. 72. This 
question is discussed in the book by Flugge, loc, ciL, p. 368. 

* The same expressions for the change of curvature as in the previous 
article are used, since the effect of strain in the middle surface on curvature 
is neglected. 

3 The problems of buckling of cylindrical shells are discussed in the 
author’s ^‘Theory of Elastic Stability” and will not be considered 
here. 
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BN, . BN, 


d(p dx 


-s? = »■' 

- 0, - 0,i 




dx 

BM^x 

d(p 


BM^ 


+ aQ^ = 0,1 


B<p 

I Bl\^ X /"x 

+ = 0. j 


( 265 ) 


Eliminating the shearing forces Q® and Qy, we finally obtain the 
three following equations: 




aN, , an 

• 3 ;' + “ 


Xp I BM XX 

ax 




dx 

aw. aw, 


1 bm, 

a B<p 


- =0. 


(266) 


law. 


-+^^ + 9“ = 0.1 


Bx Bip a B<p^ 


By using Eqs. (207), (208) and (254), all the quantities entering 
in these equations can be expressed by the displacements w, v, and 
Wf and we obtain 


4- ^ ^ I ^ + y Bhf 

Bx^ 2a^ Bip^ 2a Bx Btp 
1 ri" j' B^u 


V Bw 
a Bx 


= 0 , 


1 — V B^v , 1 B^v ^ 1 Bw 
2 Bx B<p ^2 Bx^ a B<p^ a B(p 
, / B^w Bhv \ I 

12o\ax* 3v a* a^*^ 12 oL ^ "^dx* 


a*t> 


aw , at> 
ax a B<p 


w h^( t 
a 12y ( 

_ - 
12 V a 


dx* 

d*tP , 2 B*w 
Bx* a Bx* B<p* 


a* B(f>* 
B*w 


o’ B<p* 


)-■! 
) 


+ 


B*v 


Bx*Bv a*3v* 


-h 


0^(1 — V*) 

M 


(267) 


The problem of a laterally loaded cylindrical shell reduces in 
each particular case to the solution of this system of dijSerential 
equations. Several applications of these equations will be shown 
in the next two articles. 
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89. Cylindrical Shells with Supported Edges. —^Let us consider 
the case of a cylindrical shell supported at the ends and submitted 
to the pressure of an enclosed liquid as shown in Fig. 177.^ The 
conditions at the supports and the conditions of symmetry of 



fa) (b) 

Fia. 177. 

deformation will be satisfied if we take the components of displace¬ 
ment in the form of the following series: 


u = 

V = 

w = 


22 

22 


. mvx 

Amn COS ntp cos I 

„ . . mirx 

Bmn Sin n<p sm 


Ctnn COS n(p sin 


rmx 


(a) 


in which I is the length of the cylinder and ip is the angle measured 
as shown in Fig. 177.^ 

The intensity of the load q is represented by the following 
expressions: 

q = — yafcos ip — cos a), when v < cc, 

q = Of when fp > ot, 

in which y is the specific weight of the liquid and the angle a 
defines the level of the liquid, as shown in Fig. 1776. The load 
q can be represented by the series 



q = 22^*"** 

the coeflBcients Dmn of which can be readily calculated in the 

^ See the author^s book Theory of Elasticity,” vol. 2, p. 385, St. Peters¬ 
burg, 1016 (Russian). 

* By substituting expressions (a) in Eqs. (254) it can be shown that the 
tensile forces AT. and the moments M» vanish at the ends; the shearing 
forces do not vanish, however, since and are not sero at the ends. 
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usual way from expressions (b). These coefficients are repre¬ 
sented by the expression 

Dmn =--?n(cos a sin na -- n cos na sin a), (d) 

where 

m = 1, 3, 6, • • • and n = 2, 3, 4, • • • , 
whereas 

= “^^(sin a — a cos a), (e) 

and 


In the case of a cylindrical shell completelj’^ filled with liquid, 
we denote the pressure at the axis of the cylinder^ by yd\ then 

q = _Y(d + a cos ^), {g) 

and we obtain, instead of expressions (d), (e) and (/), 


Z)«» = 0, 


n - 




47a 

mTT 


(A) 


To obtain the deformation of the shell we substitute expressions 
(o) and (c) in Eqs. (257). In this way we obtain for each pair of 
values*of m and n a system of three linear equations from which 
the corresponding values of the coefficients A mnf Hmn and C mn 
can be calculated.^ Taking a particular case in which d = ay we 


find that for n = 0 and m = 1, 3, 5, • 
especially simple, and we obtain 

• • these equations are 

B«o = 0, 


ttN 

1 —_ 

3m 

x*(i - 

where 

,, 2yaPh . 1 

N = - ) X = -> 

h 


For n = 1 the expressions for the coefficients are more compli¬ 
cated. To show how rapidly the coefficients diminish as m 


^ In a closed cylindrical vessel this pressure can be larger than ay, 

* Such calculations have been made for several particular cases by I. A. 
Wojtassak, Phil Mag,y ser. 7, vol. 18, p. 1099, 1934; see also a paper by 
H. Reissner, Z, angew. Math, Mech,, vol. 13, p. 133, 1933. 
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increases, we include in Table 48 the numerical values of the 
coefficients for a particular case in which a = 50 cm., J = 25 cm., 
h 7 cm., V = 0.3 and a = tt. 


Table 48.—The Values of the Coefficients in Expressions (a) 


m 

^ 2 • 103 

C .2 10> 

2m ■ 10» 

B 

2.10* 

Nh 

Nh 

Nh 

Nh 

1 

57.88 

-1,212 i 

48.76 

-71.90 

-1,186 

3 

0.1073 

- 6.742 

0.3121 

- 0.0744 

- 6.705 

5 

0.00.503 

0.526 

0.0247 

- 0.00367 

- 0.525 


It is seen that the coefficients rapidly diminish as m increases. 
Hence, by limiting the number of coefficients to those given in 
the table, we shall obtain the deformation of the shell with 
satisfactory accuracy. 

90. Deflection of a Portion of a Cylindrical Shell.—The 

method used in the previous article can also be applied to a por¬ 



tion of a cylindrical shell which is supported along the edges and 
submitted to the action of a uniformly distributed load q normal 
to the surface (Fig. 178).^ We take the components of displace¬ 
ment in the form of the series 

. . nnp mvx \ 

U = Sm — COS -J-»J 

„ nwip . mirx I , v 

V = ^ COS sm > (a) 

'STI ^ mrtp , mirx \ 

w = "”7^' I 


^ See author’s book, loc, cU,^ p. 441. 
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in wMch a 18 the central angle subtended by the shell and I is 
the length of the shell. It can be shown by substitution of 
expression (a) in Eq. (254) that in this way we shall satisfy the 
conditions at the boundary, which require that along the edges 
^ * 0 and ip = a the deflection w, the force and the moment 
Mp vanish and that along the edges x = 0 and x = 1 the deflec¬ 
tion Wf the force Nx and the moment JIf* vanish. The intensity 
of the normal load q can be represented by the series 






sin 


nwip 

a 


, mirx 
sin -p. 


( 6 ) 


Substituting series (a) and (h) in Eqs. (257) and neglecting in 
these equations the term K^fl2a^ as being small in comparison 
with unity, we obtain the following system of linear algebraic 
equations for calculating the coeflScients B^n and Cmn: 



To illustrate the application of these equations let us consider 
the case of a uniformly distributed load^ acting on a portion 
of a cylindrical shell having a small angle a and a small sag 
/ = a[l — cos (a/2)]. In this particular case expression (b) 
becomes 


-22 

1 , 3 , 5 , • • 1 , 3 , 6 . • 


T^mn 


sin 


mrx . map 
gin —r, 
I a 


(d) 


^ The load is assumed to act toward the axis of the cylinder. 
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and the coeflBcients D«n are given by the expression 


D 


mnv^ 


Substituting these values in Eqs. (c), we can calculate the coeffi¬ 
cients Amn, Bmn and Cmn- The calculations made for a particular 
case in which aa = I and for several values of the ratio//A show 
that for small values of this ratio, series (a) are rapidly convergent 
and the first few terms give the displacements with satisfactory 
accuracy. The maximum deflection, which occurs at the center 
of the shell, can be represented in the form 

'^vaakx. ^ ^ 


in which jS is a numerical factor the magnitude of which depends 
upon the value of the ratio f/h. Several values of this factor 
are given in Table 49^ in which the deflection of a uniformly 
loaded and simply supported square plate (f/h = 0) is given for 
oomparison. It is seen that the deflection rapidly diminishes as 
the ratio f/h increases. 


Tarlr 49. —The Valhes of the Factor 8 in Eq. (e) 


///» = 


0.25 


1.0 


3.5 

6.0 

X 10 ^ ^ 


395 

364 

278 

140 

57 

18 


The calculations also show that the maximum values of the 
bending stresses produced by the moments Af, and diminish 
rapidly as f/h increases. The calculation of these stresses is very 
tedious in the case of larger values of f/h, since the series repre¬ 
senting the moments become less rapidly convergent and a larger 
number of terms must be taken. 

The method used in this article is similar to Navier’s method of calculating 
bending of rectangular plates with simply supported edges. If only the 
rectilinear edges ^ « 0 and ip ^ a oi the shell in Fig. 178 are simply sup¬ 
ported and the other two edges are built in or free, a solution similar to 
that of M. L4vy’s method for the case of rectangular plates (see page 125) 
can be applied. We assume the following series for the components of 
displacement: 

^ This table was calculated by Wojtaszak, loc, eit,, p. 442. 
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u 


V 


w 


-2 

-2 

-2 


. mwfp 
Um Sin -> 


niTTip 
Vm COS-» 


. rmnp 

Wm sm-> 

a 


(/) 


m which (7«, Vm and Wm are functions of x only. Substituting these series 
in Eqs. (257), we obtain for t/m, Vm and Wm three ordinary differential 
equations with constant coefficients. These equations can be integrated 
by using exponential functions. An analysis of this kind made for a closed 
cylindrical shell^ shows that the solution is very involved and that results 
suitable for practical application can be obtained only by introducing 
simplifying assumptions. 

91. An Approximate Investigation of the Bending of Cylindrical Shells.— 

From the discussion of the previous article it may be concluded that the 



application of the general theory of bending of cylindrical shells in even the 
simplest cases results in very complicated calculations. To make the theory 
applicable to the solution of practical problems some further simplifications 
in this theory are necessary. In considering the membrane theory of cylin¬ 
drical shells it was stated that that theory gives satisfactory results for 
portions of a shell at a considerable distance from the edges but that it is 
insufficient to satisfy all the conditions at the boundary. It is logical there¬ 
fore to take the solution furnished by the membrane theory as a first approxi¬ 
mation and use the more elaborate bending theory only to satisfy the condi¬ 
tions at the edges. In applying this latter theory, it must be assumed that 
no external load is distributed over the shell and that only forces and 
moments such as are necessary to satisfy the boundary conditions are 

^See paper by K. Miesel, Ingenieur-ArchiVf vol. 1, p. 29, 1929. An 
application of the theory to the calculation of stress in the hull of a sub¬ 
marine is shown in this paper. 
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applied along the edges. The bending produced by such forces can be 
investigated by using Eqs. (257) after placing the load q equal to zero in 
these equations. 

In applications such as are encountered in structural engineering^ the ends 
a; = 0 and x — I oi the shell (Fig. 179) are usually supported in such a 
manner that the displacements v and w at the ends vanish. Experiments 
show that in such shells the bending in the axial planes is negligible, and we 
can assume Mx — 0 and Qx *= 0 in the equations of equilibrium (255). We 
can also neglect the twisting moment With these assumptions the 

system of lOqs. (255) can be consideraldy simplified, and the resultant forces 
and components of displacement can be all expressed in terms* of moment 
Mip, From the fourth of the eejuations (255) we obtain 


= 


a dip 


ta) 


Substituting this in the third equation of the same system, we obtain, for 

9 = 0, 


dQ^ _ 1 d^M^ 
dtp a dip^ 


ih) 


The second and the first of the equations (255) then give 


dNxip 

dx 

d^Nx 

dx* 



'sC) 

id) 


The components of displacement can also be expressed in terms of and its 
derivatives. We begin with the known relations [see Eqs. (207) and (208)] 


dx Ell" 


vNip)y 


Ifzip 


dv ^ 2(1 -f v)^ 

a dip dx Eh 


dv 






(<) 


* In recent times thin reinforced cylindrical shells of concrete have been 
successfully applied in stnictures as coverings for large halls. Descriptions 
of some of these structures can be found in the article by F. Dischinger, 
“Handbuch f. Eisenbetonbau,^* vol. 12, 3d cd., Berlin, 1928; see also the 
paper by F. Dischinger and U. Finsterwalder in Bauingenieur^ vol. 9, 1928. 

* This approximate theory of bending of cylindrical shells was developed 
by U. Finsterwalder; see Ingenieur-Archiv, vol. 4, p. 43,1933. 
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From these equations we obtain 



Using these expressions together with Eqs. (6), (c) and (d) and with the 
expression for the bending moment 



we finally obtain for the determination of the following differential 
equation of the eighth order: 


^ + (2 + 

^ ^ dy* 


+ 2^ + (l+2.)a^^’^' 




+ (2 + + 12(1 — !>*)' 


dx* difi* 

JIMjL + (1 + 

ax* dv* 3** dp’ 

a* aw, „ 


dx* d^* ' ' 'h^ dz* 

A particular solution of this equation is afforded by the expression 


ih) 


*» sin —z — (i) 

I 

Substituting it in Eq. {h) and using the notation 

mva 

— - X. ii) 

the following algebraic equation for calculating a is obtained: 

o' + 12 - (2 + + 1(1 + 2i.)X* - 2(2 + >-)X> + l]a‘ 

+ [-A* + (1 + i.)‘X* - (2 + i-)X>Ja» + 12(1 - i-»)~X* - 0. (Hr) 


The dght roots of this equation can be put in the form 


on,i,t,4 ■■ ±(yi i ifii), 


a§,t,7,s ■■ ±(71 ± f/3*). 


(1) 
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Beginning with the edge ^ » 0 and assuming that the moment rapidly 
diminishes as (p increases, we use only those four of the roots {1) which satisfy 
this requirement. Then combining the four corresponding solutions (t), we 
obtain 

Mtp cos -|- C% sin /3i^) -f* cos ^t<p 

4- Cl sm /3j^)] sin —y—» (m) 

which gives for ^ « 0 

« (Cl + C*) sin 

I 

If instead of a single term (t) wc take the trigonometric series 

. . mrx ^ ^ 

»= Bin -j- (n) 

any distribution of the bending moment along the edge v? = 0 can be 
obtained. Having an expression for Af^, the resultant forces Nip and 
Nx^ are obtained from Eqs. (a), (6) and (c). 

If in some particular case the distributions of the moments Mfp and the 
resultant forces and Nsip along the edge ^ = 0 are given, we can 

represent these distributions by sine series. The values of the four coeffi¬ 
cients in the terms containing sin {mwx/l) in these four series can then be used 
for the calculation of the four constants Ci, . . . , Ci in solution (m); and 
in this way the complete solution of the problem for the given force distribu¬ 
tion can be obtained. 

If the expressions for u, v and w in terms of ilf ^ are obtained by using Eqs. 
(f), we can use the resulting expressions to solve the problem if the displace¬ 
ments, instead of the forces, are given along the edge ^ 0. Examples of 

such problems can be found in the previously mentioned paper by Finster- 
walder,^ who shows that the approximate method just described can be 
successfully applied in solving important structural problems. 

' Loc. ctt., p. 447. 



CHAPTER XII 


SHELLS HAVING THE FORM OF A SURFACE OF 
REVOLUTION AND LOADED SYMMETRICALLY WITH 
RESPECT TO THEIR AXIS 

92. Equations of Equilibrium.—^Lot us consider the conditions 
of equilibrium of an element cut from a shell by two adjacent 
meridian planes and two sections perpc^ndicular to the meridians 
(Fig. 180).^ It can be concluded from the condition of symmetry 



that only normal stresses will act on the sides of the element lying 
in the meridian planes. The stresses can be reduced to the 
resultant force Ne ridtp and the resultant moment M$ ridtpj N 9 
and Me being independent of the angle B which defines the posi¬ 
tion of the meridians. The side of the element perpendicular 
to the meridians which is defined by the angle <p (Fig. 180) 
is acted upon by normal stresses which result in the force 
r 2 sin <p dd and the moment r 2 sin (p d$ and by shearing 

^ We use for radii of curvature and for angles the same notation as in Fig. 

138 . 
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forces which reduce the force r 2 sin dd normal to the shell. 
The external load acting upon the element can be resolved, as 
before, into two components Frir 2 sin <p dtp d6 and Zrir 2 sin <p d(p dO 
tangent to the meridians and normal to the shell, respectively. 
Assuming that the membrane forces Ne and do not approach 
their critical values,^ we neglect the change of curvature in 
deriving the equations of equilibrium and proceed as was shown 
in Art. 73. In Eq. (/) of that article, whi(‘h was obtained by 
projecting the forces on the tangent to the meridian, the term 
—Q^ro must now be added to the left side. Also, in Eq. (j), which 
was obtained by projecting the forces on the normal to the shell, 
an additional term d{Q^rv)/d(p must be added to the leftside. The 
third equation is obtained by considering the equilibrium of the 
moments with respect to the tangent to the parallel circle of all 
the forces acting on the element. This gives^ 

~ ~ ^ 

— Q^r 2 sin ip ri dip dd = 0. 


After simplification this equation, together with the two equations 
of Art. 73, modified as explained above, give us the following 
system of three equations of equilibrium: 


dip 


{N^Vq) — NeTi cos ip — roQv> + = 0, 


+ Ner I sin ip + = 0,) 

^(Af^ro) — M eri cos p — Q^riro = 0. ] 


(258) 


In these three equations of equilibrium are five unknown 
quantities, three resultant forces iST^, Nb and and two resultant 
moments Mb and M^. The number of unknowns can be reduced 
to three if we express the membrane forces and Nb and the 
moments and Af^ in terms of the components v and w of the 
displacement. In the discussion in Art. 76 of the deformation 
produced by membrane stresses, we obtained for the strain 


^ The question of buckling of spherical shells is discussed in the author’s 
‘‘Theory of Elastic Stability,” p. 491, 1936. 

* In this derivation we observe that the angle between the planes in which 
the moments Mb act is equal to cos <p dB, 
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components of the middle surface the expressions 


1 . ^ 

ri dip ri 


== — cot ip 

T2 


w 


from which, by using Hookers law, we obtain 




Eh 


N, = 


Eh 


1 — v* 


{v cot <p — w) 


!.(— — 

,ri\d<p 

—(» cot <p — w) + —(^ — w 
ri\d<p 


“’) + r. 




(259) 


To get similar expressions for the moments and Me let us 
consider the changes of curvature of the element DABC shown in 
Fig. 180. Considering the upper and the lower sides of that 
element, we see that the initial angle between these two sides is 
dip. Because of the displacement v along the meridian, the upper 
side of the element rotates with respect to the perpendicular to 
the meridian plane by the amount v/vi. As a result of the dis¬ 
placement the same side further rotates with respect to the 
same axis by the amount dw/ri dip. Hence the total rotation of 
the upper side of the element is 


L 4 - 

Tl ‘ Ti dip 

For the lower side of the element the rotation is 

4 - 4 - ^ f ^ JL 

ri ri ^Vi ri 

Hence the change of curvature of the meridian is^ 



To find the change of curvature in the plane perpendicular to the 
meridian, we observe that because of symmetry of deforma¬ 
tion the lateral sides of the element DABC each rotate in its 
meridian plane by an angle given by expression (a). Since 
the normal to the lateral side AB of the element makes an angle 
(t/2) — cos d^ with the tangent to the meridian DC (y-axis), 

^ The strain of the middle surf ace is neglected, and the change in curvature 
is obtained by dividing the angular change by the length ri of the arc. 


(o) 

% 
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the rotation of the side AB in its own plane has a component with 
respect to the y-axis equal to 

(V , dw\ 

— I —h —T“ ) 

\ri Ti dip/ 

This results in a change of curvature 



Using expressions (5) and (c), we then obtain 

\ d (V . dw\ . v( V . dw\ 
nd/\r\ rT^J f^V/i rVdi) ^J’f ^^eo) 

( V , dw \ cot ip V d /v . dw \1 

ri ri dip) r2 ri dip\ri ri dip) J* - 

Substituting expressions (259) and (260) into Eqs. (258), we 
obtain three equations with three unknown quantities v, w and 
Q^. Discussion of these equations will be left to the next article. 

We can also use expressions (260) to establish an important 
conclusion regarding the accuracy of the membrane theory dis¬ 
cussed in Chap. X. In Art. 76 the equations for calculating the 
displacements v and w were established. By substituting the 
displacements given by these equations in expressions (260), the 
bending moments and bending stresses can be calculated. These 
stresses were neglected in the membrane theory. By comparing 
their magnitudes with those of the membrane stresses, a con¬ 
clusion can be drawn regarding the accuracy of the membrane 
theory. 

We take as a particular example a spherical shell under the 
action of its own weight (page 359). If the supports are as shown 
in Fig. 140a, the displacements as given by the membrane theory 
from Eqs. (/) and (5) (Art. 76) are 

„ « o*g(l + ») / 1 _1_ \ 

Eh \1 + cos a 1 + cos ip 1 

. a*q/ \ + V \ I 

Eh\l + cos ^ / / 


= -D 
Mt = -D 
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Substituting these expressions into formulas (260) for the bending 
moments, we obtain 

Me == ^ cos <p, (e) 

The corresponding bending stress at the surface of the shell is 
numerically equal to 


g 2 + J' 
2 ‘ 1 - 


cos <p. 


Taking the ratio of this stress to the compressive stress a given 
by the membrane theory [see Eqs. (211)], we find 


q 2 + V 

2^ 1 - V 


cos 


aq 


2 “h v 


h(l + cos <p) 2(1 — v) a 


(1 + cos <p) cos <p. 


The maximum value of this ratio is found at the top of the shell 
where ^ = 0 and has a magnitude, for v = 0.3, of 


3.29^- 

a 


(f) 


It is seen that in the case of a thin shell the ratio (/) of bending 
stresses to membrane stresses is small, and the membrane theory 
gives satisfactory results provided that the conditions at the 
supports are such that the shell can freely expand, as shown in 
Fig. 140a. Substituting expression (c) for the bending moments 
in Eqs. (258), closer approximations for the membrane forces 
and Ne can be obtained. These results will differ from solutions 
(211) only by small quantities having the ratio h^/a^ as a factor. 

From this discussion it follows that in the calculation of the 
stresses in symmetrically loaded shells we can take as a first 
approximation the solution given by the membrane theory and 
calculate the corrections by means of Eqs. (258). Such corrected 
values of the stresses will be accurate enough if the edges of the 
shell arc free to expand. If the edges are not free, such forces 
must be so applied along the edge as to satisfy the boundary condi¬ 
tions. The calculation of the stresses produced by these latter 
forces will be discussed in the next article. 

93. Reduction of the Equations of Equilibrium to Two Differ¬ 
ential Equations of the Second Order, —From the discussion of 
the previous article, it is seen that by using expressions (259) and 
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(260) we can obtain from Eqs. (258) three equations with the 
three unknowns t;, w and By using the third of these equa¬ 
tions the shearing force can be readily eliminated, and the 
three equations reduced to two equations with the unknowns v 
and w. The resulting equations were used by the first investiga¬ 
tors of the bending of shells.^ Considerable simplification of the 
equations can be obtained by introducing new variables.^ As 
the first of the new variables we shall take the angle of rotation 
of a tangent to a meridian. Denoting this angle by V, we obtain 
from Eq. (a) of the previous article 



As the second variable wo take the quantity 


U - (b) 

To simplify the transformation of the equations to the new 
variables we replace the first of the equations (258) by one similar 
to I5q. (209) (see page 358), which can be obtainc'd by considering 
the equilibrium of the portion of the shell above the parallel circle 
defined by the angle <p (Fig. 180). Assuming that there is no load 
applied to the shell, this equation gives 

2 irroN^ sin ^ -|- 2 irri)Q^ cos ^ = 0, 


from which 

N,p = —Qy, cot ip = —cot ip, (c) 

Substituting in the second of the equations (258), we find, for 

Z = 0, 

riNe sin ip = —N^ro — " i 

^ See A. Stodola, ‘‘Die Dampfiurbinen,^' 4th ed., p. 597, 1910; H. Keller, 
Mitt, Forachungsarheiterif vol. 124, 1912; E. Fankhauser, Dissertation, 
Zurich, 1913, and V.D.I.y vol. 58, p. 840, 1914. 

* This method of analyzing stresses in shells was developed for the case of 
a spherical shell by H. Reissner, “ MUller-Breslau-Festschrift,'^ p. 181, 
Leipzig, 1912; it was generalized and applied to particular cases by E. Meiss¬ 
ner, Physik, Zeit8chr,f vol. 14, p. 343, 1913; and Vierteljahraschr, d, Natur- 
foraeh, Qea. ZUrichf vol. 60, p. 23, 1915. 
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and, observing that n = rj sin tp, we obtain 

jj 1 d V 1 dU 


Thus both of the membrane forces and Nt are represented in 
terms of the quantity U which is, as we see from notation (6), 
dependent on the shearing force Q^. 

To establish the first equation connecting V and U we use 
Eqs. (269), from which we readily obtain 


dv n ,T,j 

d<p ^ ~ 

7*0 

e cot — 10 = 


(e) 

(/) 


Eliminating w from these equations, we find 

^ - 0 cot <9 = ^[(ri + - (rj + (g) 

Differentiation of Eq. (J) gives^ 

The derivative dv/d<p can be readily eliminated from Eqs. (g) and 
(h) to obtain 

Substituting expressions (c) and (d) for and N 0 , we finally 
obtain the following equation relating to U and V : 

r,d*U . if d/'r,\ , r, _ I* 
rf d(p* riLd^Vi/ ri rih dv>J dtp 

~ ^ “ I £ 

The second equation for U and V is obtained by substituting 
expressions (2^) for and Mi in the third of the equations 

‘ We oonaider a general case by aaniming in this derivation tiiat the tiiiok- 
neas h of the shell is variable. 
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(258) and using-notations (a) and (5). In this way we find 



cot ^ 
h 


d<p r 2 


- 5 - (262) 


Thus the problem of bending of a shell having the form of a 
surface of revolution by forces and moments uniformly dis¬ 
tributed along the parallel circle representing the edge is reduced 
to the integration of the two Eqs. (261) and (262) of the second 
order. 

If the thickness of the shell is constant, the terms containing 
dh/d<p as a factor vanish, and the derivatives of the unknoMms 
U and V in both equations have the same coeificients. By 
introducing the notation 


Li 


^ _T2d\ 


r\ 


. . . ) . }\±H 

dip^ Tx d^\ri 


the equations can be represented in the following simplified form: 


L{U) + ^U = EhV, 
LiY) - Ly = -I- 


(263) 


From this S 3 rstem of two simultaneous differential equations of 
the second order we readily obtain for each unknown an equation 
of the fourth order. To accomplish this we perform on the first 
of the equations (263) the operation indicated by the symbol 
L{ ... ), which gives 


LL(U) + = EhL{V). 

Substituting from the second of the equations (263) 

i(F) - iK - g - g. 
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we obtaan 


LL{U) + vL\ 


0 -? 


,IJ = 


In the same manner we also find the second equation 






If the radius of curvature ri is constant, as is the case of a 
spherical or a conical shell or in a ring shell such as is shown in 
Fig. 146, a further simplification of Eqs. (264) and (265) is 
possible. Since in this case 


o - 


by using the notation 


both equations can be reduced to the form 

LL{U) + = 0, (266) 

which can be written in one of the two following forms: 

L[L{U) + inHf] - in^[L(U) + i^^U] = 0 


L[L(U) - ifjLHI] + inVAU) - i^HI] = 0. 

These equations indicate that the solutions of the second-order 
equations 

L(U) ± in^U = 0 (267) 


are also the solutions of Eq. (266). By proceeding as was 
explained in Art. 85, it can be shown that the complete solution 
of Eq. (266) can be obtained from the solution of one of Eqs. 
(267). The application of Eqs. (267) to particular cases will be 
discussed in the two following articles. 

94* Spherical Shell of Constant Thickness. —In the case of a 
spherical shell of constant thickness ri = r 2 == a, and the symbol 
(i) of the preceding article is 
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L( . . • ) 

= • . . ) + cot • • • ) - cot* ^( • • • )]. (a) 

Considering the quantity aQ^, instead of [/, as one of the 
unknowns in the further discussion and introducing, instead of the 
constant /z, a new constant p defined by the equation 


, /3^2(l _ ^2) ^2 

^ 2' V ft* 4' 


( 0 ) 


we can represent the first of the equations (267) in the following 
form: 


^ + cot - cot* + 2ip*Q, = 0. (268) 

A further simplification is obtained by introducing the new 
variables^ 


X = sin 2 (pyi 

>. -9^- [ ■ <'> 


Sin <p } 

With these variables Eq. (268) becomes 

This equation belongs to a known type of differential equation of 
the second order which has the form 

x(l - x)y” + [7 — (a + /3 + l)x]y’ — afiy = 0. (e) 

tCquations (d) and (c) coincide if wo put 


7=2, 


3 ± Vs + 8t>* 

« =- 4- 


^ = 


3 + \/5 + 8?p^ 


(/) 


A solution of Eq. (e) can be taken in the form of a power series 

y = Ao + Aix + A 2 X^ + AzX^ + • • • . {g) 

Substituting this series in Eq. (e) and equating the coeflScients 
for each power of x to zero, we obtain the following relations 

^ This solution of the equation was given by E. Meissner, loc. ciL, p. 455. 
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between the coefficients: 


) 





(a + m + 1) . 

2(t + 1) 


A _ A (« + « - m + n-l) 
An - An-X _ 1 ) » 


With these relations series (g) becomes 


V = Ao 


1 + 


0/3 a(a + l)/3(/3 + 1) 
W* 1 • 2 ■ 7(7 + 1) 


1 a(Qt + 1 )( q ? + 2)^(0 + 1)(0 + 2 ) , 

1-2-3-7(7 + 1)(7 + 2) 



This is the so-called hypergeometrical series. It is convergent 
for all values of x less than unity and can be used to represent one 
of the integrals of Eq. (d). Substituting for a, jS and y their 
values (/) and using the notation 


= 5 + 8ip2 = 5 + 


4tyj 


12o*(l - V*) 


(i) 


we obtain as the solution of Eq. (d): 


Zl 


lo 


Ao\ 1 -H 


32 _ 52 (32 « 52)(72 - 52) ^ ^ 

16 • 1 • 2 ® 16* • 1 • 2 • 2 ■ 3 ® 



which contains one arbitrary constant Ao. 

The derivation of the second integral of Eq. (d) is more 
complicated.* This integral can be written in the form 


2 * = 2i log X + -<f>{x), 
X 


(*) 


where <p{x) is a power series that is convergent for \x\ < 1. This 
second solution becomes infinite for x = 0, i,e., at the top of the 
sphere (Fig. 170), and should not be considered in those cases 
in which there is no hole at the top of the sphere. 

If we limit our investigation to these latter cases, we need 
consider only solution (j). Substituting for 8* its value (i) and 

* Differential equations that are solved by hypergeometrical series are 
discussed in the book “Riemann>Weber, die partiellen Differential>GHeich~ 
ungen,” vol. 2, pp. 1-29, 1901. 
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dividing series (j) into its real and imaginary parts, we obt^ 

Zi = Si + t'Sj, (I) 

where Si and S 2 are power series that are convergent when 
|x| < 1. The corresponding solution of the first of the equations 
(267) is then 

t/i = o sin = Ji + ilt, (m) 

where 7i and are two series readily obtained from the series 
Si and Si. 

The necessary integral of the second of the equations (267) can 
be represented by the same series 1 1 and Zi (see page 415). Thus, 
for the case of a spherical shell without a hole at the top, the 
general solution of the differential equation (266), which is of 
the fourth order, can be represented in the form 

U = = Ah + B/i, (n) 

where A and B are constants to be determined from the two 
conditions along the edge of the spherical shell. 

Having expression (n) for U, we can readily find the second 
unknown V. We begin by substituting expression (m) in the 
first of the equations (267) which gives 

L(Zi + ih) = —if^Hh + Hi)- 

Hence, 

L(h) = n^h, Lih) = -/i*/i. ( 0 ) 

Substituting expression (n) in the first of the equations (263) and 
applying expressions ( 0 ), we then obtain 

EfuiV = aL{U) + t>U 

= (dr - Ban^)h + (doM* + Br)Z, • • • . (p) 

It is seen that the second unknown V is also represented by the 
series h and Zi. 

Having the expressions for U and V, we can obtain ail the 
forces, moments and displacements. The forces and Nt axe 
found from Eqs. (c) and (d) of the previous article. The bending 
moments and Mt are obtained from Eqs. (260). Observing 
that in the case of a spherical shell ri = rj — a and using notation 
(a), we obtun 
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M, = + pcoiv> f). 

Me = --(v^ + cotvjyY 
a\ d<p / I 

In calculating the components v and w of displacement we use 
the expressions for the strain in the middle surface: 

Substituting for and Ne their expressions in U and F, we 
obtain expressions for and ee which can be used for calculating 
V and w as was explained in Art. 76. 

In practical applications the displacement 6 in the planes of 
the parallel circles is usually important. It can be obtained by 
projecting the components v and w on that plane. This gives 
(Fig. 180) 

8 = V cos <p — w f^in <p. 

The expression for this displacement in terms of the functions U 
and V is readily obtained if we observe that 8 reprevsents the 
increase in the radius vo of the parallel circle. Thus 

- . a sin V?.,, v sin (p/dU , \ 

« = a sm = -^{Ne - vN,) - - vU cot v) 

(r) 

Thus all the quantities that define the bending of a spherical 
shell by forces and couples uniformly distributed along the edge 
can be represented in terms of the two series h and /a. 

The ease with which practical application of this analysis can 
be made depends on the rapidity of convergence of the series 1 1 
and 1 2 - This convergence depends principally upon the magni¬ 
tude of the quantity 



whichi if is neglected in comparison with unity, becomes 



SHELLS FORMING SURFACE OF REVOLUTION 463 


Calculations show^ that for p < 10 the convergence of the series 
is satisfactory, and all necessary quantities can be found without 
much difficulty for various edge conditions. 




As an example we shall take the case of a spherical shell submitted to the 
action of uniform normal pressure p (Fig. 181). The membrane stresses 
in this case are 


(t) 

and the corresponding mepibrane forces that keep the shell in equilibrium are 

(U) 

By superposing on the membrane forces horizontal forces 

H ^ ^ cos a 
2 

uniformly distributed along the edge of the shell, we obtain the case, repre¬ 
sented in Fig. 181o, in which the loaded shell is supported by vertical reac¬ 
tions of a horizontal plane. The stresses in this case are obtained by 

1 Such calculations were made by L. Bolle, Schweiz. Bauzeiiungt vol. 66, 
p. 106, 1915. 
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superposing on the membrane stresses (t) the stresses produced by the hori- 
sontal forcbs H. These latter stresses can be obtained by using the general 
Elutions (n) and (p) and determining the constants A and B in these solu¬ 
tions so as to satisfy the boundary conditions 

(i\r“ H cos Ctf ■■ 0. 

The stresses obtained in this way for a particular case in which a 56.3 in., 
h » 2.36 in., a » 39 deg., p 284 lb. per square inch and y ^ 0.2 are shown 
in Fig. 182. 



Fia. 182. 

By superposing on the membrane forces (u) the horizontal forces Hi and 
bending moments Ma uniformly distributed along the edge, we can also 
obtain the case of a shell with built-in edges (Fig. 1815). The stresses in 
this case are obtained by superposing on the membrane stresses (<) the 
stresses produced in the shell by the forces Hi and the moments Af«. Tliese 
latter stresses are obtained as before from the general solutions (n) and (p), 
the constants A and B being so determined as to satisfy the boundaiy 
conditions 


- a (v),^ - 0. 
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The total stresses obtained in this way for the previously cited nuinerical 
example are shown in Fig. 183. 

From the calculation of the maximum compressive and maximum tensile 
stresses for various proportions of shells submitted to the action of a uniform 
normal pressure p, it was found^ that the magnitude of these stresses depends 
principally on the magnitude of the quantity 

- sin* ct 
h 

and can be represented by comparatively simple formulas. For the case 



0 5 10 15 20 25 30 35 59 

iPrDeg. 

Fio. 183. • 


represented in Fig. 18la these formulas for the numerically greatest stress 
are as follows: 


For ~ sin* a < 1.2, 

A 

for 1.2 < ~ sin* a < 12, 
h 


cos a; 


^ /o sin a\* 

^[(■■»+«» . - 1 ]- 


* See paper by Boll«>. loe. cit., p. 463. 
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For the case represented in Fig. 1816 the formulas are: 


For 

for 


a sin* a 
6 “ 


<3, 



( Q> sin a 1 * 

—-— 1 sin* a j 


^ a sin* a 

3 <-r— < 12, 



It was assumed in the foregoing discussion that the shell has no hole at the 
top. If there is such a hole, we must satisfy the boundary conditions on 
both the lower and the upper edges of the shell. This requires a considera¬ 
tion of both integrals (j) and (k) of Eq. (d) see p. 460 and finally results in a 
solution of Eq. (266) which contains four constants which must be adjusted 
in each particular case so as to satisfy the boundary conditions on both edges. 
Calculations of this kind show^ that, if the angle a is not small, the forces 
distributed along the upper edge have only a very small influence on the 
magnitude of stresses at the lower edge. Thus, since these latter stresses 
are usually the most important, we can obtain the necessary information 
for the design of a shell with a hole by using for the calculation of the maxi¬ 
mum stresses the formulas derived for shells without holes. 

The method of calculating stresses in spherical shells discussed in this 
article can also be applied in calculating thermal stresses. Assume that the 
temperatures at the outer and at the inner surfaces of a spherical shell are 
constant but that there is a linear variation of temperature in the radial 
direction. If t is the difference in the temperatures at the outer and inner 
surfaces, respectively, the bending of the shell produced by the temperature 
difference is entirely arrested by constant bending moments (see Art. 14) 


— Mb 


atD(\ -}- v) 
h 


(t^) 


In the case of a complete sphere these moments actually exist and produce 
bending stresses the maximum values of which are 






6arfZ)(l -f- v) atE 
6 * ’ “ 2(1 - v) 


(w) 


If we have only a portion of a sphere, supported as shown in Fig. 181a, the 
edge is free to rotate* and the total thermal stresses are obtained by super¬ 
posing on stresses (w) the stresses that are produced in the shell by the 
moments 


Ma 


cdDil + v) 
h 


uniformly distributed along the edge. These latter stresses are obtained 
by using the method discussed in this article.* In the case shown in Fig. 

^ See paper by Bolle, he, cU.^ p. 463. 

* Thermal stresses in shells have been discussed by G. Eichelberg, Forschr 
ungaarheitenf no. 263» 1923. 
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1816 the thermal stresses are given by formula (itf), if the temperature of the 
middle surface always remains the same. Otherwise on the stresses (to) 
must be superposed stresses produced by forces H and moments Ma which 
must be determined in each particular case so as to satisfy the boundary 
conditions. 

95. Approximate Methods of Analyzing Stresses in Spherical 
Shells. —In the previous article it has already been indicated that 
the application of the rigorous solution for the stresses in spherical 
shells depends on the rapidity of convergence of the series entering 
into the solution. The convergc'iice becomes slower, and more 
and more terms of the series must be calculated, as the ratio a/h 
increases, i.e.j as the thickness of the shell becomes smaller and 
smaller in comparison with its radius.^ For such shells approxi¬ 
mate methods of solution have been developed which give very 
good accuracy for large values of a/h. 

One of the approximate methods for the solution of the problem 
is the method of asymptotic integration. ^ Starting with Eq. 
(266) and introducing, instead of the shearing force Q^, the 
quantity 

z = Qip\/ sin <p, (a) 

we obtain the equation 

z^^ + a 2 Z^^ + aiz^ + (i3^ -f ao)z = 0, (6) 


in which 


do ~ 

a2 = 


16 sin^ ^ 8 sin^ ^ 

+ 5 ' 4 ^^ 




2 sin^ (p 2 


= (1 - 


sin® ip 


i+^Y 


(c) 


It can be seen that for thin shells, in which a/h is a large number, 
the quantity is very large in comparison with the coefficients 
do, di and d 2 provided the angle ^ is not small. Since in our 
further discussion we shall be interested in stresses near the edge 
where v? = a (Fig. 181) and a is not small, we can neglect the 
terms mth the coefficients do, ai and d 2 in Eq. (6). In this way 

^ Calculations by J. E. Ekstrom in Ing. Vefensk, Akad,, vol. 121, Stock¬ 
holm, 1933, show that for a/k « 62.5 it is necessary to consider not less 
than 18 terms of the series. 

* See 0. Blumenthars paper in Repts, 5th Intern, Cong, Math., Cambridge, 
1912; see also his paper in Z. Math. Phyeik, vol. 62, p. 343,1914. 
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we obtain the equation 

, + 4j3^ = 0 . id) 

This equation is similar to Eq. (230) which we used in the 
investigation of the symmetrical deformation of circular cylindri¬ 
cal shells. Using the general solution of Eq. (d) together with 
notation (a), we obtain 

= —t 4 =[ 6 ^^(Ci cos fiip + C 2 sin fiip) -f e~^*{Cz cos p(p 
vsin 

+ C 4 sin S<p)l (e) 

From the previous investigation of the bending of cylindrical 
shells we know that the bending stresses produced by forces 
uniformly distributed along the edge decrease rapidly as the 
distance from the edge increase^. A similar condition also exists 
in the case of thin spherical shells. Observing that the first two 
terms in solution (e) decrease while the second two increase as the 
angle <p decreases, we conclude that in the case of a sphere without 
a hole at the top it is permissible to take only the first two terms 
in solution (e) and assume 

Qp = ,-r — {Cl cos + Ct sin if) 

V sm <p 

Having this expression for and using the relations ( 6 ), (c) and 
(d) of Art. 93 and the relations (p), (q) and (r) of Art. 94, all the 
quantities defining the bending of the shell can be calculated, and 
the constants Ci and C 2 can be determined from the conditions at 
the edge. This method can be applied without any difficulty to 
particular cases and gives good accuracy for thin shells.^ 

Instead of working with the differential equation (266) of the 
fourth order, we can take, as a basis for an approximate investiga¬ 
tion of the bending of a spherical shell, the two Eqs. (263).* In 
our case these equations can be written as follows: 

^ An example of application of the method of asymptotic integration is 
given in the author’s paper; see BuU, Sac, Eng, Tech,f St. Petersbuif;, 1913. 
In the papers by Blumenthal, previously mentioned, means are given for 
the improvement of the approximate solution by the calculation of a further 
approximation. 

* This method was proposed by J. W. Qeckeler, Farukunggarheiienf no. 
276, Berlin, 1926. 



SHELLS FOBMINO SURFACE OF REVOLUTION 469 


^ + cot ^ - (cot* <p - y)Q^ 


EhV, 

D 7 


(s) 


where is the shearing force, and V is the rotation of a tangent 
to a meridian as defined by Eq. (a) of Art. 93. In the case of very 
thin shells, if the angle <p is not small, the quantities and V are 
damped out rapidly as the distance from the edge increases and 
have the same oscillatory character as has the function (/). 
Since is large in the case of thin shells, the derivative of the 
function (/) is large in comparison with the function itself, and the 
second derivative is large in comparison with the first. This 
indicates that a satisfactory approximation can be obtained by 
neglecting the terms containing the functions and V and their 
first derivatives in the left side of Eqs. (g). In this way Eqs. (g) 
can be replaced by the following simplified system of equations^: 


dip^ 

dW 

d(p^ 


EhV, ) 



ih) 


By eliminating V from these equations, we obtain 

+ 4X-Q, - 0, (0 

where 

= 3(1 - (,•) 

The general solution of this equation is 

= Cie^^ cos sin cos X^ 

+ sin X^. (A;) 

Considering the case in which there is no hole at the top (Fig, 
lS4a) and the shell is bent by forces and moments uniformly 


^ This simplification of the problem is equivalent to the replao^ni«»at of 
the portion of the shell near the edge by a tangent conical shell ami applicn^^ 
tion to this conical shell of the equation that was developed for a circular 
cylinder (Art. 81); see E. Meissner, ** A. Stodola Festschrift,’' p. 406, Zurich, 
1929. 
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distributed along the edge, we need consider from the general 
solution (k) only the €rst two terms, which decrease as the angle 

<p decreases. Thus 

cos \<p + C 2 e^^ sin \<p, (1) 

The two constants Ci and C 2 are to 
be determined in each particular case 
from the conditions at the edge 
(<p = a). In discussing the edge 
conditions it is advantageous to in¬ 
troduce the angle ^ = a — ^ (Fig. 
184). Substituting a — ^ for ^ in 
expression (1) and using the new con¬ 
stants C and 7 , we can represent solu¬ 
tion (Z) in the form 

= Ce-^^ sin (X^ + 7 ). (m) 

Now, employing Eqs. (5), (c) and (d) 
of Art. 93, we find 


(a) 



cot <p — — cot (a — yp)Ce-'^^ sin (X^ + 7),! 

Ne= = -XV 2 Cc-»'* sin + 7 - j)- j 

From the first of the equations {h) we obtain the expression for 
the angle of rotation 


The bending moments can be determined from Eqs. (g) of the 
preceding article. Neglecting the terms containing V in these 
equations, we find 


— ^ sin f^X^ + 7 + 

^ a d<p Xv /2 V V 

M, = vM, = -^Ce-^* sin 

XV2 




(271) 


Finally, from Eq. (r) of the previous article we find the horizontal 
component of displacement to be 

* ” ~ 4')^V2Ce-^* sin (x^ + 7 - |)- 

(272) 




SHELLS FORMING SURFACE OF REVOLUTION 


471 


With the aid of formulas (269) to (272) various particular cases 
can readily be treated. 

Take as an example the case shown in Fig. 1846. The bound¬ 
ary conditions are 

(M^)^-« = Ma, = 0 . (n) 

By substituting ^ = 0 in the first of tho equations (269), it can be 
concluded that the second of the boundary conditions (n) is 
satisfied by taking the constant y equal to zero. Substituting 
7 = 0 and ^ = 0 in the first of the equations (271), we find that 
to satisfy the first of the conditions (n) wc must have 


which gives 


M. = ^C, 
„ ^ Ma2\ 


Substituting values thus determined for the constants y and C 
in expressions (270) and (272) and taking = 0, we obtain the 
rotation and the horizontal displacement of the edge as follows: 

/T 7 \ 4X^il4^a. 2X^ sin /o^ton 

In the case represented in Fig. 184c, the boundary conditions 
are 


(M^)^«a = 0, (iNr^)^-a = —// cos a. (o) 


To satisfy the first of these conditions, we must take y = — t/ 4. 
To satisfy the second boundary condition, wc use the first of the 
equations (269) which gives 


— H cos a = C cot a sin -jf 

4 


from which we determine 


^ 2// sin a 

c = - ^ —• 

V2 

Substituting the values of the constants y and C in (270) and 
(272), we find 

(F)*., = (S),_o = If —g. (274) 

It can be seen that the coefficient of in the second of the 
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formulas (273) is the same as the coefficient of H in the first of the 
formulas (274). This should follow at once from the reciprocity 
thborem. 


Formulas (273) and (274) can readily be applied in solving particular 
problems. Take as an example the case of a spherical shell with a built-in 
edge and submitted to the action of a uniform normal pressure p (Fig. 185a). 
Considering first the corresponding membrane problem (Fig. 1856), we find a 



Fig. 185. 


uniform compression of the shell 



The edge of this shell experiences no 
rotation and undergoes a horizontal 
displacement 



To obtain the solution of the given prob¬ 
lem we superpose on the membrane forces 
of Fig. 1856 forces and moments uni¬ 
formly distributed along the edge as in 
Fig. 185c. These forces and moments 
are of such magnitude that the corre¬ 
sponding horizontal displacement is equal 
and opposite to the displacement (p), 


and the corresponding rotation of the edge is equal to zero. In this way, 
by using formulas (273) and (274), we obtain the following equations for the 


determination of Ma and H: 



The negative signs indicate that Ma and H have directions opposite to those 
shown in Fig. 184. 

The approximate equations (h) were obtained by neglecting the unknown 
functions Qa and V and their first derivatives in the oxact equatimis (g)« 
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A better approximation is obtained if we introduce the new variables^ 
Qi -» Q^VsiiT^, Fi a* y \/8in 

Substituting 

Qi 




y /sin tp 


y/ sin ip 


in Eqs. (of), we find that the terms containing the first derivatives of Qi and 
V\ vanish. Hence, to obtain a simplified system of equations similar to 
Eqs. (fc), we have to neglect only the terms containing the quantities Qi and 
Fi in comparison with the terms containing the second derivatives of the 
same quantities. This gives 


d^Qi 

dip* 

d*Vi 

dip* 


EhVu 



The solution of these equations can be obtained in the same manner as in 
the case of Eqs. (h). Returning to the original variables Qtp and F, we then 
obtain, instead of expressions (m) and (270), the following solutions:* 


Qi> 


V 




y /sin (a — 


-?^c- 


y /sin (a — 


sin (X^ 4- 7 ), 


- cos (X^ -f 7 ). 1 


(275) 


Proceeding now in exactly the same way as in our previous discussion, we 
obtain the following expressions in place of formulas (269), (271) and (272): 




— cot (a — ^)C 


-X^ 


V sin (a — 


sin (X^ + 7 ), 


Ne - C 






2\/8in (a — ^) 
a ^ 


2X y /sin (a — ^) 


[2 cos (X^ + 7) •“ (^i + ki) sin (X^ + 7)],] 
[All cos (X^ -f 7) 4 - sin (X^ 4 - 7)!, 


a e 

Me - —C 


a - 


4i»X y /ain (« — ^) 
ttBm(« —^)- Xs*"^^ 


Eh 


y /sin (a — 


(276) 


{((1 -H 4- kt) - 2A;*] cos (X^ 4- 7)| 

4- 2y* sin (X^ 4* 7)1»| 


[cos (X^ 4* 7) — A;i sin (X^ 4- 7)1> J 


* This is the same transformation as was used by O. Blumenthal; see £q. 
(a), p. 467. 

*This closer approximation was obtained by M. Het5nyi, Pu6. Intern, 
Asboc, Bridge Struct. Eng,, vol. 5, p. 178,1938; the numerical example used 
in the further discussion is taken from this paper. 
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where 

1 -2p 

’ fci = 1-cot (a - ^), 

1 +2p 

Aja “ 1-r— cot {a - ^). 


Applying formulas (276) to the particular cases previously discussed 
and represented in Fig. 1846 and 184c, we obtain, instead of formulas (273) 
and (274), the following better approximations: 


(F)^.o 


4XW« 

Eahki 




2X* sin 
Ehki ’ 


( 5)^-0 


( 5)^-0 =* — 


2X* sin a 


Ehki 
Xo sin® 

~eV 


Ma 




(277) 

(278) 


By applying these formulas to the particular case shown in h'ig. 185o, 
second approximations for the reactive moments M a and reactive forces 7/ 
are readily obtained. 

To compare the first and second approximations with the exact solution, 
we shall consider a numerical example in which a = 90 in., 6 = 3 in., 
a = 35 deg., p = 1 lb. per square inch and v * J. The first and second 
approximations for M^ have been calculated by using the first of the equa¬ 
tions (271) and the third of the equations (276) and are represented by the 
dotted lines in Fig. 186. For comparison the exact solution* has also been 
calculated by using the series of the previous article. This exact solution is 
represented by the full line in Fig. 186. In Fig. 187 the force Ne b.b calcu¬ 
lated for the same numerical example is shown. From these two figures it 
can be concluded that the second approximation has very satisfactory 
accuracy. Observing that in our example the ratio a/h is only 30 and the 
angle a = 35 deg. is comparatively small, it can be concluded that the 
second approximation can be applied with sufficient accuracy in most cases 
encountered in present structural practice.* 


^ It was necessary to take 10 terms in the series to obtain sufficient accu¬ 
racy in this case. 

* The case in which the angle a is small and the solution (276) is not 
sufficiently accurate is discussed by J. W, Geckeler, Ingenieur-Archiv, vol. 1, 
p. 266, 1930. Application of the equations of finite differences to the same 
problem has been made by P. Pasternak, Z. angew. Math. Mech.^ vol. 6, 
p. 1,1926. The case of non-isotropic shells is considered by E. Steuermann, 
Z. angew. Math. Mech., vol. 6, p. 1,1925. One particular case of a spherical 
shell of variable thickness is discussed by M. F. Spotts, J. App. Mech.^ Trane. 
A.S.M.E., vol. 61, 1939. The problem of non-symmetrical deformation of 
spherical shells is considered by A. Havers, Ingenieur-Archiv, vol. 6, p. 282, 
1936. Further discussion of the same problem in connection with the stress 
analysis of a spherical dome supported by columns is given by A. Aas Jakob- 
aen, Ingenieur-Archiv, vol. 8, p. 276,1937. 
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96. Conical Shells.—To apply the general equations of Art. 93 to the 
particular case of a conical shell (Fig. 188a), we introduce in place of the 



Fio. 180. 



variable ^ a new variable y which defines the distance from the apex of 
the cone. The length of an infinitesimal element of a meridian is now dy. 
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instead of ri as was previously used. As a result of such changes in the 
variables, the following transformations of the derivatives with respect 
to <p are necessary: 


L{ 


) - rr 


d*( 




^ « -1/ ^ A. 

* difi^dyJ ^^dy^ dip dy 

, the symbol (i) in Art. 93 becomes 

4- 4- ~ cot - 1. cot> v»( • • • ). 

\dy ri / dy r* 


± ^ ± 
dip dy 

With these transformations, the symbol (i) in Art. 93 becomes 


Observing that for a cone the angle ^ is constant and using notation a for 

ir/2 — ip (Fig. 188), we obtain 



rj ss j/ tan a, 


dra 


tan a 


Substituting the expressions into 
(o) and putting fi =» », the symbol 
L( . . . ) becomes 



Fig. 188 . 


or, with JJ w rjQ^ »■ y tan a Qv,* 


y ——-—I— -Q, ± -- 0. 

dy’ dy tan a 

Using the notation (j) of Art. 93 and introducing the new notation 


- 

we finally obtain 


—* "TT cot* 

tan’ a D 


12(1 - v’^) 

A* 


cot* a, 


± - 0. 


(b) 


(c) 


* The subscript y is used instead of ^ in the further discussion of conical 
sheHs. 
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Considering the first of these equations, we transform it to the known 
Bessel equation by introducing, instead of y, a new variable 


which gives 


17 « 2\\/iy/y, 


dHvQy) ^ I djyQy) 

di;* fi dri 



(yQv) « 0 . 


id) 

ie) 


A similar equation has already been discussed in the treatment of a cylindri¬ 
cal shell of non-uniform thickness (Art. 86 ). The functions ^ 1 , . . . , ^4 
which were introduced at that time and whose numerical values are given 
in Table 47 can also be applied in this case. The general solution for yQy 
which satisfies both of Eqs. (c) can then be represented in the following 
form:^ 


yQy « Cij^^iCf) + ^2(0^ + j 


where ^ « 2\\/yt and the primes denote derivatives with respect to 
From our previous discussion and from the values of Table 47 we know that 
the functions and and their derivatives and have an oscillatory 
character such that the oscillations are damped out rapidly as the distance 
y decreases. These functions should be used in investigating the bending 
of a conical shell produced by forces and moments distributed uniformly 
along the edge y ^ 1. The functions and ^4 with their derivatives also 
have an oscillatory character, but their oscillations increase as the distance 
y decreases. Hence the third and fourth terms in solution (/), which con¬ 
tain these functions and their derivatives, should be omitted if we are dealing 
with a complete cone. The two constants Ci and C 2 , which then remain, 
will be determined in each particular case from the boundary conditions 
along the edge y « Z. 

In the case of a truncated conical shell there will be an upper and a lower 
edge, and all four constants Ci, . . . , C 4 in the general solution (/) must 
be considered to satisfy all the conditions at the two edges. Calculations 
show that for thin shells such as are commonly used in engineering and for 
angles a which are not close to ir/ 2 , the forces and moments applied at one 
edge have only a small effect on the stresses and displacements at the other 
edge.* This fact simplifies the problem, since we can use a solution with 


*A very complete discussion of conical shells is given in F. Dubois’ 
doctorate dissertation ^*Uber die Festigkeit der Kegelschale,” Zfirich, 1917; 
this paper also contains a series of numerical examples with curves illustrat¬ 
ing the stress distribution in conical shells having various axigles at the apex. 

* For a w 84 deg., F. Dubois found that the stress distribution in a trun¬ 
cated conical shell has the same character as that in a circular plate with a 
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only two constants. We use the terms of the integral (/) with the constants 
Cl and C 2 when dealing with the lower edge of the shell and the terms with 
constants Ca and Ca when considering the conditions at the upper edge. 

To calculate these constants in each particular case wc need the expressions 
for the angle of rotation V, for the forces Ny and Ne and for the moments 
My and Me- From Eqs. (c) and (d) of Art. 93 we have 


Ny ^ — Qv tan a, 

__ dU dir^Qy) 

Ne * “- - — 

dy dy 


d(yQy) 

dy 


tan 



{g) 


From the first of the equations (263) we obtain the rotation 

V = JLrrr/) = 4- 

Eh ^ ^ Eh dy^ dy 

The bending moments as found from Eqs. (260) are 





By substituting y tan a for a in Kq. (r) of Art. 94 we find 
y sin a tan a\ d{yQy) 1 

*- w—[- d, ■ + 


Qi) 


ii) 


0 ) 


Thus all the quantities that define the bending of a conical shell are expressed 
in terms of the shearing force Qy which is given by the general solution (/). 
The functions . . . , ^4 and their first derivatives are given in Table 47 
for f < 6. For larger values of f the asymptotic expressions (250) (page 420) 
of these functions can be used with sufficient accuracy. 

As an example we take the case represented in Fig. 188a, We assume that 
the shell is loaded only by its weight and that the edge (y « 1) of the shell 
can rotate freely but cannot move laterally. Considering first the corre¬ 
sponding membrane problem (Fig. 1886), we find 


Ne “ —qy sin a tan a,) 

gy 


Ny^ - 


2 cos a 


(k) 


where q is the weight per unit area of the shell. As a result of these forces 


hole at the center. This indicates that for such angles the forces and the 
moments applied at both edges must be considered simultaneously* 
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there will be a circumferential compression of the shell along the edge of 
the amount 




ql 


2 cos a Eh 


(2 sin* 


( 1 ) 


To satisfy the boundary conditions of the actual problem (Fig. 188a) 
we must superpose on the membrane stresses given by Eqs. (k) the stresses 
produced in the shell by horizontal forces H (Fig. 188c) the magnitude of 
which is determined so as to eliminate the compression (Z). To solve this 
latter problem we use the first two terms of solution (/) and take 

yQv « Cij^^i (0 + j + C'2j^^2(^) — M 

The constants Ci and C 2 will now be determined from the boundary 
conditions 


ql^ tan a 

- -.. ^^^ ..-(2 sin* a - p), (n) 

in which expressions (?) and (j) must be substituted for My and 5. After 
the introduction of expression (m) for yQyy expressions (i) and (j) become 

My = —^^ 2(0 + 2(1 — -^ j 

+ 2(1 — i')^i(^)- - —(o) 

‘ - {“i'e - »■<« - 

+ c,[s»;(fl - w.(f) + ^!(s)]} w 

+ + !►;(»] + c.[tM) - ^Ks)]}- 

Substituting 2\y/l for ^ in expressions ( 0 ) and (p) and using Table 47 
or expressions (250), we obtain the left-hand sides of Eqs. (n). We can 
then calculate Ci and C 2 from these equations if the load q and the dimen¬ 
sions of the shell are given. Calculations show that for shells of the propor¬ 
tions usually applied in engineering practice the quantity ( is larger than 6, 
and the asymptotical expressions (250) for the functions entering in Eqs. 
( 0 ) and (p) must be used. An approximate solution for conical shells, simi¬ 
lar to that given in the previous article for spherical shells, can also readily 
be developed. 
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The case of a conical shell the thickness of which is proportional to the 
distance y from the apex can also be rigorously treated. The solution is 
simpler 4ihan that for the case of uniform thickness.^ 

97. General Case of Shells Having the Form of a Surface of 
Revolution.—The general method of solution of thin shell prob¬ 
lems as developed in Art. 93 can also be applied to ring shells such 
as shown in Fig. 145. In this way the deformation of a ring such 
as shown in Fig. 189a can be discussed. ^ Combining several rings 
of this kind, the problem of compression of corrugated pipes such 
as shown in Fig. 1895 can be treated.® Combining several conical 



Fig. 189. 


shells, we obtain a corrugated pipe shown in Fig. 189c. The 
compression of such a pipe can be investigated by using the solu¬ 
tion developed for conical shells in the previous article. The 
method of Art. 93 is also applicable to more general surfaces of 
revolution provided the thickness of the wall varies in a specific 

1 Mbissnbr, E., Vieridjahrsachr, Naturforach, Oea, Zurich, vol. 60, p. 
23, 1915; see also E. Honegger, '^Festigkeitsberechnuug von Kegelschalen 
mit linear veranderlicher Wandst&rke,’’ doctoral thesis, Zurich, 1919. 

* Problems of this kind are rigorously treated in the paper by H. Wissler, 
'^Festigkeitsberechnung von Ringfl&chenschalen,’' doctoral thesis, Zurich, 
1916. 

• Such corrugated pipes were considered by K, Stange, Ingenieuf^Archi», 
vol. 2, p. 47, 1931. 
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manner, that the general equations (261) and (262) obtain the 
form (2^). ‘ The solution of these equations, provided it can be 
obtained, is usually of a complicated nature and cannot readily 
be applied in solving practical problems. 

At the same time, all the existing solutions indicate that for 
thin shells for which the angle ^ is not small, the stresses produced 
by forces and moments uniformly distributed along the edge are 
of a local character and die out rapidly as the distance from the 
edge increases. This fact suggests the use in more general cases 
of the same kind of approximate solutions as were discussed in the 
case of spherical shells. Starting with the general equations (261) 
and (262) (page 457), we neglect on the left sides of these equations 
the functions U and V and their first derivatives in comparison 
with the second derivatives.* This results in the following 
simplified system of equations: 


Ti d^U 
r? d<p^ 

r\ d<p^ 


EhV, 

_U 

D 


(a) 


Differentiating the first of those equations twice, we obtain 





(b) 


If after differentiation we again retain on each side only one term 
containing the derivative of the highest order of the functions U 
and V, we obtain 


_ Ehr\U 
r\d^^ rz D 

After the introduction of the notation 


(c) 


4 r»D 


= 3(1 



(d) 


^ See Meissner paper, loc. cit., p. 455. 

* This method of obtaining an approximate solution in a general case is 
due to J. W. Geckeler, Forachungaarbeiterif no. 276, p. 21, Berlin, 1926, 
An extension of Blumenthal’s method of asymptotic integration on the 
general case of shells in form of a surface of revolution was given by E. 
Steuermann, Proe, 3d Intern. Cong. Appl. Mech.^ vol. 2, p. 60, 1930. 
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Eq. (c) becomes 

^ + 4X*j; = 0. (e) 

This is of the same form as Eq. (i) in Art. 95, which was obtained 
for spherical shells. The difference between the two equations 
consists only in the fact that the factor X, given by expression (d), 
is no longer constant in the general case but varies with the angle 
<p. Since the function U dies out rapidly as the distance from the 
edge increases, we can obtain a satisfactory approximate solution 
of Eq. (e) by replacing X by a certain constant average value. 
The approximate solution previously obtained for a sphere can 
then be directly applied here. 

To obtain a more satisfactory result the shell can be divided 
by parallel circles into several zones for each of which a certain 
constant average value of X is used. Beginning with the first 
zone at the edge of the shell, the two constants of the general 
solution (275) are obtained from the conditions at the edge in the 
same manner as was illustrated for a spherical shell. Then all 
quantities defining the deformations and stresses in this zone are 
obtained from Eqs. (276). The values of these quantities at the 
end of the first zone give the initial values of the same quantities 
for the second zone. Thus, after changing the numerical value 
of X for the second zone, we can continue the calculations by 
again using the general solution (275).^ 

If the factor X can be represented by the expression 

in which a and b are constants, a rigorous solution of Eq. (e) can 
be obtained. 2 However, since Eq, (e) is only an approximate 
relation, such a rigorous solution apparently has little advantage 
over the previously described approximate calculation. 

^ An application of this method to the calculation of stresses in full heads 
of pressure vessels is given in the paper by W. M. Coates, Trans. Am. Soc. 
Mech, Eng.f vol. 52, p. 117, 1930. 

*See Geckeler’s paper, he. dt., p. 481; an application of this solution to 
the calculation of stresses in a steep-sided dome is given in Flfigge’s book, 
‘‘Statik und Dynamik der Schalen/’ p. 172, Berlin, 1934. 
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A 

Anisotropic plates, 188 

Anticlastic surface, 39 

Approximate calculation, of critical 
loads, 313 

Approximate investigation of bend¬ 
ing, of cylindrical shells, 446 
of shells having form of surface 
of revolution, 481 
of spherical shells, 467 

Asymptotic int(»gration, of equation 
for bending of spherical shells, 
467 

Average curvature, 37 
B 

Bending moment, relation to curva¬ 
ture, 41 

Bending moments, in plates, 41 

Mohr’s circle for determination 
of, 42 

in shells, 354 

Bending of plates, under com¬ 
bined action of lateral loads 
and forces in middle plane of 
plate, 299 

to cylindrical surface, 1 
by lateral load, 85 
by moments distributed along 
the edges, 39, 199 
rigorous theory of, 105 
to spherical surface, 46 

Boundary conditions, for built-in 
edges, 89 

for curvilinear boundary, 93 
for elastically supported edges, 92 
for free edges, 89 
Kirchhoff’s deri'v^ation of, 95 
for simply supported edges, 89 


Buckling, approximate calculation 
of forces producing, 313 
of circular plates, 322 
of compressed angle sections, 317 
of elliptical plates, 325 
of rectangular plates with built-in 
edges, 320 

of rectangular plates with two 
opposite edges simply sup¬ 
ported, 314 

Buckling load ^see Critical load) 
Built-in edge, boundary conditions 
for, 89 

(See also Clamped edges) 

C 

Circular hole, in circular plate, 63 
Circular membrane, corrugated, 337 
deflection of, 337 

Circular plates, central hole in, 63 
concentrically loaded, 68 
corrections to theory of bending 
of, 78 

differential equation for, 58 
eccentrically loaded, 266 
on elastic foundation, 275 
large deflections of, 333, 338 
under linearly varying load, 260 
loaded at center, 73 
supported at several points, 270 
symmetrical bending of, 55 
symmetrically loaded, 57 
table for deflections of, 68 
uniformly loaded, 58 
of variable thickness, 282 
Clamped edges, boundary condi¬ 
tions for, 89 

rectangular plates with, 222 
Columns, bending of plates sup¬ 
ported by rows of equidistant, 
239 
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Combined action, of lateral load and 
forces, in middle plane of plate, 
299 

Concentrated load, circular plate, 
under centrally applied, 73 
under eccentrically applied, 
266 

local stresses under, 75 
on plate on elastic foundation, 252 
rectangular plate, with clamped 
edges under, 229 
with simply supported edges 
under, 156, 174 
Conical shells, bending of, 475 
membrane stresses in, 362, 377 
Constant strength, shells of, 366 
Continuous rectangular plates, 232 
Corrugated circular plates, 337 
Corrugated pipes, under axial com> 
pression, 480 

Critical load, for circular plate, 322 
for elliptical plate, 325 
methods of determination of, 311 
for rectangular plate with built-in 
edges, 320 

for uniformly compressed rec¬ 
tangular plate with two oppo¬ 
site edges simply supported, 
314 

Curvature, average, 37 
bending of plates having initial, 
27, 326 

of slightly bent plates, 34 
small initial, 326 
Curvature, principal, 37 
Curved plates, bend^g of initially, 
326 

Curvilinear boundary, conditions 
for, 93 

Cylindrical bending, of bottom 
plates in hull of ship, 21 
of plate, 1 

with built-in edges, 10 
differential equation for, 1 
with elastically built-in edges, 
17 

with simply supported edges, 4 
of plates, on elastic foundation, 30 


Cylindrical shells, approximate in¬ 
vestigation of bending of, 446 
bent by forces distributed along 
edges, 402 

deflection of uniformly loaded 
portion of, 443 

general equations for deflection of, 
440 

general theory of, 389 
inextensional deformation of, 427 
membrane theory of, 383 
reinforced by rings, 403 
supported at ends, under hydro¬ 
static pressure, 441 
symmetrically loaded, 389 
thermal stresses in, 422 
under uniform internal pressure, 
398 

Cylindrical tanks, with non-uniform 
wall thickness, 413 
with uniform wall thickness, 410 

D 

Deflection, of elliptical plates (see 
Elliptical plates) 
of laterally loaded plates, 85 
differential equation for, 88 
large, 329 

limitations regarding, 51 
small, 85 

of plates, under combined lateral 
loading and load in middle 
plane, 299 

of portion of cylindrical shell, 443 
of rectangular plates, with simply 
supported edges, 113 
of anisotropic material, 188 
under concentrated load, 156, 
174 

due to temperature gradient, 
176 

imder hydrostatic load, 134 
of infinite length, 167 
partially loaded, 146 
under sinusoidal load, 113 
under triangular load, 143 
uniformly loaded, 125 
of variable ttuokness, 194 
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Deflection, of rectangular plates, 
with various edge condi¬ 
tions, 199 

with all edges built-in, 222 
with three edges simply sup¬ 
ported and one clamped, 
211 

with two opposite edges sim¬ 
ply supported and other 
two, clamped, 204 
with two opposite edges sim¬ 
ply supported, third edge 
free, and fourth edge built- 
in or simply supported, 
215 

of triangular plates simply sup¬ 
ported, bent by moments 
uniformly distributed along 
boundary, 102 

under concentrated load, 294 
due to temperature gradient, 
104 

uniformly loaded, 293 

Developable surface, bending of 
plate to, 51 

Diaphragms, conical, under uniform 
pressure, 475 

spherical, under uniform pressure, 
463 

Differential equation, for bending 
of plates, anisotropic, 188 
under combined lateral loads 
and loads in middle plane 
of plate, 301 
to cylindrical surface, 1 
with large deflections, 343 
under lateral loads, 88 
for bending of spherical shells, 
459 

for deflection of membranes, 344 
for symmetrical bending of cylin¬ 
drical shells, 391 

Discontinuity stresses, in elhpsoidal 
boiler ends, 409 
in pressure vessels, 407 

Displacements in symmetrically 
loaded shells, 370 


E 

Ellipsoidal ends, of boiler, 409 
EHipsoidal shells, 364 
ElUpticnl plates, uniformly loaded, 
with clamped edges, 290 
with simply supported edges, 
292 

Elongations, due to bending of 
plates, 40, 304 

Energy method, applied in bend ing 
plat^, 120, 30 3, 307 
in calculating large deflections, 
333, 345 

Exact theory, of plates, 105 
F 

Finite difference equation, for deflec¬ 
tion of rectangular plates, 180 
for large deflections, 344 
Flexural rigidity, of plate, 3 
Free edge, boundary conditions 
for, 89 

G 

Gridwork system, bending of, 190 
H 

Hull of ship, bending of bottom 
plates of, 21 

I 

Images, method of, 174, 294 
Inextensional deformation, of cylin¬ 
drical shells, 427 

Initial curvature, bending of plates 
with, 27, 326 

L 

Large deflections, 329 
approximate formulas for, 333, 349 
differential equations for, 331,343 
of rectangular plates, 347 
of uniformly loaded circular plates, 
338 
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Local stresses, under concentrated 
load, 75 

Long rectangular plates, 1, 167 
bending of, to cylindrical sur¬ 
face, 1 

with built-in edges, 10 
on elastic foundation, 30 
with elastically built-in edges, 17 
with simply supported edges, 4 
small initial cylindrical curvature 
in, 27 

M 

Membrane equation, application of, 
in bending of plates, 99 
Membrane forces, in shells, 356 
Membrane theory, of cylindrical 
shells, 383 
of shells, 351 

Membranes, deflection of circular, 
337 

deflection of square, 345 
differential equation, for deflec¬ 
tion of, 344 

Middle plane, of plate, 34 
Middle surface, of plate, 34 
of shell, 351 

Mohr’s circle, for determining curva¬ 
tures, 38 

for determining moments, 42 
N 

Navier solution, for portion of 
cylindrical shell, 443 
for simply supported plates, 17 
Neutral surface, 40 
Non-linear problems, in bending of 
circular plates, 287 

P 

Plates, circular, 55, 266, 270, 275, 
2^2, 333, 338 

undimr combined lateral load and 
forces in middle plane, 299 


Plates, on elastic foundation, 30,248 
on equidistant columns, 239 
with large deflections, 329 
rectangular, simply supported, 
113 

with various edge conditions, 199 
of various shapes, 257 
Polar coordinates, in bending of 
plates, 257 

bending and twisting moments 
expressed in, 259 

differential equation for deflec¬ 
tions in, 258 
Pressure vessels, 406 
discontinuity stresses in, 407 
Principal curvature, 37 
planes of, 37 

Pure bending of plates, anticlastic 
surface in, 47 

limitation of deflection in, 51 
particular cases of, 45 
relation between bending mo¬ 
ments and curvature in, 39 
slope and curvature in, 34 
strain energy in, 49 

R 

Reactions, at boundary of simply 
supported rectangular plate, 
under hydrostatic load, 139 
under triangular load, 145 
under uniform load, 131 
Rectangular plates, application of 
energy method in calculating 
deflections of, 120 
bending, of anisotropic, 188 
by moments distributed along 
edges of, 199 

of variable thickness, 194 l . 
deflection of, by finite differmce 
method, 180 

under hydrostatic pressure, 134 
of infinite length, 167 
loaded by concentrated load, 156, 
174 

partially loaded, 146 ^ 

with simply sui^rted adgeSi 118 * 
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Bectangular plates, under sinusoidal 
load, 113 

thermal stresses in, 176 
under triangular load, 143 
under uniform load, 117, 125 
with various edge conditions, 199 
with all edges built-in, 222 
with three edges simply sup¬ 
ported and one edge built-in, 
211 

with two edges simply sup¬ 
ported and other two 
clamped, 204 

with two opposite edges simply 
supported and other two 
supported elastically, 219 
with two opposite edges simply 
supported, third edge fri»e, 
and fourth edge built-in or 
simply supported, 215 
Rigidity, flexural, 3 
Rigorous theory, of plati's, 105 

S 

Sector, plates in form of, 272 
Shear, due to bending of plate, 44, 
181 

Shearing strain, in plate, 44 
Shearing stress, in plate, 44 
Shells, conical, 362, 377 
of constant strength, 366 
deformation of, without bending, 
351 

displacements in symmetrically 
loaded, 370 
ellipsoidal, 364 
in form of torus, 365 
membrane forces in symmetrically 
loaded, 356 

jlon^ymmetrically loaded, 373 
spherical, 361, 379 
wind pressure on spherical, 374 
Simply supported edges, boundary 
conditions for, 89 
rectangular plates with, 113 
Spherical dome, under action of 
its weight, 453 


m 

Spherical dome, approximate analy* 
sis of bending of, 467 
example of bending stress calcu¬ 
lation for, 474 
membnine forces in, 359 
supported at isolated points, 379 
wind pressure on, 374 

Strain energy, in pure bending of 
plates, 49 

Strain energy method, in calculating 
critical loads, 312 
in calculating deflectioiis, 120, 
303, 307 

Stress function, in calculating mem¬ 
brane forces, 375 ^ 

in equation for large deflections, 
343 

Stresses in plate, normal, 45 
shearing, 45 

Successive approximations, in calcu¬ 
lating bending stresses in shells, 
452 

Surface of revolution, bending 
stresses in shells having form 
of, 480 

shells having form of, 356, 450 

Symmetrically loaded cylindrical 
shells, 389 

particular cases of, 395 

Symmetrically loaded shells, having 
form of surface of revolution, 
356, 450 

displacements in, 370 
equations for determining mem¬ 
brane forces in, 358 
particular cases of, 359 

Symmetrically loaded spherical 
shells, 458 

Synclastic surface, 39 
T 

Tanks, of constant strength, 366 
cylindrical, with non-uniform wall 
thickness, 413 

with uniform wall thickness, 410 
spherical, 361 



THEORY OF PLATES AND SHELLS 


m 

Thennal stresdes, in cylindrical 
shdls, 422 

in plates with clamped edges, 53 
in simply supported rectangular 
plates, 176 

in spherical shells, 466 
in triangular plates, 104 
Triangular load, rectangular plates 
under, 143 

Triangular plate, simply supported, 
bending by moments uni¬ 
formly distributed along 
boundary of, 102 
loaded by concentrated load, 274 
thermal stresses in, 104 
uniformly loaded, 293 
Twist, of surface, 36 


Twisting moment, 42 
expressed in terms of deflections, 44 

U 

Uniform load, circular plate under, 59 
clamped rectangular plate under, 
222 

continuous rectangular plates un¬ 
der, 232 

portion of cylindrical shell under, 
443 

simply supported rectangular 
plate under, 117, 125 
on spherical shell, 463 

W 

Wind pressure, on spherical dome, 374 






